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HIS issue of the Transactions of The American Society 

of Mechanical Engineers is devoted to the papers and 
luncheon addresses of the Frequency-Response Symposium 

held in New York, N. Y., December | and 2, 1953, as part of the 
Annual Meeting of the Society, and two papers on frequency re- 
sponse given at the June, 1954, Pittsburgh, Pa., meeting of the 
Society 
tems Committee of the Instruments and Regulators Division. 


The Symposium was sponsored by the Dynamic Sys- 


Avromatic-ConTrReL 


The trequency-response approach to the design of automatic 
controls is the dominant one today. This approach in a strict 
sense may be said to have started with a paper in 1932 by Dr. H. 
Nyquist, a physicist at the Bell Telephone Laboratories. In this 
paper Dr. Nyquist was concerned with the stability of feedback 
amplifiers. Mr. Harold 8. Black, an engineer at the same labora- 
tories, used the results of this paper in his work on negative feed- 
back, published in 1934. 
possible the transcontinental telephone as well as modern radio 
and television. Dr. Hendrik Bode, mathematician at the Bell 
Telephone Laboratories, extended the results of Dr. Nyquist and 
obtained some simple design criteria that enabled even the tech- 
nician without much mathematical training to decide in many 
cases whether or not a feedback system would be stable. 

With the advent of World War II it became evident practically 

- simultaneously to both a group under the direction of Prof. Gor- 
don Brown at the Massachusetts Institute of Technology, and a 
group at the Bell Telephone Laboratories, that the contributions 

of Nyquist, Bode, and Black could be applied advantageously to 

- automatic-control problems as well as to those of communication. 


This work can be said to have made 


This interest in frequency-response techniques was precipitated 
in part by the rigid military requirements for aiming antiaircraft 


guns by radar. 


In the study of a physical device one is generally concerned with 
inputs and outputs to the device. As the inputs are varied the 
outputs are affected. The study of inputs and outputs is often 
reduced to that of the relation between one input and one output. 
The reader is not to infer that inputs and outputs are necessarily 
Inputs 


Tue APPROACH 


places where material goes into and out of the system. 

and outputs are simply physical variables. Thus throttle posi- 
tion and car speed may be taken to be, respectively, the input and 
output of an automobile. 

In a broad sense the frequency-response approach to the de- 
sign of a physical device may be said to be that in which use is 
made of the response of the output of the device to sinusoidal os- 
cillations of the input. 

~ was devoted to frequency response in this broad sense, especially 
In this general sense fre- 


The Frequency-Response Symposium 


as it applies to feedback systems. 
quency response was employed long before Nyquist and Bode. 
~The use of frequency response in the design of electrical and 
acoustical filters is classical. 

Before World War II frequency-response runs on aircraft in- 
struments had been made by C. 8. Draper and others. Under 
the supervision of Gordon Brown at the Massachusetts Institute 
of Technology, sinusoidal runs were made in 1940 on hydraulic 
transmissions to study stroking forces. This work led rather 

naturally to the use of Nyquist and Bode design criteria 


yuency-Response Sy 


Foreword _ 


Before frequency-response analysis came into extensive use 
transient responses to step changes were employed to check or 
obtain the dynamical characteristics of physical systems. It can 
be shown (see Paper 54—SA-3 by Smith and Triplett) from 
the theory of Fourier transforms that step changes are heavily 
weighted in favor of low frequencies. Modern control applica- 
tions often, if not generally, require response that is as fast as 
possible. The responses of the components to relatively high 
frequencies then become very important 


IMPORTANCE OF FREQUENCY-RESPONSE CURVES 


The information obtained from frequency-response runs is often 
put in the form of frequency-response curves. These curves con- 
tain more information than can be put in differential equations 
In writing down the differential equations for a physical system 
one can take into account only factors considered dominant and 
neglect the rest. Except for errors in measurement, the experi- 
mental frequency-response curves for a physical device truly rep- 
No two physical systems have the same fre- 
quency-response curves. Such curves are in a sense as charac- 
teristic of a physical system as fingerprints are of a human being. 
They are really differential equations in pictorial form. 

The work of Nyquist and his associates enabled the designer, 
on the basis of frequency-response curves only, to form conclu- 
sions about the stability of physical systems. So many contribu- 
tors were involved in the early applications to automatic controls 
of the Nyquist and Bode work on the stability of feedback systems 
that it is difficult to give a precise history. ‘To corroborate the in- 
formation the writer collected on the subject he personally inter- 
viewed H. Nyquist, H. Bode, H. 8. Black, H. B. Farrell, and L. A. 
MacColl of the Bell Telephone Laboratories, N. B. Nichols of the 
Raytheon Manufacturing Company, H. Harris of the Sperry 
Hall of the Bendix Research Labora- 
tories, Profs. G. Brown, C. 8. Draper, and D. Campbell of the 
Massachusetts Institute of Technology, as well as other pioneers 
in the study of stability of feedback systems by frequency re- 


resent this device. 


Gyroscope Company, A 


sponse. 

In 1941 Mr. Herbert Harris published a United States Govern- 
ment report (OSRD 454) in which he applied Nyquist’s work to 
servomechanism design. In 1943 the Technology Press pub- 
lished Dr. Albert Hall’s doctor's thesis, which contained a com- 
prehensive study of the application of Nyquist’s theory to servo- 
mechanisms. In 1944 Drs. Rudolf C. Oldenbourg and Hans 
Sartorius published their book on automatic-control dynamics 
from the frequency-response point of view. Subsequently, at 
least two-hundred papers and books have appeared on the sub- 
ject of frequency response. 

The book by Oldenbourg and Sartorius was translated into 
English by Prof. H. L. Mason and was published by the ASME: 
in 1948. 

In 1943, N. B. Nichols, at that time at the Radiation Labora- 
tory at the Massachusetts Institute of Technology, visited E. B 
Farrell and Axel Jensen of the Bell Telephone Laboratories, who 
were using logarithmic charts. As a result of this visit Mr 
Nichols began employing Black and other logarithmic plots. In 
one of the books of the Radiation Laboratory Series, published 
in 1947, Nichols, W. P. Manger, and I. H. Krohn gave an ex- 
position of the logarithmic approach to servo design. The book 
in 1948 by G. Brown and D. Campbell on servomechanisms was 
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a significant factor in educating students in frequency-response 
techniques and bringing these techniques to the attention of in- 
dustry, 


Frequency Resronst iN Process CONTROL 


Although frequency response has been in general use in the 
servomechanism, aeronautical, and electrical fields for several 
years, it is only now that it is making an extensive and determined 
invasion of the process-control field and certain other areas of in- 
dustry. This invasion precipitated the formation of the Dy- 
namic Systems Committee, which was assigned the task of recom- 
mending standards for the presentation of frequency-response 
data. In recognition of the importance of the frequency-re- 
sponse field the Frequency-Response Symposium was organized. 

Drs. Nyquist, Bode, Hall, Mr. Harris, and other early contribu- 
tors to the theory of design by frequency response have since left 
this domain for other areas of activity (except that Hall is still 
concerned with applications). Although theoretical work on fre- 
quency response still continues in the United States, a considera- 
ble proportion of this activity goes on in Europe. For this rea- 
son active Luropean as well as American engineering scientists in 
the frequency-response domain were invited to participate in the 
Symposium. The result was a program with experts from the 
United States, England, Holland, France, Germany, and Sweden. 
Although excellent automatic-control work is going on in Russia, 
especially in the nonlinear field, that country, unfortunately, was 
not represented at the Symposium. In the 1930's Dr. W. Cauer! 
in Germany and A. W. Michailow? in Russia already were work- 
ing on frequency-response design techniques. 

In addition to the generous help received from reviewers, be- 
fore the papers of this issue were approved for publication the 
writer tried, by reading the papers himself and reworking them 
with the authors where it appeared desirable, to get the papers 
to satisfy certain standards of exposition so that the reading of the 
papers would not be unduly burdensome. Owing to limited time 
and the difficulty of transoceanic correspondence it was not pos- 
sible to meet this objective entirely. The writer therefore has 
requested the authors to treat in their closures the points that 
require clarification, 


Score OF THE SYMPOSIUM 


The papers in this issue of the Transactions are intended to 
cover a wide range of interests, from those of the beginner who 
may have little mathematical training, to that of the expert on 
The first three papers are all directed to the 
beginner as well as to the expert. The paper by Helm also is 
intended for the beginner, but an acquaintance with transfer 
The 


paper by the writer gives the recommendations of the Dynamic 


frequency response, 


functions and other mathematical background is assumed 


Systems Committee for the presentation of frequeney-response 
data 
recommendations will facilitate the exchange of frequeney-re- 


The Committee hopes that the general adoption of these 


sponse information among the workers in the field 


' The writer interviewed Prof. R. M. Foster of the Brooklyn Poly- 
technic Institute, who is well acquainted with the work of Wilhelm 
Cauer. According to Professor Foster, Dr, Cauer worked on passive 
networks from 1926 to 1937 and thereafter on active networks. Like 
Bode, he was concerned with obtaining phase from amplitude re- 
sponse, and vice versa, In 1940 Dr. Cauer published a monograph 
on “The Poisson Integral and Applications to the Theory of Linear 
Networks—~I,"’ republished later by hdwards Bros., Ann Arbor, Mich. 
Cauer was killed when the Russians entered Berlin, The Bell Tele- 
phone Laboratories were quite concerned about volume IL of the 
cited work, wanting to know whether or not Cauer had gone beyond 
the efforts of Bode and his associates. As far as we know, volume II 
has not been published 

***Methods of Harmonic Analysis in Control Theory,” by A. W. 
Michailow, Avtomatika i Telemekhanika, No. 3, 1988, pp. 27-81. 


1954 


To enable the maximum number of people to use the commit- 


tee’s recommendations the writer attempted to carry the beginner 
without mathematical training as far as possible into the theory 
The paper gives a survey of de- 
sign criteria which will enable the reader at least to make a start 
The frequency- 
The writer 


of the frequency-response field. 


on the scientific design of automatic controls. 
response literature is full of unproved statements. 
has worked through the necessary mathematics and endeavored 
to give the expert as well as beginner a mathematically rigorous 
picture of the material covered. 

The paper by D. W. St. Clair, L. W. Erath, and 8. L. Gillespie 
gives a survey of the pneumatic, electrical, and mechanical-hy- 
draulic sine-wave generators in use. By means of these genera- 
tors the input to a physical device is oscillated so that experimen- 
tal frequency-response curves of the device can be obtained. 
Nearly all of these oscillators are laboratory models and are not 
The use of such oscillators is absolutely 
essential to the application of frequency-response methods. The 
committee believes that this paper will be particularly valuable 
to those individuals and organizations starting frequency-response 
work. 


commercially available. 


BIBLIOGRAPHY ON FREQUENCY RESPONSE 


The bibliography paper by Abraham M. Fuchs sheds light on 
the history of frequency response and the areas of application 
The bibliography by Mr. Fuchs lists not only papers devoted en- 
tirely to frequency response, but also papers concerned with 
other subjects but containing some frequency-response informa- 
tion. Often papers devoted to other subjects contain some 
frequency-response curves of physical systems. An effort has 
been made to include such papers although the listing is not 
claimed to be complete. Responses often can be characterized 
by transfer functions so that papers on transfer functions may be 
considered to belong to the frequency-response domain. 


FREQUENCY-RESPONSE APPLICATIONS 


The paper by Mr. H. A 
the design of an automatic contour-following lathe by frequency- 
Mr. Helm shows how the proper insertion 


Helm is a down-to-earth treatment of 


response methods. 
of physical components may be employed to improve vastly the 
stability of the lathe. 
1954, Pittsburgh Meeting of the Society. 

The papers by Mr. R. H. Macmillan, Dr. A.C. Hall, Mr. A. R. 
Aikman, and Mr. Vladimir Oja are largely devoted to applica- 
The paper by Mr. Maemillan gives a survey of methods 


This paper was presented at the June, 


tions. 
of analyzing automatie-control systems and discusses the transfer 
functions in the problem of governing the speed of a gas turbine. 
This paper is directed to the educator as well as to the control en- 
gineer and scientist. 

Dr. Hall treats hydrsulic servosystems with electrical control 
components. Of particular importance is the transfer funetion 
he gives for an ordinary servo composed of a four-way valve and 
piston-cylinder actuator. An electrical analog és given for the 
nonelectrical components so that the entire problem may be 
viewed electrically 
Aikman gives the results of applying fre- 
In par- 


The paper by Mr 
quency response to actual processes in chemical plants 
ticular, he treats the automatic control of a spray drier and the 
automatic control of a heat exchanger. Mr. Aikman employs 
British terminology which differs in certain respects from that 
used in the United States and that recommended by the ASME. 

The application of frequency-response methods is expected not 
only to affect the design of the controls themselves but also to 
affect the design of the process so that optimum results may be 
obtained from treating the process and control as a unit. Fre- 
quency response is ideally suited to showing how the various com- 
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ponents of a system affect the performance of the whole. Mr. 
Aikman hopes, as does the Dynamic Systems Committee, that a 
complete library of experimental frequency-response curves even- 
tually will be available to the control designer. 

In his paper Mr. Oja gives the theoretical and experimental re- 
sults of making frequency-response runs on the entire Swedish 
power system and discusses the problem of the regulation of this 
system by the prime-mover speed governors. This is the largest 
physical system on which frequency-response runs are known to 
have been made. The power output of one 50-kw machine was 
oscillated sinusoidally and the frequency of the system recorded, 
while all governors on the system were locked, and the system 
frequency was held by manual regulation. 


OBTAINING TRANSIENT From FREQUENCY RESPONSE 


In his paper of theoretical and practical interest, Prof. A. Leon- 
hard discusses methods of obtaining transient response from fre- 
quency The reader will recall that in the transient 
method of analysis it is customary to obtain the response of 


response, 


the system to step changes in the input, which are frequently 
either the setting of the controlled variable or the load on the sys- 
tem. It appears that the calculation of these transients always 
will be an important factor in the design of feedback systems. 
The designers of electrical amplifiers who have been concerned 
primarily with frequency response recently have returned to 
transient response and have found it informative to give both 
frequency and transient-response curves for these amplifiers. 


Relations between the frequency and transient responses in the 
form of integrals, and graphical methods of evaluating these in- 
tegrals, have been known for some time. However, Dr. Leon- 
hard gives some novel methods of making these calculations 
graphically and efficiently. His techniques are illustrated by 
three practical examples, one of which involves the important 
problem of computing the transfer function of a system repre- 
sented by a partial differential equation. To accomplish this 
the Laplace transform of this equation is taken. 


Oprimum FoR LINEAR SYSTEMS 


The papers by Dr. J. H. Westcott and Dr. Mare J. Pélegrin use 
the statistical approach to which much impetus was given by 
Prof. Norbert Wiener. The contributions of Dr. Westcott, Dr. 

tudolf C. Oldenbourg, Dr. Hans Sartorius, and Mr. J. M. L. Jans- 

sen are concerned with the problem of optimum control for linear 
osystems. For practical purposes the reader may assume that a 
system is linear if in sinusoidal analysis, whenever the frequency 
is held fixed, the amplitude of the output variable is directly pro- 
portional to that of the input. 

Dr. Westcott assumes that the spectral density function of the 
input signal is given, as well as the transfer function of the fixed 
These 
are properties of the system and its control which are assigned to 
the designer and of which he has little if any choice. The prob- 
lem is now to choose the transfer function of the rest of the circuit 
There is some degree of 
By this word 


elements and the maximum rating of the power source, 


so that optimum results are obtained. 
freedom in the definition of the word “aptimum.” 
Dr. Westcott means that the mean-square error in the value of 
the controlled variable should be a minimum for the response 
of the controlled variable to the statistically defined inputs. By 
variational methods from the calculus of variations the problem 
of optimizing a system for linear components is solved, at least 
theoretically. Beyond a certain point it is shown that inereas- 
ing the complexity of the control does not improve the perform- 


ance of the system. 

Drs. Oldenbourg and Sartorius treat the optimization problem 
from a somewhat different point of view. They first consider 
transients for which the system is originally in equilibrium, and 
where the output eventually settles out to its initial value. For 
this case they treat the problem of minimizing the “linear-control 


— 


that is, the area between the time axis and the curve 
They also 


area,” 
of the deviation of the output from equilibrium. 
treat the problem of minimizing the ‘‘quadratie control area,” 
namely, the area between the curve of the square of the output 
deviation and the time axis. 

Where the transients do not die out before the next disturbance 
comes along, the authors minimize the quadratic mean output 
for periodic input disturbances that can be represented by Four- 
ier series; that is, they minimize the average ordinate on the curve 
for the square of the deviation of the output from a base value. 
All plots are on Cartesian co-ordinates 

The authors show how the coefficients in the rational transfer 
functions representing linear controls can be chosen to make the 
proper quantity a minimum. A practical optimum which com- 
bines the advantages of the linear and quadratic measures of 
errors is given and applied to a practical example 


“Deviation Ratio” 


The paper by Mr. Janssen is devoted to a discussion of the con- 
cept of deviation ratio. Eexeluding set-point changes, in’ the 
usual regulating problem the controlled variable of a physical sys- 
tem is to be kept constant, regardless of how the system is dis- 
turbed. For a sinusoidal disturbance, for example, in the load on 
a system, the deviation ratio is defined to be the deviation of the 
output of the physical system when a control is placed on the sys- 
tem divided by the deviation of this output when the system is 
without the control. The values of the deviation ratio plotted 
against frequency give a measure of how much the control helps 
to hold the output constant. 

Dr. Westcott showed that the average value of the logarithm 
of the deviation ratio over the frequency range from zero to infin- 
ity is zero for linear systems. Improvement in one area of the 
frequency spectrum thus can be attained in linear studies only by 
sacrificing performance elsewhere in the frequency spectrum. 
Ilence one cannot indefinitely improve the output by going to 
more expensive and elaborate linear controls. 

The papers on optimum controls are particularly valuable in 
thet they tell the designer how well he could do with unlimited 
means and how close he is to the optimum with a given design. 

APPLICATION TO NONLINEAR FIELDS 


The frequeney-response approach was given considerable in- 
petus by the extension of frequency-response methods to non- 
linear fields. The papers by Dr. Julien M. Loeb, Mr. Harold 
Chestnut, and Mr. C. Hl. Thomas are concerned with this exten- 
sion. Although the number of physical systems that can be 
treated, at least in rough analyses, by linear methods is vast, 
there are areas where these methods fail. This is particularly 
In fact, there are 

Thus if the amplitude of an input 


true of accurate analyses areas where each 
physical system is nonlinest 
sinusoidal oscillation to a physical system is small enough there 
When the input amplitude is 
large enough one crosses the threshold and the output responds 
As the input amplitude is in- 


will be no response in the output 


but this response is not sinusoidal. 
creased still further one may reach an area of linear operation 


(for practical purposes) where the output is also sinusoidal and its 
If now the in- 


amplitude is proportional to the input amplitude 
put amplitude is sufficiently increased one may reach a condition 
It. has 
been shown’ that where nonsinusoidal outputs result one can still 


of saturation where the output is no longer sinusoidal. 


apply frequency-response theory, such as that of Nyquist, pro- 
vided the fundamental frequency component is employed, 


*°On Some Non-Linear Phenomena in Regulatory Systems,"’ by 
L. G. Goldfarb, Avtomatika i Telemekhanika, vol. 8, Sept.-Oct., 1947, 
pp. 349-383, 

“A Frequency Response Method for Analyzing and Synthesizing 
Contactor Servo-Mechanisms,’’ by K. J. Kochenburger, Trans. 
vol. 69, part IT, 1950, pp. 270 283 


| 

=z 


4 


SINUSOIDAL RESPONSE 
There are physical components for which the output is inde- 
pendent of frequency but depends on the amplitude of the input 
sinusoidal oscillation. Because of the importance of such com- 
ponents, it is suggested that the expression “frequency response” 
In his paper Dr. Loeb 


be replaced by “sinusoidal response 
treats outputs of physical systems that are related in a rather gen- 
eral way to the inputs by functions of amplitude and frequency, 
as well as derivatives of these quantities with respect to time. 
The theory developed by Dr. Loeb involves the use of series ex- 
pansions and is applied to contactor servos. Dr. Loeb is con- 
cerned with such problems as Coulomb friction and gear backlash. 

The results of Chestnut and Thomas originally were intended 
to be given in a joint paper, but owing to the large body of mate- 
Their 
papers are concerned with such nonlinearities as saturation and 
Mr. Chestnut discusses theoretical and practical re- 


rial on hand, it was not possible to cover this in one paper 


dead band. 
sults and treats the describing function relating amplitude-de- 
pendent outputs to inputs, where the outputs are independent of 
With transfer-locus plots, Mr. Thomas treats the 


frequency. 
problem of instability and studies servos with gear trains involy- 


ing appreciable backlash. 
SPrATISTICAL AND GRAPHICAL METHODS 


The paper by Dr. Pélegrin, devoted to the statistical approach 
of Norbert Wiener, gives the results of some computer studies 
made in France. A particular servocircuit is computed by statis- 
tical methods and the autocorrelation function of an on-off relay 
is given, Classical and statistical methods are emploved in the 
design of a variable inertia regulator to control the speed of an 
electric motor whose load varies 

In his paper Mr. Evans describes his root-locus method, rapidly 
coming into favor in the automatic-control field, and he shows 
how by graphical methods to obtain transient and frequency re- 
sponses from his locus plots. He applies his methods to a load- 
damped servo, 

Whereas the paper of Professor Leonhard is concerned with ob- 
taining transient response from frequency response, the opposite 
problem is treated by Dr. G. A. Smith and Mr. W. C. Triplett. 
Making frequeney-response runs on an aircraft is often time-con- 
suming and expensive. For these and other reasons resort is 
often made to other types of disturbances, such as the unit step, 
pulse, and triangular inputs. The relative advantages of these 
disturbances are compared and methods are given for obtaining 
frequency response from the responses to these disturbances. 
The authors show how templates are used to fit a transfer func- 
Actual air- 
plane differential equations are derived from basic laws of phys- 
ics, and extrapolation for altitude and speed is treated. 

The papers of this issue are intended to bring out the use of fre- 
quency response for checking differential equations, for diagnosing 
malfunctioning of equipment, and for the synthesis and direct 


tion to an experimental frequency-response curve. 


The first two uses mentioned are 


FREQUENCY-ResPONSE AS DiaGNnostic 


design of automatic controls. 
probably the most prevalent ones. 


The writer read the Harris 1941 and Hall 1943 pioneer fre- 
quency-response publications at the time that they came out 
but did not adopt frequency-response design methods because 
they were qualitative, and the writer had certain algebraic tech- 
niques for directly and rapidly obtaining the characteristic roots 
of linear systems. These roots gave much more quantitative in- 
formation. On the other hand, the writer was practically forced 
to use frequency-response methods to solve the following problem, 
as well as to treat systems where the algebraic methods were too 
approximate. 
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When a gas-turbine speed governor on an aircraft gas turbine 
did not operate as calculated by the differential equations, direct 
analysis of the physics of the problem and transient runs on the 
turbine, where the trouble lay, did not reveal the cause of the dif- 
ficulty. From frequency-response runs on the turbine made at 
the Woodward Governor Company in 1948, the writer was able 
to show that there was an unsuspected large dead time, subse- 
quently found by the NACA Lewis Flight Propulsion Laboratory 
to be due to the time it takes for one combustion pattern to be 
formed from another. 
as the impossibility of producing a perfect step, made it impos- 


Nonlinearities and other phenomena, such 


sible to distinguish this dead tims from the other phenomena un- 
til its existence was proved. 

The solution to the troubles experienced in the design of the 
controls of the first American guided missile, the ‘“Bat,’”’ were dis- 
covered by Dr. Hall by frequency-response methods. These and 
other examples emphasize an important phase of the frequency- 
response field. The checking of the differential equations of air- 
craft by airplanes in flight has revealed new factors in the design 
of aircraft. Extensive work in this direction has been done by 
Cornell Aeronautical Laboratories, Douglas Aircraft Company, 
and numerous other organizations. 

In co-operation with the writer’s company, one of the electrical 
power companies plans to use frequency response for routine test- 
ing of its steam and hydrogovernors as well as other components. 
The plan is to obtain the dynamic characteristics of the compo- 
After a suitable period of service, 
such as a year, frequency-response runs will be made on the same 


nents when they are installed. 


components, 

If the curves have not changed, it means that these components 
are functioning correctly. If they have changed, an experienced 
and properly trained person often, if not always, can tell from the 
curves what has gone wrong so that repairs may be made. Fre- 
quency response is being considered by the writer's company for 
routine production tests of certain governors, 

Since World War IL over $2,000,000,000 worth of guided mis- 
siles have been designed with the aid of the Nyquist and Bode 
stability criteria. Several companies are employing frequency- 
response-stability theory in the design of instruments and auto- 
matic controls. 

It is hoped that this issue of the Transactions will stimulate ex- 
pansion of activities such as those outlined in the foregoing. 


ACKNOWLEDGMENTS 


Much credit for the suecess of the Symposium must go to the 
authors, to the reviewers of the papers, and to the companies 
whose financial assistance made possible the participation by the 
foreign experts, 

The papers were reviewed by the following: William R. Ah- 
rendt, Frank Ainsworth, J. FE. Bigelow, Gordon 8S. Brown, Page 8. 
Buckley, William I. Caldwell, Donald Campbell, Gerald H. Co- 
hen, Charles Concordia, Paul 8. Creager, G. Forrest Drake, Don- 
ald P. Eckman, R. I. Edelman, Herbert Harris, 8. P. Higgins, Jr., 
Ernest G. Holzmann, John A. Hrones, R. M. Hutchinson, Arthur 
S. Iberall, E. Calvin Johnson, R. W. Jones, Adam G. Kegel, 
Ralph J. Kochenburger, R. K. Koegler, Y. W. Lee, Sidney Lees, 
Mark Leum, R. 8. Lovett, Julian E. McCarley, Harvey A. Miller, 
James Mozley, N. B. Nichols, William Owens, Henry Paynter, C. 
Desmond Pengelley, D. W. Pessen, Eugene Pike, David W. St. 
Clair, O. H. Schuck, R. C. Seamans, Jr., Charles J. Stukas, Curtis 
Thompson, William Ek. Vannah, G. A. Waldie, Elliot H. Wood- 
hull, and Fred Woods. 

Financial assistance was given to the foreign participants by 
the Bendix Aviation Corporation, Bristol Company, Carbide and 
Carbon Chemicals Company, E. I. du Pont de Nemours & Com- 
pany, Foxboro Company, General Electric Company, Leeds and 


1148 
= 


IRD FREQUENCY-RESPONSE 


Northrup Company, Manning, Maxwell and Moore, Ine., Min- 
neapolis- Honeywell Regulator Company, Panellit, Inc., Raytheon 
Manufacturing Company, Royal-Dutch/Shell-Laboratory — of 
Holland, Taylor Instrument Companies, and the Woodward Gov- 
ernor Company. 

The writer wishes to express his appreciation to the staff of the 
Woodward Governor Company for its co-operation, in particular 
to Mrs. Helen Haarvei who undertook much of the secretarial 


oh. 


SYMPOSIUM FOREWORD 1149 


work connected with the organization of the Symposium, to Mr. 
Mark Leum for his editing of the manuscripts, and to the writer’s 
brilliant colleague, Mr. G. Forrest Drake, for his helpful sugges- 


tions, 
Rurus OLDENBURGER 


Chairman and Editor 


Frequency-Response Symposium 


\ 
i 


| + by, = 
4 
= ~ Lah 
| 


The Regener 


By H. NYQUIST,! 


The following is an explanation of the circumstances 
which led the author to write his 1952 paper on the “Re- 
generation Theory.’”” 


OR some years prior to the time of writing the paper? in 

question, the technical departments of the Bell System had 

been engaged in developing a carrier system for use in cables. 
Previously the long telephone circuits in cables had been confined 
to the audible frequency range and this limited the number of 
circuits obtainable to three circuits per quad of conductors. This 
vield was limited further by the need for four-wire operation on 
the longest circuits. Four-wire operation means that the two 
directions of transmission required separate conduction paths. 
The net result was that for these long circuits eight conductors or 
two quads were required to obtain three telephone circuits. 


OPeRATION 


The carrier art as practiced on open wire circuits was well ad- 
vanced, and for such circuits it bad resulted in substantial 
economy in conductor costs because a large range above the 
It 
was natural to think that similar carrier operation would be 


audible was used and this made multiplex operation possible. 
applicable to cable circuits as well. But cable operation posed a 
number of problems. Because the conductors were small the 
attenuation was large and this required close repeater spacing 
and special techniques for compensating for temperature effects 
on the attenuation. Because the conductors were close together 
there were new problems in coupling between circuits which had 
to be taken care of. 

! Assistant Director of System Studies 
tories, New York, N. Y 

2"The Regeneration Theory.”’ by H 
nical Journal, vol. 11, 1932, pp. 126-147. 

Luncheon address presented at the Frequency Kesponse Sym- 
posium, held at the Annual Meeting, New York, N. Y., November 
29-December 4, 1953, of THe Amprican Society of MecCHANICAL 
ENGINEERS. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
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Bell Telephone Labora 


Nyquist, Bell System Tech- 


ation Theory 

NEW YORK, N. Y. 

concerned 


Of these various problems, we are here re- 


peater, Mr. Black proposed a negative feedback repeater and 
proved by tests that it possessed the advantages which he had pre- 
dicted for it. In particular, its gain was constant to a high degree, 
and it was linear enough so that spurious signals caused by the 
interaction of the various channels could be kept within. per- 
missible limits. 

For best results, the feedback factor, the quantity usually 
known as wf, had to be numerically much larger than unity. The 
possibility of stability with a feedback factor greater than unity 
was puzzling. Granted that the factor is negative it was not 
obvious how that would help. If the factor was minus 10, the 
effect of one round trip around the feedback loop is to change the 
10. After a 
second trip around the loop the current becomes LOO, and so 
forth, 
not clear how such a succession of ever-increasing components 


magnitude of an original current from, say, 1 to 
The totality looks much like a divergent series and it was 


could add to something finite and so stable as experience had 
shown, 


AuTHor’s Part IN THE PROBLEM 
The missing part in this argument is that the numbers that 


10, 100, and so on, 
represent the steady state, whereas at any finite time many of 


describe the successive components 1, 


the components have not yet reached the steady state and some 
of them, which are destined to become very large, have barely 
reached perceptible magnitude. My calculations were princi- 
pally concerned with replacing the indefinite divergent series 
referred to by a series which gives the actual value attained at a 
specific time t. 
divergent and, moreover, converges to values in agreement with 
the experimental findings 


The series thus obtained is convergent instead of 


It should 
In the 
course of the calculations, the facts with which the term condi- 
tional stability have come to be associated, became apparent. 


This explains how I came to undertake the work 
perhaps be explained also how it comes to be so detailed. 


One aspect of this is that it is possible to have a feedback loop 
which is stable and can be made unstable by increasing the 
loop loss. This seemed a very surprising result and appeared to re- 
quire that all the steps be examined and set forth in full detail, 
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Response Feld 


Early History of the I requencyv- | on 


By A. C. HALL,' DETROIT, MICH. 


Dynamic Systems Committee of the Instruments and 
Regulators Division of the Society should be congratulated 
for sponsoring this outstanding Frequency Response Sym- 
posium. Success has resulted only from the committee’s devo- 


tion to organizing the detail for such stimulating sessions. 


Larry to Conrro. TECHNOLOGY 


Real progress results from strong stimulation. Upward of two 
decades ago the growing chemical industry supplied such stimula 
tions for the process-control field and the resulting growth of the 
instrumentation industry is well known 

Similarly, a powerful impetus to the development of feedback- 
control technology began in 1940 as a result of the extreme tech- 
Under the 


sponsorship of OSRD and the military, work was initiated at 


nical problems arising from the second world war. 


several institutions to find solutions to control problems of the 
most serious type. National security not only demands all that 
existing technology can provide but requires that conceivable ad- 
vances in technology be made in incredibly short periods. Much 
of the work, of necessity, was done independently because of the 
restrictions of military security and, on the technical level, there 
was limited discussion of the problems and methods of attack 
As a result some of the work was attacked in a parallel fashion 
und even today with a perspective of more than a deeade many 
I do 


not think it is appropriate or necessary to attempt to unravel the 


questions on priority of accomplishments remain unsettled. 
wartime activity. ILlowever, it is possible to see broad trends that 
oecurred during the wartime period and to recognize the effects 
that these trends of activity had, and are still exerting, on the 
ieedback-control field. 

The war brought three major problems to the controls engineer. 
The first was handling problems and systems of considerable dy- 
namics complexity dictated by the requirements of more accurate 
and rapid fire-control systems. ‘The second problem was that ol 
designing systems that would cope with large amounts of noise, 
occasioned by the use of radar in fire control. The third problem, 
raised by the guided missile, was that of designing so accurately a 
dynamie system that it could be used successfully almost at once 
with a negligible period of field trials. 


IMPROVING Fire Conrron 
The first major problem faced in early 1940 was that of im- 
proving the accuracy of fire control for both ground and shipboard 


The solution of this problem involved iniprove- 
ment of the performance of servo equipment for controlling the 


applications 


position of guns, the improvement of the accuracy of directors, 
and, later, in developing radar location equipment for fire-control 
purposes, 

At the beginning of the war in europe basic inadequacies lay, 


! Technical Director Research Laboratories, Bendix Aviation Cor- 
poration, 

Contributed by the Instruments and Regulators Division and pre- 
sented at a luncheon meeting of the Frequency Response Symposium, 
held at the Annual Meeting, New York, N. Y., November 29 Decetm 
ber 4, 1953, of Tue AMERICAN SocrteTy oF MecHANICAL ENGINEERS 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. 


first in feedback-control components, second in systems concepts, 
but above all, inadequacies lay in our understanding of the prob- 
lems and the methods of attack that would be effective. When 
the understanding of the problem is deepened to the point that 
fundamental limitations are grasped in spite of obscuring detail, 
The in- 
vention of new systems will follow and attention can be focused 


the problem is well on the way toward being in hand. 


on redesigning or designing around limiting components. 
gineering efforts can be applied to the problem with the conviction 
that the solution will be significant. The role of analytical tech- 


niques primarily is to provide this understanding 
ANALYSIS IN ENGINEERING DEVELOPMENT 


The primary responsibility of analysis in engineering develop- 
ment is frequently overlooked. Analysis should do more than 
provide a specific answer to a specific question raised for a par- 
ticular system. Analysis should do more than generate proofs 
and generalizations for the satisfaction of the mathematician 
The place of analysis in engineering development is to provide an 
understanding of the problem, an insight, a grasp, a visualization 
It should set forth those 


factors that are basic, and limit fundamentally the results that 


of the system operation for the engineer. 


can be obtained, and suggest what clements, by design, may be re- 
duced to secondary position. 

At the beginning of the war analysis techniques in use in the 
feedback-control field seemed sufficient for problems at hand 
Fire-control requirements and systems were so complex, how 
ever, that the well-understood methods of transient analysis left 
much to the intuition of the engineer 


or Rapar Tracking 


The second major problem of the war to be faced by the con- 
trols-systems engineer was that of radar tracking. Where the 
first problem, that of fire control, required the handling of very 
complex systems, the advent of radar required the controls engi- 
neer to design equipment to operate well in the presence of signals 
The 


concept that a random process could be treated in terms of a fre- 


that he could not even describe in terms then in general use, 


quency function was invaluable in the solution of a difficult and 
highly important problem. I well remember an instance in 
which M.L.T. and Sperry were co-operating on « control for an 
air-borne radar, one of the first such systems to be developed. 
Two of us had worked all day in the Garden City lab oratories on 
Sunday, December 7, 1941, and consequently did not learn of 
the attack on Pearl Harbor until late in the evening. It had 
been a discouraging day for us because while we had designed 
a fine experimental system for test, we had missed completely 
the importance of noise with the result that the system's perform- 
ance was characterized by large amounts of jitter and was en 
tirely unsatisfactory. In attempting to find an answer to the 
problem we were led to make use of frequ ney-response tech- 
niques. Within three months we had a modified control system 
that was stable, had satisfactory transient response, and an order 


of magnitude less jitter. For me this experience was responsible 


for establishing a high level of confidence in frequency-response 
techniques. 
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ConTROL oF Guipep MissiLes 
The third war-produced problem was the control of the guided 
missile 
design be so accurate that relatively few flights would be required 
Since the dynamics of the missile 


Here was introduced the requirement that the control 


to make field adjustments 
were as significant as any other part of the closed loop, there were 
no means of checking the system operation in the laboratory. In 
developing the air-to-ground missile, the ‘“Bat,’”’ a challenge was 
provided by the need to consider a highly complex system, by 
the necessity of minimizing the noise introduced by the radar- 
tracking “homing head,” and by the requirement that an opera- 
ble missile be developed in a short time and with a limited expendi- 
ture of equipment in tests. The successful operation of the mis- 
sile during tests in 1944 and 1945 was a direct result of the effec- 
tive use of frequency-response-synthesis techniques. 

The development was measurably aided also by the use of a 
crude “flight simulator” which permitted important checks on the 
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over-all system operation to be made in the laboratory. The 
use of this tool improved our understanding of the system opera- 
tion and enabled flight-test phenomena to be more easily related 
to control-system dynamics 


PROGRESS SINCE 1945 


Now, of course, the use of simulators or computers in solving 
dynamic and control problems is almost universal, and the ad- 
vances in feedback systems since 1945 owes much to the effective 
use of such aids. Progress has been made in nonlinear systems, 
noncontinuous data systems, substantial improvement of com- 
ponents, and the application of controls to increasingly diverse 
problems. Our opportunities, particularly with the new com- 
puting tools at hand, are stimulating. However, we must not 
allow the availability of these tools or the seeming complexity 
of the problems to prevent us from gaining the real understanding 
or “feel” for the problems from which real progress is derived. 
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requency-Response Data Presentation, 


Standards and Design Criteria 


This paper gives standards for the presentation of fre- 
quency-response data. The standards are recommended 
by the ASME-IRD Dynamic Systems Committee to facili- 
tate the exchange of information directly and through 
the medium of publications. The Committee recom- 
mends that magnitude curves be plotted on logarithmic 
co-ordinates, and phase on the linear scale versus fre- 
quency on the log scale. Further recommendations in- 
volve transfer functions, measurements, 
ambient effects, and other factors. The paper was written 
with the technician in mind, as well as the automatic 
For this the 
reader with little or no mathematical background is 


nonlinearity, 


control engineer and _ scientist. reason 
carricd as far as possible into the theory of the frequency- 
response field. Basic design criteria, in common use, as 
well as others, are given, and it is shown that control de- 
sign, in so far as dynamic performance is concerned, can be 
reduced, at least in rough analyses, to simple properties 
of curves that may be either theoretically or experimentally 
obtained. From the slope of one such curve the designer 
can often say whether or not a controller will be stable 
when placed on the system to be controlled. It is hoped 
that this paper will enable as many readers as possible to 
start on the scientific design of controls, and where they 
do so to use the standards here recommended. 
implied that the reading of this paper is a substitute for a 
knowledge of some of the vast body of mathematics on 
which it is based. One objective of the paper is to give 
management, at least technical management, some in- 


sight into how automatic controls can be designed scien- 


It is not 


tifically. The paper concludes with a discussion of the role 
the frequency-response approach plays among the de- 
sign techniques available to the worker in the automatic 
control field. 


INTRODUCTION 


HE ASME-IRD Dynamic Systems Committee, hereafter 
referred to as the “DS-Committee,” was formed by the 
IRD Executive Committee November 26, 1951, to recom- 

mend standards for the presentation of frequency-response data. 
The necessity for such standards became apparent simultaneously 
and independently to several members of the ASME who were 
employing frequency-response methods in the design of automatic 
controls. Some confusion had resulted because different compa- 
nies presented the same frequency-response information in differ- 
Thus one company would graph magnitude ratio ver- 
sus frequency, and another the logarithm of the magnitude ratio 


ent ways. 


1 Director of Research, Woodward Governor Company. Mem. 
ASME. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 29 
December 4, 1953, of Tue American Society oF MecHanicat ENat- 
NEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 
3,1953. Paper No. 53——A-11. 


By RUFUS OLDENBURGER,! ROCKFORD, ILL. 


versus the logarithm of the frequency. From a glance at the 
frequency-response curves for a physical component a great deal 
can be said about the dynamic properties of the component, pro- 
vided that one is familiar with the co-ordinates used. In order 
that the curves of one company be readily interpreted by another 
it is highly desirable that they plot their curves on standard co- 
ordinates. These and other considerations led to the formation 
of the DS-Committee 
made a thorough study of the matter of standards. 
ards it wishes to recommend are incorporated in this paper. 

To facilitate the understanding of the DS-Committee recom- 
mendations, and the frequency-response approach to control de- 
sign, some of the background will be covered in this paper by the 
author, and design criteria given so that the technician with lit- 
tle or no mathematical training can with this information at 
Most of 
the design criteria have appeared in various places in the servo- 


Since its founding, this committee has 
The stand- 


least begin the scientific design of automatic controls. 
mechanism literature. One of the objectives of the paper is to 
give technical management some insight into how automatic con- 
trols can be designed scientifically. 

Summaries of design criteria and committee recommendations 
are given near the end of the paper. 


RECOMMENDATIONS FOR MAGNITUDE AND Puase CURVES 


Consider a physical system as in Fig, 1, with an input m and an 


OUTPUT ¢ 


SYSTEM 


hig. Broek Diagkam or «4 Puysicat System Wirn an INputT m 


AND OUTPUT ¢ 
output ¢. The input is a variable whose value m controls the 
value c of the output. An example is the case of a diesel engine 
where the throttle controls the speed of the engine. The variable 
mmay be taken to be the throttle position in inches andc the speed 
of the engine in revolutions per minute. As is customary, the 
input and output are measured as deviations from equilibrium 
values, that is, values for which the engine speed and the throttle 
position are steady. 

As the input is varied sinusoidally, so that m = A sin wt for 
the magnitude (amplitude) A, constant w, and time ¢, the output 
eventually will vary sinusoidally if the system is what the mathe- 
maticians call linear. Experience and theory show that it is ad- 
visable for the reader to assume that the system he is studying 
can be treated as a linear system, unless proved otherwise. 

The quantity w is the product of 2m by the frequency f ef the 
oscillation, that is, approximately 6.28 f. For steady oscilla- 
tions the output of the linear system is B sin (wt + @) for a mag- 
nitude B and phase angle @. For a linear system and a given 
frequency f the quantity B is proportional) to the input magnitude 


The quotient B/A is the magnitude ratio of the output to the 
input. In Fig. 2 the “magnitude frequency-response curve”’ of 
a diesel engine is plotted for the case of a load with small damping. 
For the example of Fig. 2 the quantity c is measured in units of 
a hundred rpm and the input m is in inches. 
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The curve in Fig. 4 can be approximated by the asymptotic 
curve shown dashed in Fig. 4, composed of two straight-line asymp- 
totic rays represented by the first and last segments and two in- 
termediate straight-line segments. To obtain this asymptotic 
curve it is really necessary to have the mathematical formula, 
that is “transfer function” for this curve. Where the technician 
is not acquainted with these functions, he will probably have to 
work with the actual response curves. 

Suppose now that the governor is placed on the engine, but that 
the loop is open as shown in Fig. 5. Here the engine speed-meas- 
uring element is disconnected from the rest of the governor, the- 
oretically if not actually. If the input e (actuating signal) to the 
governor is oscillated sinusoidally the output c (controlled varia- 
ble) of the engine, namely, the engine speed (measured from equi- 
librium), will vary sinusoidally (for practical purposes). By 
mathematics it can be shown that the magnitude curve of the 
system composed of the governor and engine is obtained 

i | | —- by merely adding ordinates on the magnitude curves for the 
02 03 04 O05 O6 OF components, plotted on logarithmic co-ordinates. Thus the 
FREQUENCY IN CYCLES PER SECOND vectors A and B in Figs. 3 and 4, at 0.03 cycle per second, are 

Fie, 2) Maanirupe Curve or 4 Dieser Enoine added to get the vector A + B in Fig. 6 where the magnitude 


foal 


MAGNITUDE RATIO 


curve of the governor-engine open loop is plotted. It is conven- 


axis because the logarithm of one is zero. The vectors A, B, and 
A + Bare thus measured from this axis. 

Deedee! pa : y To use the method of addition of ordinates it is necessary for 
AT Ww «2 dalle oo the output of the controller and the input to the process (con- 
’ trolled system) to be measured in the same units. For the analy- 
sis of this paper the input e to the controller and output ¢ of the 
process must be measured in the same units. 


— : ient to think of the horizontal line labeled 1 as the horizontal 
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FREQUENCY IN CYCLES PER SECOND 


Fic. Looartrumic or Maonirupe Response or Dirser 
ENGINE 


The reader familiar with the frequency-response field will rec- 
ognize the curve in Pig. 2 as that of a single-capacity system. 
Plotting the information of Fig. 2 on log co-ordinates,? one 
obtains the curve in Fig. 3. It will be noted that the curve in Fig. 
3 can be approximated by two asymptotic straight-line rays as 
shown dashed in Fig. 3, The reader will recall that if the part of 
a straight line to one side of a point on the line is removed, what is 
left is a “ray.’’ The curve formed by these rays is called the 
asymptotic magnitude curve of the engine. Since logarithms 
of real numbers to one base are proportional to the logarithms of 
these numbers to another base, the base associated with the log: 


MAGNITUDE RATIO 


° 


Suppose that the engine speed is measured and that the dif- : FREQUENCY IN CYCLES PER SECOND 
ference between this speed and a speed setting, which it is desired 
to maintain, actuates a governor that positions the throttle. The — 
difference can be considered to be the input to the governor and 
the throttle position to be the output. If the input is oscillated 
sinusoidally, the output will do the same, assuming again that the GOVERNOR ENGINE 
system is linear. <A plot of a typical governor is given in Fig. 4. 


Via. 4 MaGnirupe Curve or An ENGIne GoverRNor 


? These plots are often called ‘Bode plots.” Fie. Maanrrupe Curve ror THe Oren Loop 
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hic. 6 Curve ror GoverNnor-ENGINE Open Loop 


If the corresponding ordinates of the asymptotic curves in Figs. 
3 and 4 are added, the broken line in Fig. 6 is obtained. This is 
the asymptotic magnitude curve of the governor-engine open 
It is seen that the resultant curve obtained by using the 
straight-line approach is not much different from the correct 
curve, 


ke 


Increasing the magnitude ratio of the governor-engine system 
by a factor K, regardless of frequency, is said to “raise the gain”’ 
of the system by AK. The definition of “gain” is beyond the 
scope of this paper, and will be omitted (5).* 

Raising the gain of the governor-engine system corresponds 
merely to shifting the magnitude curve of Fig. 6 upward. 
often readily adjustable in a physical system. When logarithmic 
co-ordinates are used one can often work with straight-line asymp 
totic approximations to the magnitude curves. Because of 
these considerations, the following recommendation is made hy 
the DS-Committee: 

Recommendation 1. 


Gain is 


It is recommended that magnitude curves be 
plotted on logarithmic co-ordinates with the ‘magnitude ratio”’ as the 
vertical co-ordinate and the “frequency” in cycles per unit lime as the 
horizontal co-ordinate. 

Eexeept in England the frequency f is used in preference to the 
period P as the co-ordinate on the horizontal scale. Oscillators 
are generally marked for cycles per unit time, such as cycles per 
second, and it takes an additional computation to obtain radians 
wperunit time. For these reasons the use of frequency is recom- 
mended, 

It may be desirable to plot frequency on a nondimensional 
seale, 

Let R be the magnitude ratio. It will be recalled that the 
magnitude ratio in decibels is 20 log. The use of decibels is 
standard in the Bell Laboratories approach. However, the use 
of the logarithmic scale for magnitude ratio eliminates the need 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 


FREQUENCY-RESPONSE DATA, STANDARDS AND DESIGN CRITERIA 


PHASE ANGLE IN DEGREES 


FREQUENCY IN CYCLES PER SECOND 


Fro. 7 Puase Curve ror Dieser 


PHASE ANGLE IN DEGREES 


ool ol 
FREQUENCY iN CYCLES PER SECOND 


8 Puase Curve ron Governor 


for converting magnitude-ratio values to decibels, thereby saving 
time in making plots of experimental data. 

For the diese! engine the phase curve is shown in Fig. 7 with 
frequency and phase plotted on log and linear scales, réspectively. 
The output lags the input as shown. The governor for the 
diese} engine has the phase curve of Fig. 8. Continued to the 
right the curve bends over and is asymptotic to the —180-deg line 

The phase angle of the governor-engine open-loop system at a 
frequency f is obtained by adding the phase angles of the compo- 
nents at the frequency f. Thus the vectors F and F in Figs. 8 and 
7 add up to the vector E + F in Fig. 9 where the phase curve is 
plotted for the system composed of the governor and the engine. 

The use of a linear scale in angular degrees to express the phase 
difference between the input and output of a physical system is 
well established. The following is therefore recommended by the 
DS-Committee: 


Recommendation 2. It is recommended that ‘“phase’’ be plotted 


tn degrees on a linear vértical scale and ‘frequency’ in cycles per 
logarithmic scal 
unit time on a horizontal logarithmic scale. ites 
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It will be convenient to use the same unit of measure for cycles 
on the magnitude and phase plots of Recommendations | and 2. 

The magnitude and phase curves are just about as typical of a 
These 


curves can be used to obtain the differential equations of physical 


physical device as fingerprints are of a human being. 


systems, to diagnose troubles when there is disagreement  be- 
tween theory and experiment, and to design automatic controls 
for systems to be regulated. 


DesigN Crireria Baskp ON MaaGnirupk AND Puase Curves 


From the magnitude and phase curves for the open loop the 
Now let r 
(reference input) be the speed setting in the governor, and c the 


performance of the closed loop is determined (1). 
actual engine speed (measured from equilibrium), The situa- 
tion when the governor is regulating the engine speed is pictured 
in Fig. 10. 
system of Fig. 10 be stable. 


A necessary requirement of the control is that the 
From the magnitude and phase 


ENGINE 


Fic. 10 Crosev Loop 


curves for the open loop of Fig. 5 a great deal can be said about 
the stability of the closed loop, and rough design rules ean be 
To save space it is convenient to plot both magnitude 
For the engine ex- 


atated 
and phase curves on the same sheet of paper. 
ample the curves are given in Fig. 11. 

Dr. Harry Nyquist of the Bell Laboratories wrote the pianeer- 
ing paper (2) of the frequency-response field. By advanced 
mathematica he solved the problem of stability for closed loops 
and linear systems by reducing the problem to the study of the 
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open-loop response. Dr. Hendrik Bode of the Bell Laboratories 
extended this work and introduced (3) the concepts of gain and 
phase margin to be defined immediately. In terms of these con- 
cepts some simple design rules can be given. 

Suppose that a small disturbance 6 is applied to a system S, 
where 6 eventually dies out. If for each such disturbance 6 the 
resulting response of S dies out, the system S is said to be stable 
Otherwise, S is unstable. 

When the open-loop magnitude ratio is 1, we are at gain cross- 
Suppose for the moment that there is only one point of 
gain crossover. If we 
subtract the phase lag at gain crossover from 180 deg, the phase 


over, 
This may be said to be the normal case. 


margin is obtained; that is, the phase margin is the sum of 180 
deg and the phase angle. It is to be recalled that the phase angle 
is negative for a lag, and positive for alead. If there is more than 
one point of gain crossover the angular difference just defined is 
formed for each point, and the minimum is defined to be the 
phase margin. The phase margin is indicated in Fig. 11 for 
the example under discussion, 
about 30 deg. The reader will note that when the magnitude 
ratio (gain in the 


magnitude curve crosses what may be conveniently thyught of as 


In this case the phase margin is 
jode sense) is 1, its logarithm is zero, and the 


the horizontal axis. 

If we are at a condition where the phase lag is 180 deg (phase 
angle is —1IS8O deg) we are at a point of phase crossover, Sup- 
pose first that there is only one such point. This may be con- 
sidered to be the normal case. Let R be the magnitude ratio 
at phase crossover. The gain margin is then 1/2 if P is less 
than 1, and equal to F& if 2 is greater than or equal to 1. The 
gain margin is often measured in decibels, If there is more than 
one point of phase crossover, the “gain margin” is by definition 
the minimum of the quantities {R} with R 2 1 and {1/R] with 
R < 1 for the R’s at phase-crossover points. In Fig. 11 a vector 
has been drawn to indicate the gain margin. /t7is not the length of 
the vector. For the example of Fig. 11 the magnitude ratio R at 
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phase crossover is approximately 0.2. The gain margin is then is not defined. Where a margin is not defined, and it is referred 

1/0.2, thatis, 5. In decibels this is 20 logy 5, or simply, 14 db. to in the design rules, the designer does not have to concern him- 
The lag for the open loop may never reach 180 deg. In this self with it. 

case the gain margin is not defined. Similarly, the open-loop For the purpose of exposition it will be convenient to extend the 

magnitude ratio may not reach 1, in which event the phase margin — definitions of gain and phase margins to some limiting cases. If 
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the lag never reaches 180 deg but approaches 180 deg as the mag- 
nitude ratio goes to zero, the gain margin will be said to be infi- 
nite, and will then be denoted by . Similarly, if the magnitude 
ratio never reaches | but approaches | as the lag goes to zero, the 
phase margin is said to be 180 deg. 

From the laws of physics (4) and energy limitations it is known 
that as the frequency increases beyond al] bounds the magnitude 
ratio of the open loop approaches zero or a finite positive number. 

In Fig. 12 are shown gain and phase margins for some open-loop 
physical systems. 

The following design rule is in common use (5-9): 

Design Rule 1. The phase margin should be at least 30 deg and 
the gain margin at least 2.46 (8 decibels). 

These rules can be justified on mathematical grounds, It can 
be shown by complex variable theory that the condition of 180- 
deg phase lag and magnitude ratio equal to 1 for the open loop 
Rule 1 insures that this condition will be 
This will be clarified further in the 
discussion of transfer locus plots. 

The foregoing design rule should be considered a rough criterion 
that enables the technician untrained in mathematics, as well as 
one who is trained, to take the frequency-response curves of the 
control and the system to be controlled, and eliminate some poor 
It can be proved that, in general, it is not safe to allow 


is to be avoided. 
avoided by a definite margin. 


designs, 
smaller phase and gain margins. Thus a phase margin of 5 deg 
or gain margin of 1.05 would place the system in a sense so close 
to the border of instability that the solution would be highly os- 
cillatory, and if the frequency-response curves were obtained all 
or in part from theory rather than experiment the neglected fac- 
tors might throw the system into complete instability. 

It can happen that the foregoing design rule is satisfied, but that 
the closed-loop system is still too oscillatory. An example will be 
given near the end of this paper. It can be shown, however, that 
for a wide range of physical systems the rules provide completely 
The rules thus give a margin of safety that 
To be sure that a 


adequate control, 
is often sufficient, but sometimes falls short, 
control will work, the technician without the background to go 
further into the theory might make use of a library of frequency- 
response curves that characterize good performance, and see to it 
that the curves he obtains for a specifie problem are identical or 
close to a pair of curves known to be acceptable 


Design ON Basis or Curves ONLY 


Bode (3) treated primarily physical systems that can be rep- 
resented by ordinary linear differential equations with constant 
coefficients, Let a magnitude curve W be given and consider the 
systems of the foregoing type with the same W. Among the phase 
curvés for these systems there is one for which the phase lags take 
on the smallest values. ,A system with such a curve is called a 
minimum phase system. For minimum phase systems Bode 
showed that the magnitude curve determines the paase curve. 
Since it is sometimes more difficult to obtain the phase curve ex- 
perimentally than the magnitude curve, it is desirable to have de- 
sign criteria based on the magnitude curve alone, : 

From one of Bode’s theorems (3) it follows that the phase angle 
at a given frequency f, for a minimum phase system, depends 
primarily on the slope of the magnitude curve (plotted on loga- 
rithmie co-ordinates) in the neighborhood of f and, if the slope is 


‘In the process-control field dead time and distributed lag often 
play an important role. Where they do one does not have minimum 
phase systems, in fact, the ordinary linear differential-equations ap- 
proach breaks down. The reader will then need both magnitude and 
phase curves. However, although in this case the design theory of 
the present section does not hold, the rest of the paper still applies. 
An extensive mathematical treatment of dead time and distributed 
lag has been given by Oldenbourg and Sartorius (10). Also see Bode 
(3), chapter 13. 
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reasonably constant in the neighborhood of f, the phase angle is 
proportional to the slope of the magnitude curve. In fact, the 
phase angle is approximately (90 m) deg for the slope m. 

To illustrate this relationship the reader is referred to the solid 
magnitude curve of Fig. 11. The part of the curve to the left of 
the point a has the slope —-1 approximately. The reader will 
recall that a line with slope —1 falls one unit for each unit move 
ment to the right; that is, the line makes an angle of 135 deg with 
the horizontal axis. By Bode’s result the phase angle should be 
approximately —-00 deg for low frequencies, which checks with 
the figure. For the segment c-d of the magnitude curve the slope 
is approximately —2 (the line drops two units for each unit move- 
ment to the right) and the corresponding phase angle should be 
about —180 deg, which also agrees with the figure. To the right 
of the point d the slope is approximately —3, whence the corre- 
270 deg. For high fre- 
quencies the phase curve is asymptotic to the —270-deg line. 

The slope of the curve from a to 6 is approximately —1.6, and 
from b to c about —1.4. Therefore we would expect the phase 
angle for the frequencies associated with the are from a to c to be 
It is evident that there isa 
2, and —3 of the seg- 
ments of the asymptotic curve of Fig. 6 and the actual phase 


sponding phase angle should be about 


about —135 deg, which is correct. 
rough correlation between the slopes — 1, 


angles. 

For points on a long section of the magnitude curve, but away 
from the ends of this section where the slope m along the section 
is a fairly constant integer, the formula —¥O m deg is a good 
Near the ends of the section 
For a short sec- 


approximation to the phase angle. 
the approximation becomes a very rough one. 
tion the approximation is also very rough. 

If gain crossover occurs at a point interior to a long section of 
constant slope —2, the lag at gain crossover will be about 180 deg, 
and the phase margin will be numerically small. ‘To insure an 
adequate phase margin the following rule (7) is used for the com- 
mon case where the magnitude curve is falling at gain crossover: 

Design Rule 2. The slope of the magnitude curve on logarithmic 
co-ordinates at and near gain crossover should be about —-1. 

The slope — 1 has been chosen because —1 is definitely greater 
than the ‘“‘dangerous’’ value —2, and at the same time it is gen- 
erally, or at least often, desirable to stay as close to the slope —2 
as is practical in order to obtain a transient response that is suf- 
ficiently oscillatory. Let f denote the frequency at gain cross- 
over, It is customary to design for a slope near —1 over the fre- 
quency range from '/.f to 2f. The extent of the region over which 
the slope should be —1 to each side of the point of gain crossover 
depends on the slope away from gain crossover. With experience 
the designer will know about how much to allow for this. 

The dashed curve of Fig. 11 is obtained by moving the solid 
magnitude curve of Fig. 11 down a distance equal to log 2. 
Design Rule 2 is satisfied by the dashed magnitude curve of 
Fig. 11 since the slope is approximately —1.4 (this is near enough 

1 for practical purposes) at and near gain crossover. It is not 
so well satisfied by the solid magnitude curve since the slope on 
this curve rapidly changes to —2 as one passes gain crossover, 
The solid magnitude curve, however, still represents a stable 
system. 

In Fig. 13 the magnitude and phase curves are shown for a sta- 
ble system with the loop open, where the magnitude curve rises at 
This may be considered to be the 
The phase margin is 


a point of gain crossover. 
unusual rather than the common case 
more than 180 deg, and the system has a large margin of stability 
when the loop is closed. 

In plotting the frequency-response curves, it is not necessary to 
know the precise nature of these curves for all frequencies. Thus 
for a physical system with transients that endure 1 or 2 min it is 
not normally necessary to know the response at 100 cycles per 
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minute (epm) or 0.01 cpm. In fact, a range of 10 epm to 0.1 
cpm is often sufficient. 

The frequency-response curves should be plotted for an inter- 
mediate range of frequencies, and not necessarily for extremely 
low frequencies. Where gain and phase margins are defined these 
curves should be known for a range of frequencies that extend 
well beyond the frequencies at the crossover points. A common 
case is that where the asymptotic magnitude curve in the neigh- 
borhood of gain crossover is composed of three sections with 
slopes —2, —1, and —2, The 
magnitude curve (solid or dashed) of Fig. 11 is an example to 
which Fig. 14 applies. 


respectively, as shown in Fig. 14. 


To insure adequate stability margins the 
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Pic. 14 Portion or Common Asymprotic MAGNnitupE CuRVE 
author recommends the following rule’ based on a mathematical 
study of transfer functions (see Appendix to this paper for some 
mathematical details): 

Design Rule 8. Consider a system with a portion of its open-loop 
magnitude curve approximated by the curve of Fig. 14 (composed of 
straight-line sections), where the sections with slope —2 are long 
compared to the middle section (section with gain crossover) with 
slope —1. For this system it is desirable to have the distance AC 
egual lo about '/3 to '/s of the distance AB. The quotient of the 
magnitude ratio associated with the point D by that for EF. should be 
at least 5 (ratio of frequency associated with B to that for A should be 
at least 5). 

It can be easily shown that the magnitude ratio associated with 
the point D of Fig. 14, divided by the magnitude ratio associated 
with FP, is equal to the frequency associated with B divided by the 
frequency associated with A, 

It follows from Bode’s phase-magnitude relationship that in- 
creasing the slope of a magnitude curve (making it less steep where 


§In (9), p. 185, the ratio AC /AB equal to '/; is recommended 
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the curve is falling) increases the phase angle. If now one or both 
sections adjoining the middle section with slope 
tions with slope —2 adjoining sections with greater slope (not as 
steep), the ratio of the frequencies associated with the points B and 
A can be somewhat less than 5, such as 4. 

For the governor-engine example of Fig. 11, the middle see- 
tion be of the solid magnitude curve has a slope about —1.4 while 
the adjoining sections ab and cd have the approximate slopes 
—1.6 and —2, respectively. The points a, b, c, and d marked on 
this figure are points of demarcation between sections with es- 
sentially different slopes, and may be called “break points.”” In 
the strict sense the expression break point applies to a point 
For pur- 
poses of exposition we shall use the more liberal interpretation 
On the magnitude curve in Fig. 11 the break points 
are not unique, but are chosen visually.* For the asymptotic 
In Fig. 6 they are the points 
In a very rough way the section ab may be 

2 and the 
The vertical 


| are short sec- 


where straight-line sections of different slopes meet. 
given here. 


magnitude curve they are unique. 
a’, b’, c’, and 
treated as one with a slope approximately equal to 
section be as one with the approximate slope —1. 
distance from c to b is the log 6.5, whence the quotient of the mag- 
nitude ratios corresponding to DE of Fig. 11 is 6.5. Design rule 
3 is satisfied in this respect. 

The sections a’b’, b’c’, and e‘d’, of the asymptotic magnitude 
curve for the governor-engine example have the slopes — 2, —1, 
and — 2, respectively, Fig. 6. The vertical distance between b’ 
and c’ is log 4, whence the corresponding ratio is 4. This does not 
satisfy Design Rule 3. However, the section a’b’ is not long com 
pared to b’c’, and the ray on the asymptotic curve to the left of a’ 
has the slope —-1. It follows that the quoltent of the magnitude 
ratios associated with the points b’ and e’ can be somewhat less 
than the 5 of Design Rule 3, and the actual value 4 is quite satis- 
factory. 

The point of gain crossover on the solid magnitude curve, Fig. 
11, is near the right end of the middle section. For the asymp- 
totic curve, Fig. 6, itisat the rightend, Design Rule 3 is thus vio- 
lated in this respect. Let the logarithms be taken to the base 10. 
Moving the magnitude curve down a distance 0.5, as shown in the 
dashed curve in Fig. 11, brings gain crossover at a point in agree- 
ment with Design Rule 3, namely, to or near the mid-point of the 
middle section. ‘This is true whether we work with the magni- 
tude curve or its asymptotic approximation, 

As noted before, displacing the magnitude curve on logarithmic 
co-ordinates up or down changes the gain of the open loop ac- 
This is one of the major advantages of plotting mag- 
nitude on these co-ord’ iates. Doubling the gain merely multi- 
plies each amplitude ratio by 2 and thus adds logis 2, that is, 0.3, to 
Halving the gain corresponds to moving the 
magnitude curve down a distance 0.3 since logy 0.5 = 0.3. 
As noted before, in the example of Fig. 11, we have halved the 


cordingly 
each ordinate 


gain in going from the heavy to the dashed curve. Changing the 
gain does not affect the phase curve. 

The foregoing application of Design Rule 3 may appear to lack 
precision, but this rule has been illustrated with an actual arbi- 
trarily chosen example. Nevertheless, the rough methods given 
here yield good quantitative results. 

The desire to have an adequate but not excessive phase margin 
is a reason for the foregoing rule. The author will introduce here 
an adjunct intended to help the designer secure adequate gain 
margin and stability. This adjunct is based on a study of trans- 
fer functions. 
the magnitude curve is falling at gain crossover. 


Let Rk be the magnitude ratio at a point ’. The magnitude 


* The writer asked six technicians one at a time to select the break 
points on this curve, given only the curve. All of them came re- 
markably close to the four break points of Fig. 11. 


It is assumed that we have the common case where 
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margin at P is by definition 1/R if R < land Rif R 2 1. The point P is shown on the dashed magnitude curve in Fig. 
Design Rule 4. Lf after gain crossover the slope of the magnitude 11, and the magnitude margin QP at P is 3 (9 decibels). On the 

curve is more than — 2 (curve not as steep as when the slope is —2) _ solid curve this margin is inadequate. 

until a point P is reached, and the slope eventually is less than —2 On an asymptotic curve the point P is uniquely determined and 

(steeper) the magnitude margin at P should be 2 (6 decibels) or more. Design Rule 4 is then particularly easy to apply. 
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We noted previously that Bode’s phase-magnitude relationship 
implies that increasing the slope of the magnitude curve (making 
it less steep where the curve is falling) increases the phase angle. 
Thus if the point of gain crossover with which the phase margin is 
associated is kept fixed and the slope of the magnitude curve is 
increased (less steep where the curve is falling), the phase margin 
is improved. From the same Bode relationship it follows that if 
the slope of the magnitude curve never is less than —2 (no steeper 
on the falling portions), the phase lag never exceeds 180 deg, and 
there isno gain margin. Any portion of a magnitude curve where 
the slope is less than —2 (steeper) tends to increase the phase lags 
and deteriorate the phase margin. 

Innumerable design rules like those of this section can be formu- 
lated. 
ical study of a given problem, but they can help the engineer in 


No group of such rules can replace the direct mathemat- 


his rough analysis of a control problem. 

For higher frequencies lag components tend to decrease phase 
angles whereas lead components tend to increase them. 

The frequency-response curves for an example of a simple lead 
component are shown in Fig. 15. Adding ordinates, the response 
curves of the system of Fig. 12(6) change to those of Fig. 16 
when this lead component is incorporated. 

For a lag component we have the corresponding curves in Fig. 
17, and the result of adding ordinates to those of Fig. 12(b) yields 
At higher fre- 
quencies the new magnitude curve drops below the old one. 


the curves of Fig. 18 for the system obtained. 
The system of Fig. 16 is stable, whereas that of Fig. 18 is un- 
stable. 
Sysrems Wrrnour Unity Freepsack 


Consider the system of Fig. 19 where there is a component in 
the feedback path so that the input to the control is not r > as 
in Fig. 10. 


c 
|;CONTROLLER PROCESS 


FEEDBACK 
COMPONENT 


Fie. 19) Sysrem Wirn Component IN Feeppack Pata 


The previous theory applies here, but to obtain the open-loop 
magnitude-frequency-response curve, as when we open the loop at 
A, we must add ordinates of the three magnitude curves for the 
controller, process, and feedback component. 
for the phase curve. 
the variable ¢ to be controlled must be measured and the measur- 
ing element will generally involve leads and lags. The controller 
b between the input r and the output 
Thus « temperature control with 


The same is true 
The case of Fig. 19 is a common one since 


responds to the difference r 
b of the feedback component. 
a thermocouple measuring element is se.sitive to the difference 
between the temperature setting and the temperature as meas- 
ured by the thermocouple. The thermocouple has a thermal 
lag. 

If for the range of frequencies involved in the stability of the 
loop shown in Fig. 19, the response of the feedback component can 
be neglected, the loop of Fig. 19 reduces to that of Fig. 10. This 
could be the case for a temperature control with a fast thermo- 
couple. 


TRANSFER Locus (Nyquist) PLors 


The DS-Committee does not recommend standardizing on any 
one type of frequency-response replot. The type of replot that 
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most clearly demonstrates the effects of a component on over-all 
performance depends on the location and character of the compo- 
nent and upon the criteria of performance desired. 
tion of frequency response to some common problems is well un- 
However, its application to complex control problems, 
Indus- 
trial processes are subject to multiple disturbances and interacting 
effects, many of which are known to exist, but few of which have 


The applica- 


derstood. 
particularly process control, has not been evaluated fully. 


been quantitatively determined. Means of demonstrating these 
effects will be developed by the practicing engineer. In publish- 
ing his findings, he should be free to choose and devise the replots 
best-suited to his problem, However, since the committee rec- 
ommends that the magnitude and phase frequency-response 
curves be given on logarithmic co-ordinates, the reader will find it 
convenient to use the log magnitude-phase charts to be discussed 
later. The DS-Committee therefore makes the following sugges- 
tion: 

Recommendation 8. Where it is convenient lo do so the use of 
log magnitude-phase charts (also referred to as Black or Nichols 
charts) in preference to other types of replots is recommended, 

The transfer locus plot is a commonly used and widely recog- 
nized replot. This is the well-known Nyquist plot and combines 
in one curve the information supplied by the magnitude and fre- 
quency-response curves of an open loop (the other replots are also 
ealled “transfer locus plots’ in the literature, but we prefer to 
reserve this terminology for the Nyquist plots). This plot is 
obtained by drawing a curve on polar co-ordinates where the vec- 
torial angle for a frequency f is the open-loop phase angle, and the 
length of the radius vector is the open-loop magnitude ratio for 
the frequency f. The frequency is thus the parameter along the 
curve. 

The solid curves in Fig. 11 for the governor-engine open loop 
combine to give the transfer locus of Fig. 20. Thus when f = 
0.064, the magnitude ratio is 3 and the phase angle — 136 deg as 
shown for the point 7’. 
20 to the left of the vertical axis are distorted to show how the 


The light portions of the curves in Fig 
curves are asymptotic to the vertical axis, Also, the curves are 
enlarged in the neighborhood of the origin to make the small loop 
visible. 
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Io enlarge the scale of the pertinent portion of the plane the 

DS-Committee makes the following recommendation: 

Where readability and accuracy of data ex- 

traction can be improved by moving the co-ordinate axes to one side or 

corner of the transfer locus (Nyquist) plot, this is recommended. 


Recommendation 4. 


MATHEMATICAL BACKGROUND 


It ie hoped that even though the mathematically untrained 
reader may not understand the details of the present section he 
will at least obtain a general idea of the theory involved. 

The dependency of the output of a linear system on the input 
(11) is deseribed by the ‘transfer function’ G(s) of a complex 
variable s, where G(s) is related to the concept of impedance in 
electrical theory. It can be shown that the transfer locus is a plot 
of this function for s = jw, where j =V/-1, and w = 2mf for the 
frequency f, while f variesfromOto ©. By drawing a symmetri- 
cal branch with respect to the horizontal axis the conjugate curve 
is obtained, associated with G(jw) for w ranging from 0 to —@, 
For the governor-engine example the conjugate curve is shown 
dashed in Fig, 20 as a branch running from the origin upward and 
270-deg ray. For the transfer functions 
normally treated (such as those analytic except for poles) theory 
shows that if the magnitude of the radius vector increases beyond 
all bounds as w goes to zero, the transfer locus is asymptotic to 
one of the vertical or horizontal rays, emanating from the origin 
O. If the transfer locus terminates at finite points, the locus and 
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its conjugate form a closed curve. The end of the transfer locus 
associated with w = @ is a finite point (4). If the other end 
(w = 0) is asymptotic to one of the rays emanating from the 
origin, the curve formed by the transfer locus and its conjugate 
is closed by drawing a properly chosen arc. In physical systems 
the locus is often asymptotic to the —90-deg ray and sometimes 
to the —180-deg ray. It is fairly uncommon to have the locus 
asymptotic to the —-270-deg ray. It therefore will be sufficient 
for what follows to show the reader how to close the curve formed 
by a transfer locus and its conjugate in the cases where the —90, 
—180, or —270-deg ray is the asymptote. 

From complex variable theory involving the Nyquist stability 
criterion the curves must be closed in a certain way (the closed 
curve is to be traversed once as one goes once, say, clockwise, 
“around” the right half of the s-plane) and the ares for closing 
the curves can be taken to be circular arcs (they may be more 
than 360 deg) of very great (‘‘infinite’’ 
Fig. 21. In Figs. 21 (a) and (b) the —-90-deg ray is the asymptote. 
In Figs. 21 (c) and (d) the asymptote is the —180-deg ray. 
Finally, Fig. 21(¢) shows the method of closure in the case of a 
~—270-deg ray. In Fig. 21(e) the transfer locus is asymptotic to 
the —270-deg ray in the third quadrant, and it takes 1'/, revolu- 
tions in the clockwise sense to close the curve. The curve formed 
by the transfer locus, its conjugate, and closure are will be called 
the “closed transfer locus.”’ 

In Fig. 20 the closure is shown by the dashed are in the right 
half plane. The closed transfer locus can be traversed in a 
counterclockwise direction as shown by the arrows. As we 
traverse this locus we do not encircle point (1, —180 deg). 


) radius as indicated in 


-270 


Fie. 22) Crosep Transrer Locus or Unstas_e System 
For the transfer locus of Fig. 22 plotted as a solid line the curve 
When we traverse the curve once as indicated 
by the arrows we encircle the point (1, —180 deg) twice. The 
closed transfer locus for the example of Fig. 12(d) is shown in 
Fig. 23. The net encirclement of the point (1, —180 deg) for 
this case is zero. 

To get the net encirclement draw a vector from the point (1, 
—180 deg) to a point P on the transfer locus, Let P traverse the 
entire closed curve. The vector will rotate through an angle 
(360n) deg, where n is the number of times the lecus encircles 
the point (1, —180 deg). 

It is assumed that the closed-loop linear systems under dis- 
For such systems Nyquist’s famous 


is closed as shown, 


cussion are stable if opened. 

stability criterion follows: 

Let S be a closed-loop system that 
The system S is stable if and only 


Nyquist Stalnlity Criterion. 
is stable when the loop is opened. 
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Transrer Locus ror Case or Fia. 12(d)—-a 


STaBLe System 


CLosED 


uf in one traversal of the closed transfer locus the nel encirclement of 
the point (1, —180 deg) is zero. 

The cases of Figs. 20 and 23 are stable by this criterion whereas 
Fig. 22 is the locus of an unstable system. The system S is 
unstable if the locus passes through the point (1, —180 deg). 

The Nyquist stability criterion can be stated in a more general 
form to cover systems with unstable open loops. 


Desicn Wirn TRANSFER Locus PLots 


For the practicing engineer, Nyquist’s criterion can be replaced 
by the following: 

Practical Stalility Criterion. A system is stable if it has a posi- 
live phase margin. Otherwise it is unstable. 

This criterion has been proyed to hold for a system S that is 
“absolutely stable” (3), that is, a system that is stable up to 
some value of gain and unstable for larger values, or that is 
stable for all gains. 

Multiplying the gain of the open loop by a factor k corresponds 
merely to multiplying each radius vector by the factor k. Thus 
raising the gain by the factor 10 in the governor-engine example 
changes the transfer locus of Fig. 20 to that of Fig. 24. The 
locus now loops around the point (1, —180 deg), and the closed 
system is unstable. The dashed portion of the curve in Fig. 24 
is a distorted section to show how the curve is asymptotic to the 
vertical axis. ‘The phase margin is seen to be negative as shown. 


M anv N Loct 


With the aid of auxiliary curves the frequency response of the 
closed loop of Fig. 10 can be obtained directly from the transfer 
locus of the open loop. 

Let M be the magnitude ratio of the closed loop (see Fig. 10 
with ras the input andc asthe output). It can be shown that the 
curves of constant M are circles on the plane of the transfer 
locus, as shown in Fig. 25. Here the transfer locus of Fig. 20 
is drawn on the same graph. When f = 0.083 the locus crosses 
the curve M = 1.5. Hence the magnitude ratio of output c 
to input r at f = 0.083 is 1.5 for the closed loop. Note that the 
“maximum value” M, of M for the points on the transfer locus 
is 2.23. It can be shown that if the maximum value M, of M 


te) 


> 


Fie, 24 Transrer Locus or Unstasie Syverem Hian Gain 


V-Cincies on Plane or a Tranerer Locus 


for a transfer locus plot is very large such as 4, the transient per- 
formance of the closed loop is poor. A transfer !ocus near the 
instability point (1, —180 deg) implies a high M,. 


For M > 1 an M circle has the radius 


M?—1 


and center on the horizontal axis a distance 
i “ta, 


If M = 1 the M-circle reduces to a 


to the left of the origin. 


straight line '/; unit to the left of the vertical axis. If M <1 


the M-circle has the radius 
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and center on the horizontal axis a distance 


M? 


1% 

to the right of the origin. 
The following design rule is in common use (12). If the fre- 

quency at which the maximum M is attained is positive, this fre- 

quency is termed the resonant frequency. If at zero frequency 

M = 1, the value of the frequency at which M first falls to 

0.707 is termed the band width, 

The maximum magnitude ratio M, of a closed 

The band width 


4 
or resonant frequency (if there is one) should be high as possible. 


Design Rule 6, 
loop should be less than 2 and should be about 1.3. 


a low resonant fre- 
quency or band width means slow transient performance. The 
band width (or resonant frequency) in Design Rule 5 is limited 


Mathematical considerations show that 


by “noise” suppression requirements and other considerations. 

Curves of constant phase lag for closed-loop frequency response 
are circles, and are called “N-loci.”’ 

Nore: By Design Rule 5 the dashed magnitude curve of Fig. 
11 is preferred to the solid one, 

The quantity M, is related to the phase margin (see Design 
Rule 1), 
the phase margin is SO deg. 


Suppose that gain crossover occurs at a point where 
The value of M at this point is 
1.93 (approximately), whence M, is at least 1.93. As the phase 
margin is decreased the value of M at gain crossover increases. 
Thus if .M, is less than 1.9 the phase margin will be greater than 
Similarly, if M, = 1.3 the phase margin is over 45 deg. 


deg. 


ReCOMMENDATIONS FOR TRANSFER Locus PLOTS 


The DS-Committee makes the following recommendation with 
regard to transfer locus plots: 

Recommendation 5. [tis recommended that a sufficient number of 
frequencies be shown on the transfer locus to indicate the rate at 
which frequency affects the locus. The use of M and N-loci should 
be kept to minimum, 

The recommendation to keep the use of M and N-loci to a 
minimum is made to prevent the drawing from being crowded 
with too many curves, 

It has been customary to write the transfer function associated 
with the open loop as AG for a gain constant K, It is often in- 
convenient to determine and remove K from the transfer function, 
especially in experimental studies, Instead, the following is 
suggested: 


Loop Wirn Born Forwarp anv Frepeack 


CONTROLLER} PROCESS component 


System or Fic. 19 Wita Feepsack Component PLacep 
IN Forwarp Portion 
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Recommendation 6. Let G denote the open-loop transfer function. 
The plane of the transfer locus should be labeled as the G-plane 
(see Fig. 20) rather than as the KG-plane for a gain constant K and 
frequency variant factor G. 

The preceding discussion of transfer locus plots has been re- 
stricted to closed-loop systems without frequency variant com- 
ponents in the feedback path. Let G denote the transfer function 
of the forward portion of the loop, namely, of the controller-proc- 
ess in Fig. 19. Let H designate the corresponding function for 
the feedback component so that GH is the transfer function of the 
open loop (see Fig. 26). As noted before, the magnitude curve 
(on logarithmic co-ordinates) of the open loop is obtained by 
adding ordinates of the magnitude curves of the forward and 
feedback portions, and the same thing is true of the phase. 
In so far as the stability question is concerned, the reader may 
treat the system as if all components were in the forward portion, 
The M and N-loci now no longer designate the 
magnitude and phase response of the closed loop of Fig. 19. 


as in Fig. 27. 


The designer can, however, design the elements involved in the 
problem so that good stability is secured for the arrangement of 
Fig. 27, using the criterion for maximum M given in the foregoing. 
The system of Fig. 19 will now be equally stable. However, the 
frequency response of the two loops will not be identical. This 
may be a factor, especially where it is necessary to have the 
output ¢ follow the input r very precisely, as in aiming an anti- 
aircraft gun. 
Thus far we have focused our attention on the response ¢ to 
This is of prime importance in 
In the usual regulator applica- 
tions, however, a variable is kept at a constant or reasonably 


input settings r of the controller. 
the design of follow-up servos, 


constant value and the system is subjected to disturbances not 
arising from the controller setting. These are often load dis- 
turbances, and will be referred to as such. The transfer funetion 
relating the load L and the output ¢ will, in general, be different 
from that relating rand c. However, the stability problem is the 
same. Thus instead of treating the response of the closed loop 
to sinusoidal oscillations of the load, we consider the response to 
sinusoidal oscillations of the controller setting. There are, of 
course, situations where the designer will wish to study the 
response to load oscillations directly. 
INVERSE Nyquist PLots 

The transfer locus plot is the plot of the open-loop transfer 
function G. On the other hand, the inverse Nyquist plot (13) 
is the polar plot of 1/G, and is obtained as follows: The magni- 
tude of the radius vector on the inverse Nyquist plot is the 
magnitude (amplitude) of the input to the open loop divided by 
the magnituce of the output (the reciprocal is used for the transfer 
locus plot) and the vectorial angle is the negative of the phase 
angle used for the transfer logus plot. 

For the case of unity feedback shown in Fig. 10, the inverse 
Nyquist plot for the closed loop (relating r and ¢) is obtained by a 
simple displacement of the points of this plot for the open loop. 
The inverse plot makes it easy to modify the plot for the in- 
corporation of feedback components. 
its emphasis on the low-frequency region often make the inverse 
plot a convenient one to work with. The inverse Nyquist plot 
for the governor-engine example of Fig. 20 is shown as the solid 
curve in Fig. 28. The reader will note that the locus is above the 
(1, 180 deg) point instead of below it as for the direct Nyquist 
plot. The phase margin is indicated in the figure. 
stability it is required that this margin be positive, and therefore 
that the curve, assuming a phase margin exists, must pass above 
the (1, 180 deg) point as shown. The inverse plot for the closed 
loop is given by the dashed line in Fig. 28, obtained by displacing 
each point one unit to the right. For the case of unity feedback 


These considerations and 


To insure 
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90 the inverse Nyquist plot the loci of the forward and feedback parts 
of the loop should be labeled 1/G and H, respectively (see Fig. 29). 
The use of M-circles should be minimized. 


Log PLots 


The log magnitude-phase (9) plot is obtained by graphing 
f22 magnitude ratio as the vertical co-ordinate on a logarithmic scale, 
and phase angle on a horizontal linear scale. The log magnitude- 


MARGIN phase plot has the following advantages: 
(1,180) (a) The basic frequency-response data, presented with the aid 


of logarithmic co-ordinates as recommended in this paper, may be 
transferred directly to the log magnitude-phase plot with dividers. 

(6) The products of several component frequency responses 
may be combined by graphical addition and thus the effects of 
components on over-all performance may be easily demonstrated. 

(c) The log magnitude-phase plot has the advantage that the 
gain of the open loop can be changed by merely sliding the log 
magnitude-phase plot up or down. Changing the gain does not 
affect the phase angle but moves the plot up or down as described 
Inverse Nyquist Por ror GoverNnor-ENGINE Case — for the magnitude curve on logarithmic co-ordinates, Normally, 


a co-ordinate system with M and N-curves on a template is slid 


270 


up and down over the log magnitude-phase plot to change the 


gain of the loop. 

The log magnitude-phase plot has the distinct disadvantage 
that M-contours are not circles; hence special construction, or 
templates, are necessary for drawing them. For the governor- 
engine example of Fig. 11 the log magnitude-phase plot is shown 
in Fig. 30. 

Recommendation 8. It is recommended that the log magnitude- 


phase plot be graphed with the magnitude ratio as the vertical co- 
ordinate on a logarithmic scale and phase angle in degrees on a linear 
horizontal scale. 7 

TRANSFER FUNCTIONS 


Suppose that a physical system S is at rest before the instant 


8 


Fig, 29 Inverse Nyquist Plots 


aad 


this displacement thus yields the closed-loop plot from the open — 
loop. 


In Fig. 29 are shown inverse Nyquist plots for a physical system . 
with G and H as forward and feedback transfer functions (see 
Fig. 26). The heavier curve marked 1/G is the inverse Nyquist 
plot of the forward part of the loop, and the lighter one marked 
H is the transfer locus for the feedback portion. The points 
marked A and B are points for the same frequency f on the H 
and 1/G curves, respectively, where f = 6.28. Adding the vectors 
OB and OA, we obtain the point C on the inverse Nyquist plot of 
the closed loop by drawing the diagonal OC of the parallelogram 
with sides OA and OB, The closed-loop javerse locus is the 
curve with long and short dashes in the figure. 

The M-loci are concentric circles on the inverse plot. The 
distance from the origin to a point on the inverse Nyquist plot for 
the closed loop is simply 1/M for the magnitude ratio M defined 
as for the direct Nyquist plot (output magnitude over input). 
The inverse transfer function for the closed loop is simply 
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Let the input m to S be one which vanishes identically for 
Let c denote the output of S, and assume that the Laplace 


t=O 
t< 0. 
transforms of m and c exist. 

The transfer function of S is by definition the Laplace trans- 
form of the output divided by that of the input, provided that 
this quotient is unique 

Recommendation 9. The independent variable in a transfer 
function should be denoted by 8s. Thus G(s) is a transfer function 
of the complex variable 8. In actual computation jw is to be sub- 


stituted for s. 


RECOMMENDATIONS REGARDING PRESENTATION OF MEASURE- 


MENT Data 


It is recommended that from the point of view of the presenta- 
tion of measurements of frequency responses, the least common 
denominator of technical audiences should govern. 

Since attention should be focused on the diagram of the system 
studied, it is not desirable to load up this drawing. If the 
measurement equipment is simple, this equipment may be in- 
dicated on the diagram with symbols different from those used 
to describe the system components, or by the use of dotted lines, 
indicating at most the real or equivalent circuit of the measure- 
ment system. If the measurement equipment is complicated, a 
simple diagram may be repeated, with the measurement system 
The characteristics and type of measure- 
ment systems used may be tabulated either in the text or in the 
Most extensively, these 


put in by dotted lines, 


diagram for the measurement system. 
data could include: 


(a) The input impedance in mechanical or electrical terms of 
the measurement system relative to the impedance of the primary 
system across the points of measurement, 

(b) The input-output sensitivity of the measurement system 
as a whole or by components. 

(c) The equivalent circuit of the measurement system, its fre- 
quency response, or its time constant if this exists. 


The DS8-Committee has been concerned with the problem of 
insuring that the measurement methods used in obtaining fre- 
quency-response data: 


(a) Can be reproduced to obtain the same data. 

(b) Result in no modifications of the ‘true’ 
response, 

(c) If they modify the true response, that it may be cor- 
rected for, 

(d) Or if it cannot be corrected for, that suitable discussion 
be included to indicate the qualitative effect of the measurement 


frequency 


methods, 


As much information should be given as would permit the 
casual reader to have a qualitative idea of the significance of the 
measuring systems, and the expert a quantitative idea. To 
achieve this, such statements as “a rotating strut-type wire- 
fatigue-testing machine,” “a linear accelerometer with a wide 
frequency band,” or “the system response has no appreciable 
However, not much more information 


” 


lag’ are not adequate. 
is needed to be sufficient. 

The common-sense view should prevail so that the description 
is suited to the principal uses of the system, with particular 
references to the limits of operation, and the effect of uncontrolled 
factors in the ambient environment. 


ADDITIONAL RECOMMENDATIONS 


The frequency-response data should include the range of inputs 
for which the data are linear, and experimental or theoretical 
estimates of nonlinearity should be given where possible. In 
general, if a large sinusoidal input signal and a small input sinusoid 
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produce the same magnitude and phase responses, the process can 
be treated as linear, at least at the control point about which the 
measurement was taken. If the linearity is not known, a de- 
tailed description of the experimental setup should be given. 


FAILURE OF DesitGN CRITERIA 


Commonly used criteria for stability may be satisfied while 
the system is unstable for practical purposes. To illustrate, 
consider the system with the open-loop transfer function G given 


by 
0.486 
= 
s? + 0.38 + 1 


he system is taken to have unity feedback. 
G we have the following: 


For the function 


i M, = 1.34 atw, = 1.2 


Phase margin: 45 deg 
Gain margin: © 


Here w, is 27 times the resonant frequency. However, the roots 


are 


The reader familiar with the root method of treating stability 
will see that the transients will be highly oscillatory because the 
coefficient 1,21 of j is much greater than the numerical value 0.15 
of the real part. It is the experience at the author’s company 
that if the real part is numerically small, such as 0.1, and the 
coefficient of j is about 10 times the real part or mere, the system 
is unstable. This occurs in the governing of the speeds of prime 
movers where | sec is the unit of time used. 

The present example violates Design Rule 2 since the slope of 
the magnitude curve on log co-ordinates at gain crossover is 
approximately —4, as shown in Fig. 12 (a). However, this rule 
was made only to insure that the phase margin would be adequate, 
which it is. Thus satisfying the stability criteria will not insure 
adequate stability or adequate transients, but may help to achieve 
this. 


Tue Rove or FREQUENCY-RESPONSE APPROACH 


The frequency-response approach has attained its present 
position in the automatic-control field partly because many engi- 
neers prefer working with curves rather than algebraic formulas, 
and there is a general lack of familiarity with simple methods 
(14) for solving algebraic equations of high degree. Where 
possible it is desirable to derive the actual transients, or at least 
obtain the characteristic roots. An analyst familiar with the 
theory of such roots can tell from them what the curves for the 
transients will look like. Where an analog computer is availa- 
ble the preblem of obtaining the transients is an easy one. 
Considerable use is now being made of th® Evans root-locus 
method (15) of solving an algebraic equation. Like the fre- 
quency-response design methods it has the disadvantage that it 
involves the graphing of curves. All of the curve-drawing 
approaches to the design of automatic controls, including the 
analog computer, suffer from the fact that a curve represents 
only a numerical case. Correct and rapid design can often, if 
not generally, be accomplished only by manipulating the mathe- 
matical formulas with general symbols for some of the constants, 
To do this a considerable amount of mathematical training is 
indicated. Actually, both numerical and abstract studies are 
needed in the analysis of automatic controls. 
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The great power of the frequency-response approach for the 
control engineer or scientist, with a considerable mathematical 
background, lies in the application of frequency-response meth- 
ods to areas, such as nonlinear phenomena, where the usual 
; algebraic methods fail (16). Hysteresis, saturation, and variable 
damping are examples. The use of frequency-response curves 
for diagnostic purposes rather than design is also invaluable in 
that factors that should not have been neglected in a problem 
often show up on these curves. 

For the beginner the frequency-response approach is a boon. 
This is especially true because of the correlation that exists 
between the transient response and the frequency response of a 
physical system (7). 


Appendix 


To clarify the use of transfer functions in making design rules 
we shall consider a system with the open-loop transfer function 


The asymp- 
totic magnitude curve in this case is composed of three falling 
straight-line sections with slopes —2, —1, and —2, respectively, 
Fig. 14. The magnitude ratio 2 for this function is given by 


where a and k are positive real constants, anda < 1. 


The ratio p of the value of R at w = a to the value of R at w 
is given by 


The characteristic equation for the closed loop is 


- 
% Routh’s stability criterion (6) implies that 1 > a. For a value 
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of a “near’’ 1, such as 0.5, the roots of the foregoing equation are 
much too oscillatory. Fora = 0.5 we have p = 3.2. Fora = 
0.2 the roots are satisfactory and p = 9.6. For these and other 
reasons we have recommended in Design Rule 3 that p be chosen 
equal to or greater than 5. 
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Summary of Committee Recommendations 


1 It is recommended that magnitude curves be plotted 
on logarithmic co-ordinates with the magnitude ratio as 
the vertical co-ordinate and the frequency in cycles per 
unit time as the horizontal co-ordinate. 

2 It is recommended that phase be plotted in degrees 
on a linear vertical scale and frequency in cycles per unit 
time on a horizontal logarithmic scale. 

3. Where it is convenient to do so the use of log magni- 
tude-phase charts (also referred to as Black or Nichols 
charts) in preference to other types of replots is recom- 
mended. 

4 Where readability and accuracy of data extraction 
can be improved by moving the co-ordinate axes to one 
side or corner of the transfer locus (Nyquist) plot, this is 
recommended. 

5 It is recommended that a sufficient number of fre- 
quencies be shown on the transfer locus to indicate the 
rate at which frequency affects the locus. The use of M 
and N-loci should be kept to a minimum. 


The 


plane of the transfer locus should be labeled as the G-plane 


6 Let G denote the open-loop transfer function. 


(see Fig. 20), rather than as the KG-plane for a gain con- 
stant K and frequency variant factor G. 

7 Let G and H be the respective transfer functions of 
the forward and feedback portions of a closed loop. On 
the inverse Nyquist plot the loci of the forward and feed- 
back parts of the loop should be labeled 1/G and H, respec- 
tively (see Fig. 29). The use of M-circles should be mini- 
mized. 

8 It is recommended that the log magnitude-phase 
plot be graphed with the magnitude ratio as the vertical 
co-ordinate on a logarithmic scale and phase angle in 
degrees on a linear horizontal scale. 

9 The independent variable in a transfer function 
Thus G (s) is a transfer func- 
In actual computation 


should be denoted by s. 
tion of the complex variable s. 


* ' jw is to be substituted for s. 


4 


ASME-IRD Dynamic Systems Committee ,- 


R. AHRENDT 
. BuckLey 
I. CALDWELL 
G. H. Cowen 
P. CREAGER 
G. F. GARDNER 
J. A. Hrones 
R. M. Hurcuinson 


Principal Design Criteria 

Design Rule 1. 
deg and the gain margin at least 2.5 (8 decibels). 

Design Rule 2. The slope of the magnitude curve on 

logarithmic co-ordinates at and near gain crossover should 


The phase margin should be at least 30 


be about —1 

Design Rule 5. The maximum magnitude ratio M, of 
a closed loop should be less than 2, and should be about 1.3. 
The band width or resonant frequency (if there is one) 
should be high as possible. 


Some Other Design Criteria 


Design Rule 3. Consider a system with a portion of its 
open-loop magnitude curve approximated by the curve of 
Fig. 14 (composed of straight-line sections), where the sec- 
tions with slope —2 are long compared to the middle 
section (section with gain crossover) with slope —1l. For 
this system it is desirable to have the distance AC equal 
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to about '/; or '/, of the distance AB. The quotient of the 
magnitude ratio associated with the point D by that for 
E should be at least 5 (the ratio of the frequency associated 
with B to that for A should be at least 5). 

Design Rule 4. If after gain crossover the slope of the 
magnitude curve is more than —2 (curve not as steep as 
when the slope is —2) until a point P is reached, and the 
slope eventually is less than —2 (steeper) the magnitude 
margin at P should be 2 (6 decibels) or more. —_— 
Stability Criteria 

Nyquist Stability Criterion. Let S be a closed-loop ays- 
tem that is stable when the loop is opened. The system S 
is stable if and only if in one traversal of the closed transfer 
locus the net encirclement of the point (1, —180 deg) is 
zero. 

Practical Stability Criterion. A system is stable if it has 
a positive phase margin. Otherwise it is unstable. 
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Discussion 


P. Nasuin.? The author recommends that the M and N- 
curves be drawn on a template that may be slid up and down over 
_ the log magnitude-phase plot. We personally prefer to plot the 
attenuation-phase curve on a piece of tracing paper laid over the 
Black chart. This method makes it possible to write anything of 
interest on the tracing paper, such as a particular constant-gain 
contour, after the gain has been adjusted. It also makes it 
possible to plot new points if necessary without removing the 
template. 
Apart from the foregoing considerations we believe that the 
most satisfactory graphical design procedure is based on the com- 
bined use of the log magnitude-frequency and phase-frequency 
curves and of the log magnitude-phase plot, and that there is no 
need whatsoever for any sort of polar plot except in the form of 
rough sketches for the investigation of the stability of an un- 
known system. 


A. Tustin.§ There seems to be little that is of a controversial 
nature in the main recommendations concerning the form in 
This is 


especially so on taking account of the general recommendation, 


which frequency-response data should be presented 


with which the writer agrees, that “the practicing engineer should 
be free to choose and devise the form of graphical presentation 
best suited to his problem.” 

However, the author has included in his paper not only the 
recommendations of the Dynamic Systems Committee on the 
form of presentation of data, but other material, particularly 
comments on the experience of himself and his company, on de- 
sirable phase and gain margins and acceptable design eriteria in 
relation to the log-gain log-frequency diagram. The writer does 
not question the value of these comments in themselves, but 
does suggest that they should be kept separate from ASME ree- 
They relate to 
design procedure and design criteria and the discussion of this 


ommendations about the form of presentation. 


topic is very incomplete 
The recommendations about forms of presentation seem to in- 

elude only two points of likely controversy: (a) The elimination 
of the decibel in favor of the common logarithm of the amplitude 

ratio, and (b) the measure of frequency in cycles per second f, in- 
stead of in radians per second w 

The writer personally shares the committee’s view on decibels 

and has never seen any usefulness in this context in introducing 

the arbitrary multiplier of 20. The factor 2 in this multiplier 
originally had some reference to ratios of powers, which are pro- 

portional to squares of quantities, but there is no such reference 

in this context which involves ratios of simple amplitudes, the 
square root of which has no significance. It is easier and more 
correct to say “a log-gain of two” than to say “a gain of forty 
decibels.” The writer does not think that it is too late to make 
this change from the practice of using decibels which is now more 
prevalent 
On the issue, however, of the unit of frequency, the writer does 
Both analyti- 
cal results as universally presented and the numerical calculations 


not think the recommendation should be accepted 


based on them are necessarily in terms of radians per unit time, 
and it is believed that this unit should be used consistently 
throughout 

The writer recommends using plain English wherever possible 
instead of technicians’ jargon. Much of the difficulty of commu- 
nieation in this field between engineers of different kinds and be- 
tween them and potential users has come about because control 


7 Engineer, Laboratoire Central de |’Armement, Paris, France 
* Professor, University of Birmingham, Birmingham, England. 
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engineers surely have used so much unnecessary technical jargon 
As an example of what is meant, recommendations 1, 2, and 3 of 
the paper can be stated more clearly in some such words as the 
following: 


1, 2 “It is recommended that in presenting graphically the re- 
lationship of output to input for a sinusoidally varying input the 
presentation should be in the form of two graphs, namely, a 
graph of the logarithm to base 10 of the ratio of amplitude of out- 
put to amplitude of input, and a graph of phase angle in de- 
grees taking lead as positive, both as functions of the logarithm to 
base 10 of the frequency in cycles per second.” 

3 “A graph may also be used of the common logarithm of the 
ratio of amplitude of output to amplitude of input as a function 
of phase in degrees, with values of the frequeney marked at 
suitable points along the curve.”’ 


There is certainly a need for some such recommendations as 
those that the committee has made. One notes, for example, that 
our friends from ICT, in paper 54—A-22 of the present series, still 
insist on being odd man out, by plotting everything inside out and 
It is to be hoped that the 
present discussion will bring differences in practice of this kind to 
an end 


upside down, to the general confusion 


Harovp Cuestnur.* The desire of the Dynamic Systems Com- 
mittee to extend to more mechanical engineers the understanding 
of the frequency-response methods used in control-system design 
is a laudable one. Some of the recommendations of the commit- 
tee will be well received in many quarters in that many of the 
same symbols suggested as have been recommended by 
the AIFF. Committee on Feedback Control System Symbols; for 
example, G(s) and H(s) are common. In this way a greater meas- 


ure of standardization throughout engineering can be obtained by 


are 


the use of these symbols 

The recommendations regarding the use of a logarithmic scale 
for plotting magnitude ratio while using a linear scale for plotting 
phase angle will make it difficult to present on the same figure the 
interrelated quantities of magnitude and phase. As an alternative 
ordinate scale, use of the logarithm of the gain ratio plotted to a 
linear seale, as is done in current servodesign practice, permits the 
common use of a linear ordinate seale for both magnitude and 
phase angle and is suggested for consideration by the committee 
Regarding the recommendation that the logarithmie-frequency 
scale be expressed in eycles per unit of time, it is suggested that 
one be allowed the option of using radians per unit of time as an 
alternative 

The design rules outlined seem to be generally satisfactory, 
although the possibility exists for ambiguity in the definition of 
gain margin because the same value of gain margin can be used to 
indicate a magnitude ratio of greater or less than 1.0. The design 
rules chosen appear to be of the proper order of magnitude 
However, they should serve principally as a guide and should not 
be considered a primary standard of themselves. 

The writer is happy that this subject of frequency-response 
data representation and methods of analysis has been brought to 
the is valuable 
to have this information incorporated into the literature and 
thinking of the Society 

The writer shares with the author the belief that frequency- 


attention of the members of the Society. It 


response methods aid in estimating the effects of nonlinearities 
and as such are valuable. They form a useful tool which, with 
experimental and analog computer work, enable the designer to 


build improved control systems 


* Assistant Engineer, General Electric Company, Schenectady, 
New York. 
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ABRAHAM Fucts *® The author is to be complimented on his 
fine paper. As with any set of design rules, there usually are 
differences of opinion concerning their validity. 

Design Rule 5 which states in part, “the band width should be 
as high as possible,” might better have read, “the band width 
should be no wider than necessary to give a system which meets 
its speed-of-response specification.” This change in emphasis 
from maximizing band width to minimizing band width is based 
on the following: 


(a) The wider the band width of the system, the more complex 
its structure and the more costly its components and construc- 
tion 

(b) The wider the band width of the system, the more likely is 
it to follow noise signals. This in turn causes a higher average 
power consumption without necessarily improving the dynamic 
accuracy of the system. 

(c) The wider band width system is more likely to interact 
seriously with structural resonances and other second-order 
effecta which are not readily analyzable 

This interaction can cause serious malfunctioning. 

It is true that there are no completely adequate guides to cor- 
relating the band width of a system to a particular performance 
specification, but there is much to be said for designing for 
the minimum band width compatible with the desired perform- 
ance specification. 


A. Leonnarpn.'! The Nyquist-Bode criterion, as it has been 
used until now, permits one to determine relatively quickly 
whether a system is stable or unstable. It also supplies valuable 
hints concerning changes in system parameters which might be 
necessary in order to achieve stability. However, the criterion 
does not tell anything about the degree of stability, for example, 
about the relative damping of the roots | Real part/Imaginary 
part| = p. The only thing we do know is that, from experience, 
the phase margin and gain margin should have certain minimum 
values to insure the desired degree of stability. (According to 
Design Rule i of the paper, the phase margin should be at least 
30 deg and the gain margin at least 2.5.) However, the Nyquist- 
Bode criterion can be expanded very simply so that the degree of 
stability also can be determined 

The transfer locus (Nyquist plot) of the open loop represents 
the ratio of output to input, considering both magnitude and 
phase, for undamped sinusoidal oscillations with frequencies from 
Oto . If this locus, at any frequency, goes through the point 
(—1 + j0) (to be designated from now on by Po), then the closing 
of the loop will produce an undamped oscillation of equal fre- 
quency, thus causing instability. The condition for stability is 
that the point /’y lies to the left of the locus (or, as shown by 
Nyquist, that it lies outside the locus). 

If we now use damped instead of undamped oscillations for our 
input, then the output also will consist of damped oscillations, 
having the same frequency and the same degree of damping. In 
this case it is also possible to calculate the transfer locus, and, in 
doing this, it is best to assume the same degree of relative damp- 
ing for all frequencies. We take the transfer function @ = A(jw)/- 
B(ja) and substitute w(j ¢) for jw. If this curve goes through 
the point Poy at a given frequency w,, then this means that a 
damped oscillation with frequency w, and relative damping p will 
occur when the loop is closed. The relative damping of the os- 
cillation will be greater or smaller than p if Po is to the left or to 
the right of the curve, respectively. 


’Senior Engineer, Air Arm Division, Westinghouse Electric 
Corporation, Baltimore, Md. 

1 Visiting Professor, Istanbul Teknik Universite, Istanbul, Turkey. 
Translated by D. W. Peasen, Minneapolis-Honeywell Regulator Com- 


pany, Philadelphia, Pa. 


In contrast to the conventional method, in which one deter- 
mined the stability, and where one never quite knew how far one 
had to remain from Po, the curve can now go through P, if de- 
sired. 

As will be shown now, when w(j — p) is used instead of jw, 
the magnitude ratio of the output to the input can still be ap- 
proximated by asymptotic straight-line rays on logarithmic co- 
ordinates. In the example to follow, these asymptotes of the 
curve for various common control elements are compared for 
p = Oand p = 0.414. The case of p = 0.414 = tan™'! w/8 repre- 
sents a degree of damping which is sufficient in most cases 

For each case, the formula for the calculation of the phase 
angle also is given. The calculation of the phase angle entails 
somewhat more work for p # 0 than for p = 0. The curve for the 
magnitude ratio, however, can be found just as quickly whether 
p = Oor not. In fact, the magnitude-ratio curve for p = 0.414 
differs only slightly from that for p = 0. Asa first approximation, 
the curve calculated or drawn for p = 0 can even be used, so that 


only the phase-angle curvene ed be added. Fig. 31 of this 
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discussion shows curves for an example in which the open-loop 
transfer function @ is 


T\s + l l 
T\8 T2?s? + 257.8 + 1 + 1 


G=K 


This transfer function might, for example, represent a room- 
temperature control system, and the first term would represent 
the proportional-plus-integral-action controller, the second term 
a steam-water heater with pipe line, and the third term the heated 
space. For an example such as this, though, the cycles per second 
in the figure should be changed to cycles per hour. 
ter A is the controller gain, 7, T72, and 7; are time constants, and 
¢ is a measure of the damping of the second term alone. In cal- 
culating the curves, the following values have been assumed: 
K = 10, 7, = O08 sec, 7, = 0.14 sec, Ty = 2 sec, 2 = 1.77. 
The curves for p =0(@ and M) are those conventionally used to 
determine stability. 


The parame- 


One can immediately see that the system is 
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stable, since the phase shift has not yet reached — 180 deg at the 
frequency where the magnitude ratio is 1 

The requirements of Design Rule 1, however, are not quite ful- 
filled. While the phase margin is 30 deg, the gain margin is only 
2.0, as compared to the required value of 2.5. From this one can 
draw the conclusion that the degree of stability will not be too 
favorable 

From the curves for p = 0.414 and p 
mediately that the relative damping corresponding to those two 
the phase 


1.0, it can be seen im- 
respective factors is not reached, For both cases, 
me zin is less than 0 (@ 180 deg). Assuming that all control 
parameters except the gain A are fixed, then, by reducing K a 
able 
reached 


amount, 

If, for example, 
phase angle remains the same, 
p = 0.414 is displaced downward such that it just goes through 
1.0 at the frequency where @ = —180 deg. The phase margin 
then is zero, which means that a damped oscillation takes place 
with a relative damping of p = 0.414 (Real part/Imaginary part 
of the two predominant roots). Correspondingly, K = 0.5 results 
ina relative damping of p 1.0 

The calculation of the asymptotes for various common ve 
elements, and for both p = O and p = 0.414, is shown in Table 
of this discussion 


suit any desired value of relative damping can be 
K = 7 instead of 10, then the 


but the magnitude-ratio curve for 


we make 


P.S. Creacer.'? The writer wishes to comment, particularly, 


't Associate Professor of Electrical Engineering, Rutgers Uni- 


versity, New Brunswick, N. J. 


pl? + 


Wo Wo 


4 p* + 1.08 


on recommendations | and 2 of the paper, which may be para- 
phrased as (a) plot magnitude ratio versus frequency f on log-log 
paper, and plot 

The writer has discussed these recommendations with a con- 


siderable number of engineers from chemical or petroleum indus- 


“phase” versus frequency f on semilog paper. 


He found a unanimous preference for plotting w in place of 
About 75 per cent of these people pre- 


tries. 
fon a log seale as abscissa 
ferred plotting both ‘magnitude ratio’? and phase on the same 
Over 80 per cent preferred ‘‘semilog”’ paper when plotting 
magnitude ratio alone. They actually plot log of magnitude ratio 
but have freedom to choose a scale factor and the ordinate of zero 
value (log = 0) which allows them to portray a wider range of 
magnitude ratios if desirable 


sheet 


The net result appears to be that this particular group would 
prefer to have the recommendation stated somewhat as follows: 
on semilog paper with 

Plot on same sheet or 


“Plot ‘log of magnitude ratio’ and ‘phase’ 
‘w per unit time’ on the logarithmic scale 
separate sheets as may be desirable.” 
The writer would suspect thst the 
fortunate in not obtaining a more 7epresentative sample of opinion 
in its necessarily limited list of inquiries. He, therefore, hopes 
that many more opinions may be obtained before reeommenda- 


subcommittee was un- 


tions become accepted standards. 
Mark Leum.'® Extreme care always should be taken when 
recommending standards to avoid any notation or symbolism 


Rockford, Il. 


Woodward Governor Company, 
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FRE NCY-RESPONSE 


which is not common and could lead to confusion. The system 
of Fig. 1 of the paper has a transfer function F(s) relating the sys- 
tems output ¢ and input m. This transfer function F(s) for m 
sinusoidal may be written A(w)e'*“ where w is the frequency of 
the input oscillation multiplied by 27, and i = 1/—1. The 
quantity ¢(w) is the angular displacement of the input signal m 
and A(w) the absolute value of F(s). Throu shout the paper 
¢(w) is referred to as simply the “phase’’ of the transfer function 
In just as simple a manner A(w) could be referred to 
“magnitude” 

The vector on the G-plane, Fig. 20, represents the transfer fune- 
tion at a particular frequency. Elementary texts on the subject 
of vectors usually refer to the length of a vector as the magni- 
tude of the vector 
standard term for the length of a vector magnitude ratio, which 
appears to be an unnecessary complication 

Another possibility is to replace magnitude ratio by an exact 
expression for the ratio of output amplitude to input amplitude, 
that of “amplitude ratio.”’ 


as the 


instead of magnitude ratio 


However, this paper recommends as a 


AvTHOR’'s CLOSURE 

curve be 
This 
recommendation is an excellent one and should save time for the 
His statement that polar plots generally 
avoided is correct. There is still a school of early workers in the 
field who were trained to use polar plots and prefer them. This is 
no doubt in part due to habit and in part to the fact that they al- 


Major Naslin suggests that the magnitude-phase 
drawn on tracing paper and laid over the Black chart. 


designer. ean be 


ready have a library of experimental frequency-response curves 
expressed as polar plots 

The author agrees with Professor Tustin that the design cri- 
recommendations are two quite 
The author hopes that the inclusion of de- 


teria and committee separate 
aspects of the paper 
sign criteria will increase the use of committee standards as well 
as frequency-response methods. ‘The unified approach of the 
paper should clarify the reasons for the standards, especially to 
the reader who is not an expert on the subject. Preparatory to 
writing the paper the author went over the entire available litera- 
ture on frequency response and formulated Design Rules 1, 2 
Design Rules 3 and 4 were em- 
Rules 3 and 4 
help the reader in special situations and to indicate that rules can 
be multiplied ad infinitum. Rules serve as a rough guide for the 
They often all that the 


Rules can never replace theory. Correct design of automatic con- 


and 5 on the basis of this study. 


ployed by the author in his work. are meant to 


expert. are novice has to work with 
trols depends on the entire theory of such controls 

At the end of the paper the committee recommendations are 
summarized separately from design and stability criteria. For 
the sake of brevity automatie-control jargon was used in these 
summaries. Whether or not to avoid technical jargon is always a 
Such avoidance tends to make the results availa- 


On the other hand, the necessarily in- 


moot question. 
ble to a larger audience 
creased length of the statements (we prefer to keep recommenda- 
tions | and 2 separate) works the other way. 

After careful study of the subject the DS-Committee decided 
that the standards should be kept to a minimum 
alone did not make sufficient material for an ASME 
paper 


The 


one 


paper. 
hopes that combining the with 


author therefore 
planned on design criteria was a fortunate decision. 


For computations and theoretical development the use of 
radians per unit time is indicated 


stood by a wider class of people. Sine-wave generators and other 


However, frequency is under- 


calibrated in cycles per unit time, 
Ds- 


instruments normally are 


rather than in radians. For these and other reasons the 
(Committee prefers frequency 


Mr Chestnut recommends plotting the logarithm of the 
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The standards | 


magnitude ratio R on a linear seale. It is desirable to list R 
rather than logy R as the vertical co-ordinate on the magnitude 
ratio-frequency plot. Although the values 0.01, 0.1, 1, 10, and so 
on, of R are equally spaced as shown in Fig. 11 of the paper, this 
is not true of the intermediate values 2, 3, 4, , 9 The inter- 
mediate R markings for logy, R on a linear scale are not such con- 
venient numbers. However, it is not desirable to have two kinds 
of vertical scales on the same figure and the author concedes that 
Mr. Chestnut has a point if the magnitude and phase curves are 
to be plotted as two curves on the same graph. On the other 
hand, the committee recommends going directly from the magni 
tude and phase charts to the Black chart where the magnitude and 
phase curves are combined into one 

Mr. Fuchs is right in saying that the band widths should not be 
too high. Band width should neither be too low nor too high for 
the reasons given in the paper. 

Professor Leonhard’s use of damped oscillations for transfer 
locus plots is an ingenious departure from the conventional treat- 
ment. If the transfer function for the open loop is given it is often 
not too difficult a matter to replace s by w(j -- p) and plot the 
corresponding loci for different values of p. In this manner the 
“oscillatory” roots of the characteristic equation may be found 
However, the author finds that the methods given in his discussion 
of the Evans paper," and treated in reference (14) of the present 
Leonhard’s plots are valuable for 
the man who prefers curves to formulas, and should be of con- 
siderable help to the student of the subject in giving him a visual 
picture of the part that the Nyquist plot plays as a special case of 


paper, are less time-consuming 


Leonhard plots 

Just as the complex representation ¢?@ is employed in place of a 
real sinusoid sin wf in impedance theory, so we can show that we 
may use the complex representation e@2~* in place of the real 
quality e~*? sin wt for a damped oscillation. The quantity sin 
wt is the imaginary part of 7" Let FE sin wt be the foreing fune- 
tion for a linear ordinary differential equation with constant 
coefficients. The solution (steady state) is then the imaginary 
part of the solution for the case where the forcing function is re- 
placed by the complex quantity hi?“ That the same thing holds 
for damped oscillations can be shown by an argument analogous 


to that given by the author." 
Let the given differential equation be 


O( Dy = OAD) sin ot 


where O,(D) and O.())) are polynomials in the derivative D with 


respect to time. Differentiating both sides of Equation [8] we 


have 


= (cos wt — p sin wt) 


Multiplying both sides of Mquation |8| by wij + p), adding to the 


corresponding sides of Equation [9|, and finally dividing by w we 


have 
OCD + (p+ pw] = 
w 


D) Kee] ~ 110} 


Clearly, the solution v of Equation |S! is the imaginary part of the 


solution 


(< ) 
+ + pe 


*The Use of Zeros and Poles for Frequency Response or 
sient Response,”’ by W. R. Evans, published in this issue, pp. 
1344. 

'® Author's bibliography, reference (4), pp. 128 129 7 
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of Icquation [10], whereas at the same time Ke +p sin wl is the 
imaginary part of ~ 0)! 

Although the Leonhard approach has considerable value in so 
far as theory is concerned, this is not so apparent with regard to 
the purely experimental aspects of the problem. It is not too 
difficult a matter to produce sinusoidal forcing functions and ob- 
tain the Nyquist plots physically. It does not appear to the 
author that it is a simple matter to produce forcing damped oscil- 
lations of the form e~* ain wt so as to obtain the Leonhard plots 
experimentally. However, this is certainly worth engineering in- 
vestigation because the Leonhard plots give much more informa- 
tion than the Nyquist plots. 

Professor Creager’s comments on the preferences of chemical 
and petroleum engineers is illuminating. The author hopes that 
the standards for the presentation of frequency-response data will 
be reviewed at periodic intervals, such as every five years. Five 
years should give industry time enough to make a fair test of the 
standards. 

The point brought up by the writer's colleague, Mr. Leum, re- 
garding “magnitude” is an important one. The writer personally 
prefers the word “amplitude,” but the DS5-Committee voted 
otherwise. Technicians are probably generally familiar with the 
amplitude of a sine wave since this term is already in extensive 
use. Mr. William Ahrendt correctly points out that ampli- 
tude is employed in complex variable theory for the angle or 
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argument of a complex number so that the problem of a confusion 
of terms exists. Let a linear system be subjected to sinusoidal 
oscillations. For such a system a transfer function G(jw) is 
equal to the complex representation of the output divided by this 
representation for the input. In this case the absolute value 
|G(jw)| of the complex function G(jw) is the ratio of the amplitude 
of the output sine wave to that of the input. It is then correct 
to refer to |G(jw)| as the magnitude of the quantity G(jw) and to 
use the term magnitude for the amplitude ratio of the sine 
waves involved. However, no physical system is actually linear. 
It can only approximate linearity to a greater or less degree. A 
system may be very nonlinear in the sense that no transfer func- 
tion exists (in the usual sense) and one may at the same time have 
a sinusoidal output for a sinusoidal input. We may still form the 
amplitude ratio for the output and input waves, but this is no 
longer the magnitude of a transfer function. The use of the 
term magnitude as it relates to a transfer function is then in- 
correct. Of course one arbitrarily may associate a complex num- 
ber with each pair of sine waves so that the amplitude ratio for 
these waves is the magnitude of this number. However, the 
amplitude ratio is a “ratio.”” It therefore appears to the author 
that it will mean more to the technician if it is referred to as such. 
We are indebted, no doubt, to electrical engineers for the word 
magnitude. They are accustomed to thinking in terms of com- 
plex numbers, but the average technician is not. 
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A Survey of Pneumatic, Mechanical, and Electrical Devices 


for Obtaining Frequency-Response 
= 


By D. W. Sr. CLAIR,' L. W. ERATH,? ann S. L. GILLESPIE® 


Data are given on pneumatic, mechanical, and electrical 
sine-wave generators which are or can be used to impose 
the “wiggle” necessary for the taking of frequency-response 
data in the industrial-control field. The high points are 
covered from a functional rather than a theoretical view- 
point and a reference list is presented to assist those 
interested in additional information. 


INTRODUCTION 


Hike use of frequency-response analysis in the industrial- 

control field has mushroomed in the past few years. In- 

deed, data presented here describing test equipment asso- 
ciated with the method, in many instances, will be obsolete before 
this paper is published, 

The purpose of the paper is to assemble information on the 
various schemes and devices which are or can be used as forcing 
functions to provide frequency-response test data in the indus- 
trial-control field. © We believe this information will be valuable 
to those in the field associated with making frequency-response 
tests and of interest to a much wider audience, 

This survey is of a descriptive rather than analytical nature 
and will cover only general features of the generators themselves. 
Other features of the test equipment used for dynamic-data pro- 
curement of which the wave generator may be only a part will be 
mentioned only briefly. We have purposely omitted any 
lengthy discussion of the benefits to be derived by taking frequency- 
response data, since the number of generators in use, and the 
interest in the ASME frequeney-response symposium of which 
this paper is a part, speak for themselves. 

While there is some overlapping, an apparatus has been broadly 
classified as being pneumatic, mechanical, or electrical according 
to its primary output; this paper has been divided accordingly. 


PNEUMATIC 

Inasmuch as pneumatic wave generators are not commercially 
available (though some are available on special contract), com- 
panies wishing to use one have had to develop their own. The 
most prevalent scheme used to produce a pneumatic wave is first 
to produce rotary motion, convert to simple harmonic motion, 
and then to convert to a pueumatie signal. In one instance an 
electronic oscillator is used to drive an electropneumatic relay. 
In another, an air compressor is used directly to produce oscilla- 


tions. At least one pneumatie model has been made using the 


‘Control Engineer, Kodak Park Works, Eastman Kodak Com- 
pany, Rochester, N.Y. Assoc. Mem. ASME. 

? Vice-President, Southwestern Industrial Electronics Conipany, 
Houston, Texas. 

* Design Engineer, Woodward Governor Company, Rockford, Il. 

Contributed by the Instruments and Regulators Division and 
presented at the Annual Meeting, New York, N. Y., November 29 
December 4, 1953, of Tue American Soctety or MECHANICAL ENal- 
NEERS, 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 26, 
1953. Paper No. 


principle of the relaxation oscillator, Some data also have been — 
received describing a self-excited nozzle-and-baffle arrangement. 
Data are assembled in Table 1 on 21 pneumatic sine-wave — 
generators. <A few of the column headings need amplification: | 
“Level” represents the limits of the equipment including the am- — 
plitude of the sine wave; “dynamic response’ refers to psi_ 
amplitude dead-ended; “‘flat’’ means in the ratio of 1 V2 or 
vice versa. Wave generators numbered in this table and in the | 


body of the paper may be identified with their owners by refer- 


ence to the Acknowledgments which have been numbered — 
correspondingly. 

The normal arrangement is to use combinations of an electric 
motor, variable-speed mechanisms, and gears to produce a shaft 
rotation of the desired frequency. Shaft rotation is converted to 
simple harmonic motion through an eccentric or Scotch yoke and © 
thence through linkages to a pneumatic device converting position 
to air pressure. Level and amplitude are set by appropriate. 
linkages. 

Those models which vary appreciably from this normal are— 
described in further detail in the following. Additional details 
which might be of interest also are given according to their num- 


berin Table 1, 


1 See reference (1).4 

4 This unit is explosion-proof. It is adapted for generating 
electrical signals and an electronic oscillator is used when applica-_ 
ble. 

5 This model is in addition to one like No, 13. 

7 For field work an air motor can be attached. In addition, ; 
there is a unit under development which has been field-tested, | 
based on the principle of the relaxation oscillator. 

8 This is a new piece of apparatus and more are being | 
planned, Recording is photographie but requires no develop- 
ment, and chart speed is synchronized with frequeney which is 
adjustable in 6 steps by gears. Shaft rotation is converted to an 
electrical signal through a potentiometer which operates an elec- 
The 


output from the electropneumatic relay feeds a 3-way valve which 


tropneumatie relay and recorder without amplification. 


introduces the wave to the process but keeps the loop closed, 

9 See reference (2). The case has an air or nitrogen purge 
and the recorder is driven at a speed proportional to frequency. 
The company has several generators of this deseription in use. A 
new generator for electrical outputs is under development, 

10 This unit is used for instrument and controller evaluation 

11 This unit is used to test model plants and analogs,  Fre- 
quency is adjustable in 15 steps; amplitude can be adjusted 
pneumatically. 

12.) This model is used for field demonstration. 
adjustable in 6 steps; level is pneumatically adjustable; and a_ 


Frequency is 


3-term controller is part of the rig 
13. See reference (3) 
ratus for plotting the transfer function directly on polar co- 


This wave generator is part of an appa- 
ordinates, Frequency is controlled by a closed loop and the level 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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is adjustable pneumatically. The unit also is equipped to yield 
electrical and mechanical outputs. A phase-shifting device be- 
Data 
are recorded on a two-pen electronic recorder, are displayed on 


tween the measured signal and a reference also is provided. 


an oscilloscope, or are plotted automatically on polar co-ordi- 
nates. 

14. The model deseribed has evolved from three previous 
The apparatus also provides mechanical output (0 to 
1.5 in, max) and electrical outputs (0 to 100 max) with the same 
flexibility of adjustment as shown for air and with responses flat 
inthe range. The maximum mechanical-motion load is set by the 
1/, hp of the Graham drive. 


models. 


16 This model is in development. It will be explosion-proof 
and frequency will be changed in 45 steps of about 1: 1.25. 

17 This unit uses the normal means of obtaining shaft rota- 
tions from 3 rph to 10 eps and the shaft drives a sine-wave 
potentiometer, The output from either this or an electronic oseil- 
lator (2 to 225 eps) is fed into a step attenuator (1 and 10-db 
steps) and then into an amplifier. The output of the amplifier 
operates an electropneumatic relay. 

IS Dimensions and weight given in the chart include pneu- 
matic amplifiers and recorders. Frequency is adjustable in 
steps of 1:1.6 by a commercially available unit and level can be 
Chart speed is synchronized with fre- 


adjusted pneumatically 

19 This was a limited-purpose generator used for a specific 
development. Using an air compressor directly, amplitude 


could be varied by volume changes, level by a reducing valve 


Leaks around the piston distorted low frequencies, 

20 This generator is a rotary pneumatic valve and operates 
a pneumatic push-pull oscillator. The present design exhibits 
“distortions under certain operating conditions but these are being 
reduced through development, 

21 This generator is a siren-type pneumatic oscillator and is a 
modification of a device reported by R. D. Meyer (4). Distor- 

tion is small if consideration is given to proper port design and use 
is made of a resonant chamber, Amplitude is about 80 per cent 
_ of the pressure level, 

Information has just been received, briefly deseribing a device 

used by the David Taylor Model Basin, Department of the Navy, 
~Carderock, Md., but complete data could not be obtained in 
time for this survey. 
excited by a stream of compressed air directed toward the center 
of the bar by a suitably shaped nozzle. 
into oscillation at the natural frequency of the bar; frequencies 
between 800 and 2000 eps have been obtained in connection with 
calibrating accelerometers. 


The device consists of a vibrating bar, self- 


This system tends to go 


By and large, the additional comments which have been re- 
ceived may be summarized as follows: 
desired run toward more flexible and precise adjustment of fre- 
quency, amplitude, and level. 


The improvements most 


Initial models made for labora- 
Weight 


has been considered a possible shortcoming by some in earls 


tory use are being made explosion-proof for field use. 


stages of use but as the tendency toward electronic recording has 
increased, the problem of test equipment with considerable weight 
and bulk has been solved with wheels, rather than handles. A 
rig equipped for adjustment of level pneumatically is uniquely 
suited for imposing test signals while the control loop under test 
is closed (or electrical adjustment if the controller is electrical). 
The subject of distortion and air-handling capacity is beyond 
the scope of this paper. Those troubled in this sense may use 
this paper as a guide to discover who may have a better solution. 
Apparent discrepancies between data in articles already pub- 
lished on some of these devices and data presented here are due to 


more up-to-date information Py -g 
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SINE-WAVE GENERATORS 


MECHANICAL 


There are many mechanisms for obtaininey wave motions. If 
a constant-angular-velocity rotation (5) is to 
theoretically perfect linear harmonic motion, five well-known 
mechanisms which can be used are hypoeycloid, Scotch yoke 


translated into 


isosceles sliding block, swash plate, and positive cam, 
shaft 
usually accomplished with a rack and pinion. 


The conversion of linear oscillation to oscillation is 
Frequently, how- 
ever, band-and-wheel construction will allow less intrusion of 
error. 

The conversion angular-velocity rotary 
motion and harmonic oscillation of a shaft ean be accomplished 
with four-bar linkages, sliders and cranks, and several types of 
integrators. 


between constant 


Three types of mechanical oscillators in current use or under 
construction will be deseribed here. One is used in servomecha- 
nism studies where the power-output demands are small; a second 
is an intermediate size and is now under construction for use in @ 
petroleum industry; and a third is of large size for use in the 
field of speed governors and prime movers. They have been 
tabulated in this order in Table 1, as Nos. 22, 22, and 24. Ad- 
ditional information is as follows: 


Devier ror StnusomanL ANGULAR DispLace- 
MENT From Constant ANGULAR VeLocrry 


This unit is shown in Fig. 1. [tis built 


around a large-bore preeision ball bearing constrained by a pivot 


22) See reference (6). 


so that the plane of the ball race may be inclined with respeet to 
a plane normal to the shaft axis of the constant-velocity input 
drive.” Rotation of the input shaft produces gyration of the bear- 
ing proportional to the angle of inelination in a manner similar 
to that of a swash plate. The outer race of the bearing is con- 
strained against rotation by a pin connecting it to a ring gimbal. 
The gimbal ring is supported on a double-ended output shaft 
which is guided through bearings. 
volves the output shaft oscillates through an angle either side of 


Thus as the input shaft re- 


_ center equal to the angle of beaxring-race inclination relative to its 


shaft. 
amplitude adjustment while running. 
This oscillator can be driven by any convenient constant-speed 


An adjusting knob and mechanism are provided to allow 


source (input 2 to 8 oz-in.) and its output applied to mechanisms 
In one particular arrange- 
ment an electronic constant-velocity drive is employed using a 


having a shaft-angle reference input. 


two-phase drag-cup induction motor, A gear box between the 
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motor and the oscillator gives 0.05 to 1.0 eps and 1.0 to 25 eps. 
The output goes directly into the servomechanism under study. 
One user reports a third-harmonic content of 0.25 per cent at 
10 deg angular displacement 

23) This unit has just been built and only limited data were 
obtained in time for this survey, The unit was designed to de- 
liver 3 lb thrust at the maximum stroke and frequency but twice 
this foree has been obtained without difficulty. 
a device to produce an electrical pulse 2 deg wide at each 90-deg 


Also provided is 


interval of sine motion 
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24 This device, Fig. 2, was designed to be used in determining 
the frequency response of speed governor-prime mover load com- 
binations. 

A schematic diagram of the unit in Fig. 2(6) shows the basic 
arrangement of the device, The crankpin of the Scotch-yoke 
head is carried on a slide member held against a rigid stop at 
zero amplitude by spring. 
Vickers hydraulic transmission is admitted through a solenoid 
valve to a bellows in the slide. 


Hydraulic pressure from the 


This pressure moves the slide 
out until itis stopped by a preset micrometer. De-energization 
of the solenoid valve allows the spring to return the slide quickly 
to center, a necessary function in the application of the rig. 

A spring-yield device is provided to protect the assembly if 
loads should exceed the design force of 100 Ib. The output 
shaft may be swung through 360 deg for ready alignment with the 
element to be oscillated; multiple mounting feet also are provided 
to facilitate anchoring. 

In field cases this oscillator has been used in connection with 
recording equipment, amplifiers, generators, and so on, trans- 
ported in a mobile test-laboratory truek. A panel in the truck 
carries all of the controls necessary for the oscillograph operator 
to start and stop the driving motor, start and stop oscillation, and 
control frequency over the fifteen-to-one speed range of the 
transmission. The operator is in telephone communication with 
an operator located at the oscillator who is provided with a second 
group of controls arranged so that he can override the controls 
in the truck, Changes in peak amplitude or shifting of gears 
must be done with the oscillator shut down, 


Electric generators may be divided into two general classes; 
The latter 
are the type commonly referred to as oscillators and are the only 


LECTRICAL 


those which use mechanisms and those which do not. 


variety of wave generator covered in this survey which are com- 
mercially available as standard equipment. 

Of course any of the methods described previously for obtaining 
mechanical sine waves can be used to operate a potentiometer or 
other electrical device. However, a unique electromechanical 
means of producing low-frequency sine waves is one in which 
two electrodes or brushes are rotated in a volume of liquid con- 
taining flat and parallel equipotential planes or on a surface 
containing straight and parallel equipotential lines, there being no 
gradient in either case. Fig. 3(a and 6) illustrates these devices. 
The limiting factor in this arrangement is, of course, the perfec- 
tion of the equipotential planes or lines. 

Another method of electromechanically generating a sine wave 
or a wave of almost any shape is the shaped-card potentiometer. 
An insulating card such as shown in Fig. 4(a) is cut to the de- 
sired shape, wound with resistance wire, and bent into a circle to 
Fig. 4(6). 
Rotating the shaft produces the function defined by the card 


be assembled into a potentiometer as shown in 


shape. 

All of the electromechanical generators mentioned have the 
desirable feature of constant output versus frequency; and when 
they are kept free of mechanical or electrical reactances there 
are no transient troubles. They are limited in frequency by the 
dynamics of their structure, however 
elements are wire-wound they must 


and when the generating 
have electrical filters to 
remove the steps which are present in their output voltage. 

The 


Hundreds of types of oscillators have been devised and used. 


other class of sine-wave generators is the oscillator. 


Some of the electrical types have been thermally operated and 
some have made use of the characteristics of rotating electric 
machines, such as the amplidyne. Vacuum-tube oscillators and 
signal simulators, are, however, currently enjoying a large popu- 
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larity, and the remainder of the paper will be devoted to this 
classification. 


Vacuum-TusBe OsciLLATORs 


One of the earliest forms of vacuum-tube oscillator which was 
used as a low-frequency generator is known as the phase-shift 
oscillator and is shown in Fig. 5. 

This circuit will oscillate at a frequency for which the phase 
shift in the resistance-capacitance network is 180 deg, and the am- 
plitude of the oscillation will stabilize when the gain of the 
The 


frequency can be varied by varying the resistances or capaci- 


amplifying tube is exactly equal to the loss in the network. 


tances, or both, 

Originally, some manual means of controlling the gain was pro- 
vided and a gain adjustment usually was required for each change 
of frequency. 

In the past few years low-frequency oscillators having auto- 
matic level control have appeared in the literature. In general, 
the time constant of an automatic level-control system must be 
long compared with the period of oscillation, Oscillators cover- 
ing frequencies from 1 eps up are quite practical using this 
system; however, in oscillators intended for use below | eps, the 
long time required for the amplitude to stabilize is annoying and 
further progress in amplitude control was required before elec- 


OUTPUT 
>? 


tronic oscillators for very low frequencies could be called practi- 
eal. 

Several circuit arrangements have appeared on the market 
recently which have made the electronic low-frequency oscillator 
more practical and have caused its widespread acceptance as a 
low-frequency signal generator. 

It has been possible to arrange the automatic level control so 
that its time constant is very long when it is acting upon signals 
of a standard amplitude; however, it becomes short when the 
generated signal amplitude deviates from this predetermined 
value. This allows the oscillator to recover rapidly from tran- 
sients which are generated from switching ranges or from tuning. 

Fig. 6 illustrates a modification of the circuit shown in Fig. 5 
to incorporate an amplitude-control device of this type. A high- 
impedance diode detector D, generates a d-c voltage across 
resistance R, and capacitance C,, which is proportional to the 
level of oscillation. This voltage is then made to control the 
gain of a variable-gain amplifier which in turn controls the 
amount of broad-band negative feedback around the amplifier 
tube 7). When the leve! increases, the gain of the variable am- 
plifier is made to increase which reduces the gain of 7). The level 
of oscillation is thereby regulated. A second diode D, is biased 
so that it does not normally conduct; however, in the event that 
the level of oscillation is disturbed by switching ranges and tries 
to increase, the increased signal is rectified by D, which generates 
a d-e voltage across resistance Ry and capacitance C, (associated 
with a short time constant) which acts rapidly to reduce the gain 
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creases in amplitude as well. 


The circuit obviously can be arranged to handle de- 
For best. performance, the excess 
energy stored in the frequeney-determining network also would 
have to be absorbed. Circuits to accomplish this are not shown. 
This type of oscillator is capable of producing an excellent wave 
form 

A second type of low-frequency generator currently available 
generates a triangular wave which is distorted by a nonlinear 
Fig. 7 illustrates this system. The 
triangular-wave generator may be any of several well-known cir- 
cuit arrangements, The most popular arrangement is to gener- 
ate a square wave with a vacuum-tube flip-flop circuit and then 
integrate it with a resistance-capacitance network, 
linear circuit for distorting the triangular wave in Fig. 7 is a 
Resist- 
ance R, and varistor V,, for example, can be made to round off 


network into a sine wave 


The non- 
network made up of linear resistances and of varistors, 


the peak of the triangular wave, while resistances and varistors 
Ry, Ry Va, Ra, Rs, Vs in combination with the suitably delayed 
characteristics produced by the batteries B, and By, can be ad- 
justed so that the wave is made to approximate closely a sine 
wave, 

The advantage of this system is that the amplitude remains 
constant when switching or tuning. 
is that even though the total distortion can be reduced to below 
1 per cent rms, the wave shape is lumpy and contains an amount 
of higher-order harmonics that is sometimes objectionable, 

The foregoing discussion has avoided a description of any actual 
apparatus and has used only simplified circuits for the purpose 
of aiding in an explanation of the principles involved, 

A brief listing of the existing electrical wave generators which 


The obvious disadvantage 


have come to our attention during the compilation of this survey 
follows: 

25 The Plessey International Limited has marketed (or is 
planning to) a “Nyquist Diagram Plotter’ which automatically 


ANOTHER SCHEME FOR OBTAINING ELECTRICAL OSCILLATIONS 


runs through a range of frequencies and plots the results to cir- 
cular co-ordinates. 

26 The Massachusetts Institute of Technology has three 
generators. In Portable Director Model M-8 low-frequency 
waves are generated by use of a variable-speed drive and a 
potentiometer. The potentiometer may be energized either by 
direct current to produce a low-frequency sine wave or by alter- 
nating current to produce a modulated carricr. ‘The Suppressed 
Carrier Signal Generators D-1 and D-2 generate carrier signals 
which are modulated at a low frequency by rotating the armature 
of asynchromotor in an a-e field, 


The Hewlett-Packard Company, the Krohn-Hite Instrument 
Industrial Icleetronics are three 
major producers of electronic oscillators. The low-frequency 
limit of these devices is in the order of 0.01 eps. 

The generator shown in Fig. 3(6) was available during the last 
war from Bell Telephone Laboratories but no information was 


Company, and Southwestern 


obtained on its current availability. 

The potentiometer shown in Fig. 4 is currently available from 
a large number of suppliers among which are the Technology 
Instrument Corporation, the Gamewell Company, and the Fair- 
child Camera and Instrument Corporation. “4 

CONCLUSION 

There are many forms of sine-wave generators. While some 
are considerably more versatile than others it is probably quite 
safe to say there is no one best piece of equipment because of the 
great variety of requirements, 

The co-authorship of this paper has been carried out in the 
following manner: D. W. St. Clair -Pneumetie and Co-Ordina- 
tion: L. W. Erath—Electrical; S. L. Gillespie—Mechanieal. 
Further information on the sine-wave generators may be obtained 
from the organization listed under the corresponding number in 
the Acknowledgments. However. such additional informa- 
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tion is not so available at this time with respect to generators 3, 
4, 5, 20, and 21, partly for reasons of national security. 

We also take this opportunity to point out that this survey 
may be made more complete and brought up to date through sub- 
mitted discussions. 
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Discussion 


F. A. Woops. The authors are to be congratulated for bring- 
ing together so much information on this diversified subject. and 
presenting it in such an interesting manner. 

There is little that can be added to the information which has 
been given on our sine-wave generator itself (generator No. 2 as 
listed in the paper). However, the m-‘hods used by various 
people in recording and extracting th ertinent data once the 
sine-wave generator is running on a given test are also of con- 
siderable interest. 

The measurement of the input and output sine waves pro- 
duced with the use of this generator is accomplished by means of 
4 two-pen pneumatic strip chart recorder. Two chart speeds are 
available, | iph and | ipm, which essentially cover the range of 
frequencies available. From the chart records obtained the 
magnitude ratio and phase angle for cach frequency tested are 
extracted and then plotted in the normal manner. This task 
represents the greatest single drawback to our system since it is 
quite tedious, and the measurement of phase angle is inclined to 
Ilowever, taking all these 
things into consideration, the system described is simple to oper- 
ate and relatively inexpensive. It has been found to be quite 
adequate for laboratory and demonstration purposes 

The writer would be interested in hearing how others have ap- 


be inaccurate for certain frequencies, 


proached and solved these same problems 


it. L. Counrer.* Although this paper probably has a good deal 
of general-interest value, it is especially interesting to those asso- 
ciated with the fields employing frequency-response techniques, 
‘To one who is engaged in the use of such equipment in measure- 
ments, it offers an unusual opportunity to compare with others 
who have been faced with the same problems. 

* Instrument Engineer, Carbide & Carbon Chemicals Company, 


S. Charleston, W. Va. 
® Engineer, Air Arm, Westinghouse Electric Corp., Baltimore, Md. 
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The author is certainly correct when he says that companies 
wishing to use pneumatic wave generators must develop their own, 
It is felt that this statement can be extended for mechanical 
and electrical sine-wave generators also to a large degree. Of 
course the commercially available equipment does cover the more 
common electrical and mechanical applications. 

Table 1 of the paper is a useful reference both for determining 
what is being done elsewhere and for comparison. 

The two devices which 8. L. Gillespie discusses under ‘“‘me- 
chanical” are novel. They merit general publicity. 

W. demonstrates a novel application of electrolytics. 

A paper of this type is necessarily limited because of the wide 
usage of the equipment discussed. A broad field of activity 
is to be found in the aireraft industry. The authors seem gen- 
erally to have confined themselves to the industrial-control field 
which also is a very interesting field. 

This paper should serve to illustrate the value of papers de- 


voted to surveys. It is felt that other survey papers on other 


phases of measurement in the frequency-response field could be 


written, 

One method of generating sine waves which was not covered in 
the paper, and which is believed to be of enough general interest 
to merit mention, is the so-called underexcited synchro method. 
This method is treated in the literature? but it is felt to be of 
general enough use to be mentioned in conjunction with such a 
paper, Briefly, it consists of a continuously rotating under- 
excited synchro being compared with a normally excited synchro 
The resultant signal is a suppressed carrier sine wave modulated 
at a frequency equal to the speed of rotation of the underexcited 
synchro. A method of obtaining accurate phase information at 
high servo frequencies is available by using a third synchro and a 
mechanical differential 


Principles of Servomechanisms,” by G. 8. Brown and D, P, 
Campbell, John Wiley and Sons, Ine., New York, N. Y., 1948. 
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It is easily understandable that with three experts such as the 
authors, the paper would naturally divide into three subdivisions, 
one for the specialty of each. It is hoped, however, that the large 
amount of overlap between the three fields is not obscured by this 
division. In fact, attempts at building universal sine-wave gen- 
erators have been made and a fair degree of success has been 
achieved in some cases. One particular model of this type was 
developed by the writer’s company. 

In order to demonstrate the degree of overlap of the three 
divisions a brief description of this generator will be given. The 
speed range is from 0.005 to 54 cps. This range is obtained with a 
closed-loop magnetic-amplifier speed contro] on a servomotor and 
four gear ratios. 

The output of the speed control is a continuously rotating shaft. 
Driven by this shaft are a Scotch yoke and two continuously 
rotating synchros which may be adjusted differentially. The 
Scotch yoke drives a rack and pinion which in turn oscillates a 
shaft on which potentiometers and synchros are mounted. 
This shaft is also available for rotational harmonic motion and the 
rack is available for rectilinear harmonic motion. If the electrical! 
output is used to drive a transfer valve which actuates a bellows 
the device can become pneumatic also. 

It is hoped that this discussion demonstrates that one good 
set of measuring apparatus may be adapted for use in most 
applications. The amount of specialization should depend on the 
amount of variation of jobs handled by the equipment user. 

tarely would one user require three different sets of equipment. 


Autuors’ CLOSURE 
The authors thank each of the discussers for his interest in the 


Mr. Coulter is quite correct when he points out the 
While we have no 


survey. 
great amount of overlap between the fields. 
specific figures it appears that the wave generators being used 
the greatest number of hours per day on industrial applications 
are those combining two and three fields of operation. 
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Method as Applied to Automatic-Feedback- 


The frequency-response method has grown from its 
beginning during World War II to its present position as 
the principal method of analyzing and synthesizing auto- 
matic-feedback-control systems. This growth can be 

= by an examination of the pertinent published ma- 
terial. Dividing this material into fields of interest, 
_ such as, Basic Theory; Nonlinear Systems; Books; Ap- 
_— Autopilot, Process Control, Components, and 
so on, makes it possible to study the development of 


these diverse aspects of the frequency-response method. 


INTRODUCTION 
’ YHIS Bibliography has been prepared with the following 


objectives in mind: 


1 To offer a listing of the major contributions to the theory of 
the frequency-response method and of its application in the 
analysis, synthesis, and testing of automatic-feedback-control 
systems, 

2 To present this material in a manner that will make it more 
accessible to the engineer who consults it to find the solution for a 
particular problem. 


Limitations on the time which could be applied to assembling 
the publications for this Bibliography have made it impossible to 
make it absolutely complete. 

Since the Bibliography has been restricted to the frequency- 
response method, references to other broad fields of automatic- 
feedback-control engineering have omitted. Reference 
(284) covers these other fields as well as the frequency-response 
method, and is recommended for those interested in this broader 


been 


scope. 
As an additional consequence of limiting the referenced pub- 
lications to the frequency-response method, an element of decision 
arises as to whether the particular publication falls within the 
scope of this Bibliography. In those sections of the Bibliography 
dealing with the theory of the frequency-response method, the 
decisions have been made rather rigorously. Either frequency- 
response method was clearly indicated or the article was omitted, 
In the application sections of the Bibliography, however, the 
policy was considerably more flexible. Application papers which 
implied only the use of the frequency-response method have been 
included. This was done to give the reader a broader view of the 
tremendous range of activities to which the frequency-response 
method has been applied. 
It is the author’s sincere hope that no one will feel slighted by 
1Senior Project Engineer, Automatie Controls Laboratory, 
Eclipse-Pioneer Division, Bendix Aviation Corporation. 
Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 29-De- 
cember 4, 1953, of Tue AMERICAN Society OF MECHANICAL ENGINEERS. 
Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 
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an omission due to oversight or the overzealous application of the 

foregoing criterion. 

The Bibliography is first divided into “fields of interest,”’ 
They are presented in an order which permits a logical develop- 
ment of the over-all subject matter 

The larger fields of interest are subdivided chronologically 
by years, and within each year alphabetically by the author’s 
name. Additional listings by title and by author’s name in 
alphabetical order are also available.* 

The chronological listing within a field of interest does not 
imply credit for precedence in the discovery or application of the 
frequency-response method. It is only meant to show the general 
flow of thinking and achievement within that field of interest, 
and to facilitate the selection of the desired publications, 


Discussion 


The discussion of the individual publications which follows is 
restricted to those items with which the author is familar. To 
provide a more detailed quantitative report would require more 
space than has been allotted and the combined efforts of a group 
of specialists from each particular field of interest. 

Prior to the development of the frequency-response method 
to control-system 
Minor- 


there were many significant contributions 
engineering (references | to 12 and bibliography of 163). 
sky’s work (1, 2)' is interesting for its thorough and original 
analysis followed by a successful application to the holding of a 
battleship on course His prophecies of the future of automatic 
control systems and radio techniques in sea warfare are startlingly 
accurate, 

Hazen’s work (3, 4, 
of instrument servomechanisms. 


7) included the first analytie treatment 
He defined a servomechanism 
and designed an electric motor for optimum servomechanism per- 
formance. 

A clear idea of the limitations of the design procedures which 
preceded the frequency-response method can be found in refer- 
ences (11, 20) and (168, pp. 156-157). The most complete bib- 
liography of this period is found in reference (160). 

The theoretical background for the frequency-response method 
was developed by Nyquist (13), Black (14), and Bode (15). 
Nyquist established the relationships between open-loop  fre- 
quency response of a system and its closed-loop stability. Black | 
employed this work to investigate the limitations it placed ‘ie 


the design of feedback amplifiers and Bode demonstrated the 
necessary relationships between the amplitude and phase charac- 
teristics of realizable systems, 

Operational mathematics was developed as an analysis tool 
(16, 17), and is today one of the essential cornerstones to a control- 
engineer’s education. 

Under the impetus of World War II, large groups of engineers — 
at M.L.T. (including Hall, Brown, Campbell, Edwards, Nichols, 


2? Write to the author, Automatic Controls Laboratory, Eclipse-— 
Pioneer, Teterboro, N. J. 

+ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Forrester,. Chance, and Phillips) and at Bell Telephone Labs 
(Nyquist, Bode, Black, Ferrell, Dietzold, and MacColl) worked 
on the problems of employing servomechanisms as a military 
weapon. Harris’ paper (20) was the first to suggest the use of 
the frequency-response method while Hall’st work (21) estab- 
lished the frequeney-response method in almost every important 
aspect of its present application to the analysis and synthesis of 
linear systems. 

Security restrictions limited the circulation of Hall’s work until 
the end of World War II. At that time a large number of signifi- 
cant papers were published (23, 26, 27, 28, 29) which outlined the 
wartime development of the frequency-response method. 

Marey (30), Harris (38), and Criss (35) outlined the use of the 
inverse Nyquist plane in analyzing servomechanisms. Other 
workers (23, 165, 168, 169) revealed the use of logarithmic co- 
ordinates as a valuable tool in reducing the labor involved in 
studying servomechanisms by the frequency-response method. 

The methods of compensation of servomechanisms were ex- 
plored at great length (33, 38, 45, 60). As the advantage of a-c 
servomechanisms (use a carrier rather than direct current) be- 
came evident, their special compensation problems were studied 
(54, 68, 71, 75, 76, 81). 

There was a constant need to reassess the relationship between 
the frequency response of the system and its transient behavior 
as shown in references (55, 89, 90, 97). Frequently there arose 
the need to re-express Nyquist’s stability criterion either for a 
better understanding, an easier method of application, or to 
present it to a new group of engineers (66, 69, 79, 87). 

As the design of linear systems progressed, it became evident 
that the nonlinearities in almost every control system were one of 
the most serious sources of malfunctioning. Two principal tech- 
niques for handling this problem were developed; one was an 
analytic approach (126-162) and the other was by using com- 
puters (107-125) to simulate the system and its nonlinearities. 
The computer approach also was stimulated by the application 
of servomechanisms to ever more complex systems in which more 
conventional analytical techniques were too lengthy (see Applica- 
tion-Autopilot). 

Analog computers were employed to study automatic feed- 
back-control systems prior to the extensive use of the frequency- 
response method (107, 108, 109). A full understanding of the 
significance of the frequeney-response method gave a new and 
valuable tool which made the computer approach to the study of 
control-system performance more fruitful. 

The principal advantage of the analog-computer study of con- 
trol systems is the relative ease and speed with which many 
control-system configurations may be examined, Furthermore, 
in dealing with nonlinearities, it by-passes the need for an over-all 
mathematical solution, The computer requires only that the 
transfer function of the nonlinear element be reproducible. With 
modern electronic techniques, this is almost always possible. 

l.xamples of the application of analog computers to the study 
of nonlinear systems is given in reference (112) (coulomb friec- 
tion), reference (121) (nonlinear damping), (123) 
(saturation), reference (123) (autopilot nonlinearities). The con- 
struction of several computers is found in references (107, 114, 
115, 116, 125). Hall's article (115) is particularly interesting in 
showing the large part which precision-instrument servomecha- 


reference 


nisms play in the modern, large-scale, analog computer. 

Many usefui examples exist (126-134) of analytic approaches 
to nonlinear systems: WKochenburger’s work (138) permitted a 
straightforward modification in the frequency-response method to 


handle a contactor-type servomechanism. The new analytic 


‘ Reference (18) is an extremely early reference to the frequency- 
response method, but it had a high security classification and there- 
fore a low circulation. 
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technique is called the “deseribing-function’’ method. Johnson’s 
paper (152) extended the describing function to numerous other 
He included a method for evaluating the error 
involved in making the approximations required by the deserib- 
ing-function method. 

Linvill (144, 161), Ragazzini and Zadeh (157) found a method 
of handling sampled-data control systems which also requires 
only a slight modification of the frequency-response method. 

On the surface it appears that much has been done to make pos- 


nonlinearities. 


sible the straightforward analysis of nonlinear servomechanisms, 
It is primarily in the realm of synthesis of nonlinear systems, in 
which nonlinearities are intentionally added to improve the sys- 
tem performance, that much remains to be done (154, 138). 

As the use of the frequency-response method spread, many 
books were published to give the student and the engineer a com- 
plete background in the field. 

References (168) and (172) (Radiation Laboratory Series vols. 
25 and 21) present the theory and the application of the fre- 
quency-response method as evolved at the Radiation Laboratory, 
M.L.T., during World War IT. 

Reference (171) (Brown and Campbell) is the first complete 
textbook in the field. It has found widespread use in the colleges 
of our country. It has recently been supplemented by reference 
(178) (Ahrendt and Taplin), reference (179) (Chestnut and 
Mayer, vol. 1), and reference (184) (Thaler and Brown). Each of 
these books provides the student-with a background in ‘‘opera- 
tional mathematics”’ before continuing on through the frequency- _ 
response method and its application. 7 

Special mention must be made of reference (183) which covers” 
the papers presented at the Cranfield Conference. A number of 
these papers are individually listed (83, 87, 92, 145, 155, 156, 189, 
190, 224, 233, 265). Thev offer a broad picture of most of the 
recent developments in automatic feedback-control engineering. 

The application of the frequency-response method to the proc- 
ess-control field has been extensive. A number of the publica- 
tions which relate the frequency-response method to the process-_ 
control field are listed (185-196). Reference (196) gives a more | 
comprehensive bibliography of this field as well as a discussion of | 
the significance of the developments in our ability to handle proc- 
ess-control problems. 

High performance of aircraft has often resulted in unstable — 
flight characteristics. Automatic-feedback-control systems 
employed to correct this condition. They permit the pilot to 
maneuver the plane with a minimum of work, As the number of | 
functions which these aircraft-control systems handled increased, — 
it finally became possible to have the plane fly completely auto- — 
matically, The over-all automatie flight-control system became 
known as an autopilot, - 

References (197-208) present the development of aircraft-con-_ 
trol systems and autopilots by the use of the frequency-response- 
stem. Bollay’s article (204) gives a thorough treatment of the 
entire field of aircraft controls. Much of the theoretical develop- 
ment of frequeney-response theory was done with an aireraft-— 
control problem as its basic motivation. 

The use of the frequency-response method requires special test — 
equipment to obtain the frequency-response characteristic of the 
component or under test. References (209-218) and 4 
(171, chapter 10) suggest numerous ways by which this characteris-— 
In making frequency-response measure- — 


system 


tic can be obtained. 
ments, a ‘‘direetor’’ is employed to generate the input test func- 
tion. A “breadboard” can be used to permit electromechani- — 
cal assemblies to be put together and tested rapidly. Both of — 
these items are commercially available from a number of sources, — 

With the development and application of the frequency-re-_ 
sponse method has come the design of a wide variety of com- i. 
ponents especially suited to servomechanism applications, 


.| 
ofl 
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At high power levels where small size and high speed of response 
are important, hydraulic mechanisms have played a large part 
(219 to 229). References (220, 222, 224) describe the applica- 
tions; references (225, 227, 229) discuss the design problems; 
and references (221, 226, 228) outline the performance charac- 
teristics which are associated with hydraulic components. 

At the other end of the power scale are selsyns (237-242) which 
are used in remote positioning and indicating instruments. 

Small motors of both the d-c (244) and a-e type (245, 246) have 
been designed for servomechanism application. 

In the medium power range the amplidyne has been used. Its 
characteristics are given in reference (249) and applications are 
given in references (250-252). 

An unusual example of the extent to which component analysis 
is carried when precision feedback units (in this instance a tachom- 
eter) are analyzed is given by Frazier (248). It includes the 
derivation of the delays present in the tachometer. 

Several examples of the application of the frequency-response 
The 


applications discussed in these references represent. only a smal! 


method to industrial problems and military uses are listed. 


part of the use of the frequeney-response method in these fields. 
Many industrial applications are never published, or if pub- 
lished, do not include the frequency-response analysis of the sys- 
tem. 
quency-response method is largely covered in restricted publica- 
tions or internal reports of the many research and development 
Hence they are not available to 


The tremendous range of military application of the fre 


organizations in our country 
this Bibliography. 

Using control systems which include a human operator as an 
element in the control loop, has brought the frequency-response 
method into the analysis of human-behavior characteristics 
References (230-236) give examples of the attempts made to 

characterize the human operator as an element in a control 
Man being a highly nonlinear system, these efforts have 
met with only limited success. 

As with all fields, there has been difficulty in keeping all the dif- 
ferent engineering groups who employ automatic feedback-control 
systems speaking the same language. Even within a particular 
engineering society differences arise as to correct terminology 
References (279-283) give some of the efforts made to unify the 

terminology of automatic feedback-control systems, 

Finally, there is the problem of educating engineers in the new 
field of control engineering. Brown and Campbell (262) have 
considered this problem. One ean expect to hear much more on 

this subject as automatic-feedback-control engineering becomes 


system. 


an essential part of every engineer’s background. 
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Discussion 
R. H. Maeminian.£ The author has undertaken a formidable 
task in attempting a Bibliography of frequency-response litera- 
ture, which is now so extensive that inevitably it must be highly 
in regard to foreign publications. His 
With regard 
to the introductory discussion, it may be noted that the ‘‘de- 


selective, particularly 
method of classification is convenient and valuable. 
scribing function” method employed so effectively by Kochen- 
burger and Johnson to the analysis of nonlinear systems had al- 
~ ready been used by Tustin in Britain to study the effects of back- 
lash and speed-dependent friction. This discusser regards it as 
unfortunate that no publication of the Society of Instrument 
Technology is listed, valuable contributions have 
appeared in its quarterly Transactions which is one of the fore- 

Britain publishing work of interest 
Other important omissions are the books 


as many 


most periodicals in to 
control engineers. 
by Farrington? and Tustin.* A valuable introduction to the 
frequency-response method was the September, 1952, issue of 
the Scientific American devoted exclusively to automatic control 
and containing articles by many recognized authorities. 

Joun L. Bower.’ It is unfortunate that this and similar 
lists of publications cannot give mention of the work of many 
scientists who, because of having recorded their contributions 
only in internal organizational publications or data folders, 
have received little credit for work that in many cases has been 
critically important. The work of 8. Godet while at the General 
Klectric Company was in the latter category, in my opinion. 
About June, 1940, or earlier, he wrote a brief paper explaining 
the application of the Nyquist diagram to the design of stable 
positioning servomechanisms, and presented applications to 
specific cases. To my knowledge this was the first writing on 
that important subject. 

It would take further research to determine whether or not his 
efforts did, in fact, antedate that of Harris, Ferrell, and others 
named in the paper. 

Mr. Godet subsequently explored the field of frequency re- 
sponse of servomechanisms and arrived at a great many of the 
essential results before publications appeared in any form 
While his name cannot appear in the bibliography until his 
papers are published, it deserves definite mention in the Dis- 
cussion section ofsthe paper, which attempts a historical sum- 
mary of the progress of the frequency-response technique. 


® University Lecturer, University of Cambridge, Cambridge, Eng- 
land. 
®*bffects of Backlash and Speed Dependent Friction on tie Sta- 
bility of Closed-Cycle Control Systems,”’ by A. Tustin, Journal of the 
IEE, vol. 94, 1947, ILA, pp. 143-151. 
7“Fundamentals of Automatic Control,” by G. W. Farrington, 
Chapman and Hall, London, England, 1951. 
**Direct Current Machines for Control Systems,”’ by A. Tustin, 
Spon, London, England, 1952. 
* Engineering Specialist, Research, North American Aviation, Inc., 
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R. M. Huventnson.’° The author should be commended for 
limiting the seope of his Bibliography in order to make it more 
useful for a specific group. It is particularly valuable to have 
him deseribe the criterion which he has applied in selecting the 
material which appears in this Bibliography. 
more helpful if he could include a short description of the prin- 
This 
would be useful because a researcher using this Bibliography 
In this case it 


It would be even 
cipal sources tapped by him in his search for references. 


might wish to extend it in a certain direction, 
would save time to have knowledge of the ground which had al- 
ready been covered by the author 

There are two references which appeared after the preparation 
of the author’s manuscript which are of sufficient importance to 
warrant inclusion in the published version of the paper 
a very interesting paper by A. J. 
This includes a comparison of recognized terminology 


Under Terminology is 
Young.!! 
in Britain, the United States, Netherlands, Germany, and Switzer- 
land. 
ment similar to that in the present paper except that it is written 


It also includes a general discussion of historic develop- 


from the European viewpoint and describes many European ref- 
erences, 

Under Bibliography, part TLD of reference (284) has now ap- 
peared as AIEEE Paper 53-393. 1 believe that this is the final 
part to the series. 
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In reply to Mr. John LL. Bower, it is indeed unfortunate that a 
more detailed history of the early development of the frequeney- 
response method is not available. It is interesting to note that 
Mr. Godet’s work was not mentioned by Chestnut and Mayer 
(179) in their book even though they are in the same company. 

For Mr. R. M. Hutchinson’s information, the material was 
gathered primarily from = cross-checking the bibliographies in 
several of the books and all of the articles. Applied Mechanics 
Reviews is the primary source for foreign listings 

Mr. A. J. Young’s paper is listed under Process Control (196). 
It has the notation (Bib.) which means that the article has a 
noteworthy bibliography. 

As Mr. R. H. Maemillan states, Professor Tustin (128) did pub- 
lish his use of the describing function before Mr. Kochenburger. 
The discussion at the end of Kochenburger’s paper indicates that 
Tustin’s work was not yet known in the United States, 

Goldfarb which em- 
ploys the describing-function method effectively. This 
published originally in 1947 (although not available to Tustin), 

The author wishes to thank the discussers for their interest in 


Reference (162) includes a paper by L. C, 
was 


the Bibliography. 
The following references complete the Bibliography through 
1953: 
Books 
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Ine., New York, N. Y 
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Hall 
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Applications and Industry, no. 4, January, 1953, pp. 401-405. 
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Design of a 


The frequency-response method of analysis has proved 
extremely valuable in the design of electronic feedback 
systems. This paper illustrates the application of this 
method to the design of completely mechanical systems. 
Basic relations between the mechanical elements are 
pointed out and the necessary feedback concepts are de- 
veloped for mechanical systems. These concepts are il- 
lustrated by the actual step-by-step design of an automatic 
contour-following lathe using entirely mechanical, hy- 


draulic, and pneumatic control elements. 


M 


at a time when only the rudimentary elements of electricity were 
understood. 
electronic computers to control essentially mechanical devices, 
such as heavy guns and aircraft, took the electronic worker into 
intimate contact with a field which formerly had been exclusively 
mechanical. The electronic engineer brought with him into this 
new (to him) field not only new principles but also new techniques 


INTRODUCTION 


antedate the electro- 
The flyball 


governor invented by James Watt was in common use 


ECHANICAL servomechanisms 
mechanical servo of today by many years. 


During the last war the development of radar and 


and new methods of analysis. The same type of mathematical 
equations describes the mechanical (or electromechanical) servo 
and the feedback amplifier. 

From his work with feedback amplifiers? the electronic engineer 
added to the methods of servo design two important tools, 
the concept of impedance and the methods of frequency-response 

analysis (1).* Rather than present a theoretical treatment of 
_ frequency-response analysis as applied to servos, this paper will 
follow the design development of a typical mechanical servo, 
illustrating rather than deriving the frequency-response method. 

A mechanical servo will contain components which are com- 
posed of mass (inertia), compliance (springiness), and friction. 
These elements will be driven by motive units which are sources 
of force or torque. By taking each element separately and apply- 
ing Newton's laws, the relations between applied force and result- 
ing velocity can be derived. In electrical design the relations be- 
tween current and voltage characterize the behavior of circuits 
composed of the three basie electrical elements, inductance, 
It is logical to assume that force and 
A comparison of 
the differential equations relating force and velocity for each of 


capacitance, and resistance. 
velocity are the analogs of voltage and current. 


the three basic mechanical elements with those relating voltage 
1 Member, Technical Staff, Bell Telephone Laboratories. 

2See Patent No. 2102671 by H. 8S. Black, Bell Telephone Labora- 
tories; also his paper, “Stabilized Feedback Amplifiers,’’ Bell System 
Technical Journal, vol. 13, 1934, pp. 1-18. 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Instruments and Regulators Division and 
presented at the Semi-Annual Meeting, Pittsburgh, Pa., June 20-_ 
24, 1954, of Tue American Soctery of MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be — 
understood as individual expressions of their authors and not those— 
of the Society. Manuscript received at ASME Headquarters, April 6, 
1954. Paper No. 54—SA-36. 
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Mechanical Servo 


By H. A. HELM,' WHIPPANY, N. J. 


and current for the three electrical elements shows that this is 
indeed the case. In a pneumatic system, pressure and flow are 
likewise analogs of force and velocity. These relations are sum- 
marized in Fig. 1. 

From Fig. 1 it is obvious that a force applied to a mass or spring 
will give rise to a velocity in exactly the same way that a voltage 
applied across an inductance or capacitance will cause electric 
current to flow. While it is true that mechanical units will 
rarely consist of only a single basic element, combinations of ele- 
ments can be handled readily by using the fact that in a closed 
system the net force must be zero. 
of Newton’s third law. One example (as shown in Fig. 1) is that 
of a force acting on a mass restrained by a spring and damped 
by friction. 


In effect, this is a restatement 


Since the total foree is equal to the sum of the reac- 
tion forces of each of the elements, the differential equation given 
in Fig. 1 results. Here again the method of attack is exactly the 
same as in electrical design. Electrically, the sum of the voltage 
drops across each element must be zero (Kirchhoff’s law), 

It is apparent that the highly developed methods of electrical 
A fully 
detailed development of this is available in the extensive literature 
on the subject (1, 2) 
engineer, it is unfortunate that most of the literature is concerned 


network theory can be applied to mechanical systems. 
From the point of view of the mechanical 


with deriving an equivalent electrical network and then carrying 
out the analysis in electrical terms. This is unnecessarily con- 
Analysis should proceed from 
the basic mechanical schematic without recourse to artificial con- 
Such a course will be followed throughout this paper. 
The derivation of the differential equations which describe a 


fusing to the mechanical engineer. 
versions. 


mechanical system can be simplified by introducing the concept 
of mechanical impedance (8). 
ample of the series M-f-K system in Fig. 1(j). 
equation is 


To illustrate this, consider the ex- 
The differential 


li 


F(t) =M + fi + Kf idt 


Here, F(t) is an applied force which is an arbitrary function of 
time, M is the mass of the system, f is the coefficient of “viscous” 
trietion, and A is the spring constant which is the reciprocal of 
Further, Cis time, x is the displacement of the 
mass, and # is the velocity (dz)/(dt). It should be pointed out 
here that only the frictional force which is proportional to velocity 


the compliance C. 


The effect of Coulomb or static frie- 
When the methods of operational 
caleulus are applied to this equation, the meaning of impedance is 


is assumed to be present. 
tion will be dealt with later. 


made quite clear. These methods have been made rigorous by 
the methods of Laplace and Fourier transform analysis (2, 3). 
For practical applications the relation d/(dt) may be replaced by 
the operator s and J‘dt by 1/s. Application of these rules to the 
example of Fig. 1(j) results in 


F(s) = Msi(s) + fils) 4- K 
8 
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F(s) and #(s) are the transforms of M(t) and a(t), respec- 


The function Ms + f + K/s clearly relates the applied force 
and the resulting velocity in operational terms. Equation [1] 
may be used as a definition of mechanical impedance. In opera- 
tional form, force equals impedance times velocity. More formally 


F(s) = Z(s) 


where 


K 
Z(s) = Ms +f + 
as in Equation [1]. 
Returning to the elements of mass, compliance, and friction, 
— the impedance of a pure element of mass is Ms; of friction f; of 


compliance 1/(sC) or K/s The impedance of the elements cor- 


n the parentheses in Equation [1] is 
thus the sum of the impedance of these elements. The total im- 
pedance of any system is determined by the configuration of the 
system. Mechanical impedances are manipulated in the same 
manner and follow the same rules as electrical impedances. The 
foregoing discussion will be adequate for the purposes of this 
paper and no further elaboration will be given since the subject 
is well covered in the literature. 


FREQUENCY-RESPONSE ANALYSIS 


At this point the methods of frequency-response analysis can be 
introduced. When an arbitrary driving force is inserted in a linear 
differential equation as in Fig. 1(j), the resulting velocity is the 
sum of a “transient”? term and a “steady-state”? term. From 
Fourier transform theory it can be shown that the steady-state 
and transient terms of the solution to a linear differential equa- 
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tion are related. If the behavior of a system when driven by a 
sinusoidal forcing function is known, the response to almost any 
forcing function can be derived. This is the method of frequency- 
response analysis. The solution for a sinusoidal input is relatively 
For this 
reason frequency-response or steady-state analysis is a very 


easy and once obtained completely describes the system. 


practical method. 
The steady-state solution is most readily obtained from the 
operational form of the differential equations by replacing s with 


jw where j = / —1. Thus Equation [2] becomes 


F(jw) 


Z( jw ).i(jw) 
\ 
} 


Z(jw) +f+ 

Here F(jw) and (jw) are the complex forms of F(t) and A(t) to be 
used here. By assigning various values to w and letting F = A 
sin wf, the function < can be obtained in vector form. That is, 
Z( jw) “operates” on # and changes the magnitude and the angle 
of #(jw) to that of F(jw). 

An example will best illustrate this. By taking the series R 
pneumatic circuit of Fig. 1(k) as an example, a result will be ob- 
tained which will be useful later (5). 
Let P(t) be the input pressure to the device, and /?)(1) 


Force and pressure are 
analogous 
the output pressure, i.e., 
Then (see Appendix) 


the pressure in the volume (capacity 


where P(jw) and Q(jw) are the complex forms of P(t) and rate of 


flow Since 


The magnitude of the ratio between output and input is - 


Po jw) l 
P(jw) + 


This quantity is called the ‘‘magnitude ratio” of the system 
(“gain’’ in the Bell Lab sense). It is not necessarily always 
In fact, in the foregoing example thé magni- 
If there is more than one such 


greater than unity. 
tude ratio is always unity or less. 
network in cascade in the system, the over-all magnitude ratio 
would be the product of the individual magnitude ratios (assum- 
ing no interaction between networks). Since addition is easier 
than multiplication, it is convenient to express [Po(jw)!/{[PUe)! 
in logarithmic form. We write 


PA jw) Pu jw) 


/ 


where 4 = @ denotes cos 6 + j sin # 


tan~(wRC). Here / 


One logarithmic form is the decibel (db) which is defined as 


: 

20 logys J _ = magnitude ratio, expressed in decibels (db) 
P(jw) 

In Equation [5], for all values of w such that wRC <1 (here 

means ‘much less than’’) the ratio 


” 


= ane 
P(jw) 
where ‘ ” means “is approximately equal to.”’ 

For values of w such that w@RC > 1 ( >” means “much 


greater than’’) 
Pijw) 
P(jw) 


JoRC 
In decibels 


Po jw) 
| P(gw) 


is 20 logiwwhC. deg. 
where wRC = 1 the magnitude ratio is 0.707, ie., 
angle is —-45 deg. 

Taking other points and plotting the results on a scale which is 
logarithmic versus radian frequency w on a logarithmic scale, the 
plot of Fig. 2is obtained. The time constant 7 of the system is RC 
It should be noted that the magnitude curve 


The phase is At the frequency 


3db, and the 


by definition. 
rapidly approaches an asymptote as wr becomes greater than unity 
and also approaches zero db axis (magnitude ratio 1) asymptoti- 
cally as wr goes to zero. These two asymptotes, if extended, inter- 
sect at the point where wr equals unity as shown by the dotted 
lines. The phase curve is zero for practical purposes at small 
values of wr; 45 deg at wr = 1; and 90 deg at the 
larger values of wr. A great amount of servo design can be 
accomplished with the manipulation and measurement of simple 
curves such as these. The curves represent the frequency re- 


sponse of the system of Fig. 1(k) to sine-wave inputs. 


APPLICATION OF FREQUENCY ReSPONSE TO DESIGN 


As an example of how the frequency-response methods fit into 
the actual design and analysis of a servo, the design of an auto- 
matic contour-following lathe will be worked through. 
block diagram of a single-loop servo system is given in Fig. 3 and 
the fundamental servo equation derived. All the active elements 
in the servo are grouped together in the block labeled wy. 


The basic 


That is, 
all the frequency-variant elements are included therein, and the 
block labeled 6 is assumed in this example to be unity and in- 
variant with frequency. 
comes (4) 


For this case the basie equation be- 


r 


A servo system as shown in Fig. 3 must be stable in the follow- 
The re- 


Otherwise the sys- 


ing sense. Consider a transient input that dies out 
sponse of the system must then also die out 
It has been shown by the fundamental work of 


H. S. Black that at least for practical purposes if the magnitude 


tem is unstable. 


ratio of the open loop is less than unity when the phase shift is 
180 deg, no such instability results. 
general mathematical terms the explicit conditions for stability 


Nyquist has expressed in 
in his well-known criterion. In the foregoing argument it is as- 
sumed that the output zo is subtracted from the input 2, when 
the loop is closed to yield Equation [7]. 

The concept of stability is a very real and practical matter. 
Anyone who has seen an unstable servo oscillate or “hunt’’ ob- 
tains a graphic picture of what stability is. 
servo can be unstable. 


In fact, no acceptable 
The servo designer must be concerned not 
only with the stability of his servo but with the “margin” he has 
provided against instability, since the components he must use will 
vary from unit to unit and with age. In addition, he must be con- 
cerned not that any transient will eventually decay but how fast 
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hig. 3) Feeppack Loop 
it will deeay. 
mentals of good servo design. 
also will be well damped. 

To start a servo design, the designer must work to a given set of 
specifications. In a complex equipment the analysis of the re- 
quirements often can be as involved as the actual design. How- 
ever, in the example chosen, relatively simple specifications are 


This matter of “damping” is one of the funda- 
Roughly, a servo with good margins 


adequate. 


«LEAKAGE OF AIR FROM AIR PILOT NOZZLE 


Frequency-Response Curves ror Preumaric RC Circurr 


RELAY VALVE \ 


CONSTANT PRESSURE 
SUPPLY 


ONTROLS POSITIONING OF TOOL 


ain PLOT 
VALVE 


TEMPLATE RIGIDLY 
CONNECTED TO BED 


Latur 


Fie. 4 


Consider the servo shown in Fig. 4. Let it be assumed that the 
tool carriage of the lathe is to be positioned by a hydraulic piston 
to agree with a template mounted on the bed of the lathe. The 
tool must be positioned to an accuracy of +0.0005 in. under 
static conditions, that is, with no external back pressure on the 
too] from the work, and the only loading the internal friction of the 
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slide and cylinder. The tool slide shall be positioned to an ac- 
curacy of +0.001 in. when the tracing point is moving over the 
template at a rate of 12ipm. To eliminate the necessity for case- 
hardened templates, the tracing point shall not exert a force of 
more than 3 oz on the template. 

Such requirements might possibly be met by the layout shown 
in Fig. 4. The pneumatic flapper-valve ampiifier unloads the 
tracer point from the output members. There also is no need for 
flexible hydraulic lines under high pressures to be carried from the 
moving tracing point to the fixed cylinder. 
which the hydraulic cylinder shall be capable of exerting will be 
taken to be at least 4 tons (8000 Ib). 

The appropriate starting point for design is the hydraulic unit. 
Although at first this might seem like putting the cart before the 
horse, it is this member which exerts the controlling influence 
upon the design. 
termine the limitations on the servo. 
underpowered, this limits the job capability at the outset. 


The characteristics of the motive element de- 
If the motive element is 
In 
addition, some of the characteristics of the motive element affect 
the errors of the servo in a way which sets the design of the other 
elements, as will be shown. 

The dynamic response of the hydraulie piston and valve is 
derived in the Appendix. Expressed in operational notation 


| 
ros) A 


x(s)  s(T%s* + 2¢Ts + 1) 


where x,(s) is the transform of the output position of the piston 


and z,(s) is the transform of the displacement of the valve from 
zero. ‘The constants are given in slightly different forms in the 
Appendix. The factor 


+ 2¢7s + 1) 


in the denominator is a quadratic function of s. The behavior of 
the circuit will be determined by the roots of the equation ob- 
If the roots are real 
If they are com- 
plex, the transient response will contain oscillatory terms which 


tained by setting this function equal to zero. 
and negative the system will be nonoscillatory. 


will decay with time if the real portions of the roots are negative. 
The magnitude of the real part of a complex root determines the 
In Equation [8] the 
factor T is the frequency-determining element; € determines the 
damping of the system. If ¢ > 1, the system will be nonoscilla- 
tory. For the constants chosen in this paper, € is 0.25 which 
makes the transient response of the system a well-damped oscilla- 
tion. 

For the moment, let us assume that 7’< 1 so that Equation [8} 
may be approximated by 


rate of decay of the oscillatory transient. 


Tos) 


= 


s = jw for the steady state 
Making a further assumption that the other elements in the loop 
contribute only amplification which is frequency invariant, then 
z,(s) = kee where € is the error signal as in Fig. 3. Substitution 
of these approximations in Equation [7] and setting wo = ke(k/A) 
To 


Fig. 5 is a logarithmic plot of uw = wo/(jw). Atw = wo, we have 


+ © 
1199 


| = Land the curve crosses the zero db axis (magnitude ratio 1). 
The phase is constant at —-00 deg. Previously it was pointed 
out that multiplying by 1/s or 1/(jw) corresponds to an integra- 
tion. Since opening the valve causes the piston to move with a 
velocity proportional to valve displacement and the servo com- 
pares an output position with an input position, there obviously 
must be an integration involved. This integration plays a very 
important part in the errors of the servo. 
that 


Tt can be readily shown 
the error ¢€ of the servo is 


The maximum force | 


where €(jw) is the complex form of € 

The error for the case of a constant signal and no external forces 
can be obtained by letting w approach zero in Equation [12]. 
Under these conditions the error is zero. 

The meaning of wo can be made clearer if it is thought of as the 
amplification of the system. That is, if an error signal € exists at 
the input to the amplifier, the motor element will move with a 
velocity we. While the motor element can stand still with no 
error, to run it will require an error. Thus the motor will lag be- 
hind a signal which is changing at a constant rate until woe equals 
the rate of change of the signal. This defines wp as the velocity 
constant which more formally is 


velocity 
= 
lag error 


If the loop gain w»/w is plotted logarithmically, the result will 
be a straight line sloping downward at a rate of 6 db/octave (with 
a —1 slope as shown) and crossing the zero db axis (the line for 
which the magnitude ratio is 1) at a radian frequency of wo 
radians /sec. deg. 

The simplification of « which was made in Equation [12] is not 
However, if is as- 


The phase is constant at 


adequate for much more than illustration 
sumed to have the form 


a reasonably good approximation can be made for a large class of 
servos. The error equation then becomes 


Wi, 


with wy >> a, 


jo(jw + wr) 


2,(jw) 
+ wi) 


Under the foregoing assumptions the static error is still zero. The 
dynamic errors can be evaluated by means of the so-called “error 
It has been shown (4) that Mquation [13] may be 
expanded in a power series in terms of powers of jw 


” 


coefficients. 


(jw 2(jw )*x,(jw) 


[14) 


€( jw) = r(jw) + 


Wy) Wy 


Since (jw)" is equivalent to d*/(dt") in the steady state with 
which we are concerned 
rt) 
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This shows that the principal errors are first, a lag: 
second, an lag. In the specifications there is no 
requirement on acceleration, but there is an implied velocity re- 


“velocity” 
“aeceleration” 
quirement. The requirement that error shall be no greater than 


0.001 in. when the template causes the input tracer to move at 12 


= 200 radians /sec 
0.001 in 


The response of the hydraulic piston can now be evaluated. We 
assume that the mass of the tool slide and piston is 64 Ib (2.0 slugs ) 
0 in., and the total volume of oil 
Equation [8] is evaluated for 


ipm implies 


the diameter of the piston is 5 
under compression is 0.0064 ft* 
Appendix as 

k 
jw) A 
r(jw)  jw[2.78 X 10 + 8.36 + 1] 


these constants in the 


The logarithmic plot of the function 


jw) 
r(jw) 


jw) 


is given in Fig. 6fork/A = 1. 


ApproxtmMaTe Frequency Response or a Hypraunic 


It is apparent that the hydraulic 


Unir 

system is a very wide-band system. From this it can be con- 
cluded that the hydraulic system: will not be the limiting factor 
With the piston area of 19.6 sq in. 
the piston is 


in the dynamics of the servo. 
and an assumed pressure of 1000 psi pump pressure, 
capable of exerting 19,600 lb force which is a margin of better 
than two over requirements. The 
pneumatic section must now be calculated, 


frequency response of the 


System Wirth PNeumatric COMPONENTS 


A typical nozzle-flapper pneumatic amplifier is shown in Fig. 7. 
It is similar to the pneumatic series R-C circuit discussed pre- 
viously. In fact, the amplifier may be reduced to the same form 
by deriving an equivalent series resistance R, (pneumatic) and a 
frequency-invariant gain The formulas for 
derived in the Appendix 


and pw, are 


1500D,2 
pressure in the bellows. Here, Po is one . 
half of the supply pressure and D, and D, are the diameters of 
the orifice and flapper nozzle, respectively. Picking the value of 
~ 0.04 in. for D,, and 0.028 for D, and a supply pressure of 60 psig, — 
the value of w, is 5110 and R, is 1.46 pneumatic ohms. To com-— 


where P, is the “average” 
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plete the analysis of the pneumatic amplifier, the characteristics 
of the bellows and valve assembly must be taken into account 


The constants of the amplifier were so picked that at null balance 
the output pressure is equal to P,/2 or 30 psi. The foregoing 
value of the spring constant includes the reaction force of the 
valve. With the spring constant and bellows area as stated, the 
bellows will exert a force of 24 lb upon the spring, compressing it 
0.6 in. The action of the spring which loads the bellows increases 
the pneumatic capacity of the bellows. Let V, be the mass (in 
properly chosen units) of the air in the bellows when the absolute 
pressure is Py + 15 psi. The formula for pneumatic capacity 
when the bellows is spring-loaded is (see Appendix ) 


| ; 
(Po + 15) 


The following constants are assumed: 


Ieffective diameter of bellows = 1.0 in. 
Iiffective area of bellows, Ag = 0.79 sq in. 
Effective volume of bellows = 0.4 eu in. 
Supply pressure, 1’, = 60 psi 

Spring constant, A, = 40 |b /in 
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Frequency Response or A Hyprautic Unit 
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The output volume in Fig. 7 is actually not fixed. This volume is — 
that of the bellows and an average value is used. The spring — 
loading the bellows is not shown in the figure. Making use of | 
Equation [5], the response (7) of the pneumatic amplifier to a_ 


change in the flapper position can be written (see Appendix) 


Pof jo) M, 


17 = 
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TRANSACTIONS 
» £/(jw) is the comy 
Note that z, is the z,, of Fig. 3. 
into equations [17] and [18] gives 
Pf jw) 
jo 0,0359) + 1 


Substitution of the given values 


The radian frequency at which w,C, = 1 is 28 radians/sec. A 
logarithmic plot of the over-all response uw can now be made, as- 
suming that the hydraulie-valve constant can be so chosen that 
sufficient gain can be obtained to make the magnitude curve cross 
the zero db-axis (line for which the magnitude ratio is 1) at the 
200 with the slope 1 (6 db/octave ). 
To test whether or not the pneumatic amplifier will be a limiting 


design objective of wy 


factor, the hydraulic section can be assumed to vary with fre- 
The response function plotted in Fig. 8 is 


28 
4 
( 2 
JW 
Here we have multiplied the transfer funetions of elements in- 


os 

. 
by [ao jw)/Po(jw)] 


The dotted extension of the 
200 


, Crosses the axis at w = 


4&8 Wy/ (jad). 


\ 


cascade, ie 


Note that a 
original slope intersects the axis at wy 


At this point there is a phase shift of 


is proportional to 1’, 
As can be seen, the 
SU. 
The phase mar- 


solid curve, which is the funetion 
162 deg 


vin is only IS deg (it should be at least 40 deg; see reference 9). 


OF THE ASME 

If there were only 

of the system, the servo would become unstable. The hydraulic 
system, although very good, will certainly contribute some phase 
shift even at the frequency of 80 rad/see. In addition, any 
change in parameters due to production tolerances, variations in 
pneumatic supply pressure, and so on, will again tend to reduce 
the margin of stability. At this point it must be realized that 
with the simple system proposed, the design objectives cannot be 
realized. The choice then is between reducing the requirements or 
improving the design. 

Since it is the bellows assembly that loads down the pneumatic 
amplifier, a logical approach would be to isolate the amplifier from 
the bellows by a “pilot relay”’ between the amplifier and bellows. 
Such a device is shown in Fig. 9, together with a derivation of its 
response equation (Fig. 13). This device operates upon the “null- 
In effect, it is a small servo in itself. Its 
The dia- 


balance” principle. 
output pressure equals its input pressure very closely 


phragm of Fig. 9 plays a role similar to that of the flapper of Fig. 


4, in that it restricts the flow through the nozzle of Fig 
in Fig. 9 is like the co-ordinate xr, of the flapper. 
tion in Fig. 9 is derived in the same manner as Equation [18 
The response of the pilot relay is 
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4 TRANSONTTED The loading of the flapper amplifier by the pilot relay can now 
PRESSURE (P, ) 
be calculated. Since the diaphragm moves only a few thousandths 
of an inch, the volume can be made very small and the pilot relay 
(; located very close to the amplifier to eliminate the added volume 
» atic J atl ls y 
OF EFFECTIVE f pne line Using Is} and recalculating RC, 
st AREA A ANO STIFFNESS Kk gives B.C, = 0.0069, clearly an improvement in the amplifier time 
constant. The frequency at-which = Lis now 145 rad, sec, 
Thus 
INPUT | 
PRESSURE = = > 5 
NOZZLE Pi jw) 5110 145 
Jw) jo + 145 
a Taking into account the hydraulic system (since the time con- 
| stants are now comparable with the constants given in the Ap- 
iM ndix), the loop response is given by 


FIXED ORIFICE \ 


+ 


AIR SUPPLY 
PRESSURE (P.) 


& 
TS +1 
X= 
A 
(P-P, 
Ts +i 
A 
/« 
1+ 
Ts t+! 
hie. 9 Pitot Reray 


where Py is the input pressure to the relay and P, is the pressure 
transmitted to the bellows. Here jo is the amplification factor of 
the pilot relay, R is the output resistance of the relay, C is the 
volume capacity loading the relay (due to the bellows and spring 
in Fig. 13), A is the area of the diaphragm, and K is the spring 
constant of the diaphragm. 
pressure, nozzle, and orifice diameters are chosen as in the pre- 


If the same characteristics of supply 


vious amplifier, the time constant 7 is multiplied by the factor 


Therefore the time 


stant of the system is effectively reduced by the factor 


to obtain the new time constant 7). con 


Since the pilot relay will form the load on the flapper amplifier, it 
is advantageous to make the diaphragm in the pilot relay very 
stiff. Assuming an effective diameter of the diaphragm as 1.0 in. 
and « stiffness of 250 Ib/in., the factor (1 + poA/K) is 17.2 
lis now 28 X 17.2, i.e., 428 rad 
This value is now comparable in response time to the hy- 


The frequency at which wr, = 
8eC. 
draulic section. We now have for practical purposes 


P{jw) 482 


Pijw) jw + 482 


(= 
= ) 
jw jw 


l 
E 78 & jw)? + 8.36 


145 )( {82 ) 
+ 1457 \jw + 482 


This function is plotted in Fig. 10.) As can be seen, at the pout of 


gain crossover there is a phase shift of — 159 deg giving a phase 
This includes the response of all ele- 
At the frequency at 
ISO deg, the magnitude ratio is 


margin of 21 deg as shown 
ments which the function of Fig. 8 did not 
whieh the phase shift becomes 
06, Le, 
db approximately). 

db) (see reference 4) 
little less than 2:1 

clearly not a practical design as vet 


5 db approximately whence the gain margin is 1.6 (5 


The gain margin should be at least 2.5 (8 


If the gain were to increase by 5 dbora 


the servo would become unstable. This is 


The right number of Equation [22] was obtained by 
ing the transfer functions 


and 


waste of time. This is not the case, as a ver 


network can now be inserted between the flapper amplifier and — 


the pilot relay. In Fig. 11 the device is shown and its response 


function derived. The amplitude plot of its response is shown nn 


Fig. 12. The effect of such a network is to narrow the 
the servo in a region where the phase shift is not eritical 
higher frequencies the resistance Ry is much greater than 1/(wC) 
and the effect is as if the unit were open to the atmosphere 

In other words, the output pressure is dependent upon the 
pressure drop across Kz only. At extremely low pressures the 
volume C is completely filled —there is no preasure drop through 
Ry. The derivation given in Fig. 11, relating pressures 7’; and 
/’,, assumes that there is no capacity loading upon the output 
pressure. Of course the input capacity of the pilot relay is 
directly shunting RA, and C, Fig. 13. However, the capacity of 
the relay is very small compared to the values to be used for R, 
ind C, and therefore its effect may be neglected. The output of 
the flapper amplifier already has been shown to have a resistance 
! 1.46 pneumatic ohms. This resistance can be used in place of | 


Rh The constants selected 


for this network are 


Rk, = = 1.46 
C = 0.595 
021 
and 
P(jw) (* + *) ( ) (23) 


(22) 
xX + | 


— 
| 
K 
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The logarithm of this function is shown in Fig. 12 See the com 
plete mechanical schematic of the servo given in Fig. 13, which 
shows both the pilot relay and the network in their respective 


places in the loop 
As pointed out, the input capacity of the pilot relay is small 
in comparison with the added capacitance, C. Therefore the 
omrce 


added network can be considered to a good approximation to form 


the entire load on the flapper amplifier. This will change the 
transform al 


araciry 


Pol jw 


(jw) 


In Equation (18) the frequeney response of the flapper ampli- 
fier was derived by considering the effect of the load capacitance 


upon the internal resistance R,. It has been pointed out already 
that the resistance R, can be used as AR; of Fig. LL. In this case 
the load on the flapper amplifier is composed of the combination 
of Ry and We can identify in Equation [18) with the 
“driving” of Fig. In a similar manner, for the case 


where the internal resistance of the amplifier is used as A, of Fig. 
11, the quantity 7’) can be identified with w,r, (see Appendix) 
From Fig. 13 the quantity /’; is the input pressure to the pilot 


relay and thus can be considered to be equivalent to I’) of the 
earlier argument. The transfer funetion of the flapper amplifier 
(flapper to pilot relay) then becomes 

Pi(jw) (jw + 8) 


(wt) 


\ 
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and the over-all loop transfer function is now 


8.36 10> yw 4 | 


78 jw)? + 


This equation looks formidable indeed, but actually it is quite 
simple to evaluate graphically as the logarithms of the magnitudes 
add as do the angles. Each factor is drawn by a standard curve 
and all are added together to obtain the final plot in Fig. 14. 

At the point of unity magnitude ratio (0 db) the phase shift is 
119 deg, giving a phase margin of 66 deg. With this amount of 
margin the system can stand «a considerable amount of variation 

At the frequency at which the phase 

26 db. The 

The gain may be in- 


without becoming unstable 
180 deg the magnitude ratio is 0.05, i.e., 
gain margin is 1/0.05, i.e., 20, or 26 db 
creased by 20 times without causing “hunting” or oscillations 
More important, with this margin the servo will be well clamped 
and recover from transients with «a minimum number of over- 


shift is 


shoots. To complete the design, only the constants must be 


evaluated to give the required wp» of 200 rad /sec. 
A 0.001-in, steady displacement will cause an increase in pres- 


sure of (setw = Oin Equation [19}) 


0.001 pw, = 5.11 Ib 


pressures, this will result in a pressure also of 5.11 Tb in the valve 
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bellows there is a force of approxi- 
This, 
then, is a gain of 100:1 from flapper position (null point) to hy- 
draulie valve. An w, of 200 requires that a displacement of the 
null point of 0.001 in. cause the output member to move at a 
velocity of 0.2 ips 


With an area of 0.79 sq in 
mately 4 lb on the bellows spring compressing it by 0.1 in. 


The flow of oil required in cubic inches per 
For the 
foregoing rate and the piston area of 19.6 sq in. assumed pre- 
This will occur 
when the valve is opened 0.1 in., giving a valve constant of 39.2 


second is equal to Az where A is the area of the piston 
viously, a flow of 3.92 cu in. per see is required. 


in’ see /in 

This completes the design, except for the evaluation of the 
static errors. At first glance this might appear to be rather late 
in the design to determine a basic requirement, but actually the 
static error depends upon the final loop gain and upon the static 
friction upon the output member. The latter, of course, ean only 
be evaluated accurately after construction of the cylinder and 
piston. 

The transfer function wijw) in the foregoing is obtained by 
multiplying the transfer functions 
and as before. 


The static error A,r is 
4; = 

jwZ(yo) 1 + 
I’, is the force necessary to break the static frietion; Z(jw) is the 
mechanical impedance of the output member (without feedback ) 


as defined in Equation [2). Since the impedance relates the force 
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applied and the resulting velocity it is necessary to integrate the 
velocity to obtain the displacement of the svstem; 


i.e., divide by 


The mechanical impedance of the hydraulic system must now 
be calculated. This is shown in the Appendix to be 
[MRC(Qjw)? + Mjw + R} 
Z(jw) = 
hydraulic JoCR + 1 
where R is A2/L and C = V/(BA?). 

Substituting Equation [25] in [24] and assuming that only the 
very low frequencies are of interest so that 4 may be considered 
as We ‘Jw 
F, 

Pe. [MRC(jw)? + Mjw + R 
jaRC +1 


jw[MCR(jw)? + Mjw + 
joRC + 1 


For the steady state w = 


alt 


0 and the formula for Ay; becomes 


Taking the calculated value of R as 2 < 10? Ib sec/in. from the 
Appendix and assuming the specified accuracy of 0.0005 in. as Ap, 

the maximum force required to break the statie friction F,, 
can be tolerated, is 20 lb. This provides a workable margin. 

The theoretical design of the servo is now complete, The final 
The 
techniques of frequency-response analysis can be carried over to 
the 
test signals to the input with the feedback loop open and measur 
ing the amplitude and phase of the output parameter with re- 
spect to the input. Such an input in this case can be obtained 
readily by means of appropriate gearing and a “Scotch yoke” 
mechanism. The equipment for measuring the gain and phase 
_is more involved and beyond the scope of this paper. 

Since there is a large amount of gain in this particular loop, it 
well to measure individual units separately. This 
work can well be done at the same time that the 
In fact, it is often advantageous to hold 


which 


step in any design is to build the device and test it. same 


laboratory. The technique consists of applying sinusoidal 


would be 
laboratory 
analvsis is being made. 
up the complete design until a particular element has been 
evaluated. Almost invariably laboratory will 
point out factors which have been overlooked in the analysis. 
This is quite likely to occur in pneumatic systems where the 


measurements 


agreement between theoretical and empirical performance is not 
as exact as, for instance, in electrical The final test is to 
put the servo together and give it what the electrical engineering 
profession calls the test.””. That is, the power is turned 
on and the servo operated as a system for the first time. 

The frequency-response approach to the design of a servo is an 


systems. 


“smoke 


extremely powerful method which enables the designer to work to 
a stated set of requirements, and to evaluate as the design pro- 
When 
coupled with empirical data it is also a powerful tool for pointing 
requency- 
response methods have had very wide use in the electronic indus- 
try for almost two decades. The success of this method has been 
so great that inevitably the method will extend rapidly to other 
fields. 


gresses the adequacy of his components and assemblies. 


out errors and deficiencies in the theoretical analysis. 
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Appendix 


Nore on Fig 


aft. 


The equation in Fi ig. 1(k) is obtained by assuming that the mass 
V of air in the region is related to the pressure Py in the region by 


Since 
we have 
Whence 


From Pig. 1(¢) we have 
P(t) — Po = RQ 


whence 


/ Cult 


PisToN 


P(t) = RQ 4 


Hyprauiic 


The response of the hydraulic piston may be derived by noting 
that the total flow of oil out of the valve must be the sum of the 
flow due to the movement of the piston, plus the flow due to leak- 
It is 
assumed that the valve which actuates the piston produces a flow 


age, plus the flow due to the compressibility of the oil (6 


which is proportional to its displacement (and does not introduce 
‘ideal” valve 
impossible to realize, but since the design of com- 


a pressure drop across the valve orifices.) Such an 
is, of course, 
ponents is of secondary interest its use can be justified to simplify 


the derivation which follows.‘ 


‘Note of R. Oldenburger. The same derivation for rotational 
motions occurs in Brown and Campbell's book, reference (6), p. 138, 
and is difficult to justify; the assumptions have not been satisfied in 
my experience with hydraulic servos. 
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It is further assumed that the connecting lines also do not in- 
troduce a pressure drop. Under these assumptions, the “down- 
pressure in the cylinder will equal the sump pressure 


Now 


stream 
which is arbitrarily taken to be zero. 


Qr = Qp + + 


flow due to movement of 


where Q, = total valve flow; 
piston; Q, = leakage flow; Q, = compressibility flow. 


In addition 
+ @ 


+ Pv 

output displacement of piston. 


where A = area of piston; sr» 


Q, = LP 


, 


where L = leakage coefficient; / pressure drop across piston, 


where bulk modulus of oil (0.27 psi) 
dV 
dt B 


dp 
dt 


where Vo total volume of oil under compression, The Ain the 
foregoing are increments 

In the relation for compressibility flow, it is assumed that the 
total volume does not change; i.c., more oil is pumped into the 
same volume 


tem is very low and that the loading on the piston is predomi- 


It is further assumed that the friction in the sys- 


nantly inertial so that the force opposing the motion of the piston 
i 
is F where 


dt? 


Phe total flow from the valve will be proportional to the valve dis- 
placement from zero under the foregoing assumptions so that 
dry 


LP 4 
dt B 


dP 


7 dt 


=kr, = A 


A de 


M 


1 dt 


dx VM dx 
A 


so that 


In transform notation 
kr f(s) (4s + 


and finally 


TRANSACTIONS OF 
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We have 


tol 8) 


k/O0.136 
(2.78 K s? + 8.36 10748 + 1) 


for t he following: 


Weight of piston and slide assembly = 64 Ib 

Mass of piston and slide assembly = 2 slugs = MV 
iiffective area of piston (5 in, diam) = 0.136 sq ft = . 
Leakage = 7.72 10~° ft*/sec/Ib per sq ft = L 
Volume = 0.0064 ft? = V 
The valve constant k is determined in the paper. 


To evaluate the dynamic effects of external forces the mechami- 
the 
pedance of this member, isolated from the rest of the servo loop, 
is known, the net effect with feedback is readily calculable. We 
are assuming that the principle of superposition holds, that is 
that the movement of the piston is the resultant (sum) of the 


cal impedance of the piston must be known. Once im 


movement when there is no external force and the movement 
when the loop is open, the valve is closed, and the external force is — 
acting on the piston. The impedance may be derived by caleulat- 
ing the resulting velocity when an arbitrary external force is ap 
plied to the piston and the valve maintained closed 

As the first step, assume that the mass of the piston and slide is — 
all concentrated at one point external to the piston and that the 
remainder of the system is massless as shown in Fig The 


FORCE ,F 


MASS 
(2 SLUGS) 


LEAKAGE 


15 Piston anp ASSEMBLY 


valve is assumed to be closed. The total applied force F must 
equal the reaction force from the acceleration of the mass /) plus 


the reaction force Fy of the piston. Therefore 


= 
¥ 


where 


Clearly F; is represented by the transform given by F)(s) 

Msio(s). The force Fy may be evaluated as follows by equating 
oil flows: The total flow of the oil will be due to the movement of 
the piston caused by the external force and will be equal to the 
sum of the leakage and compressibility flows. Now total flow Q, 
= leakage flow Q,; + compressibility flow Q,. Thus we have the 
following relations when F(s) and F.{s) are the complex repre- 


sentations of Fo and F,, respectively 


= | 
| 
q 
q 
~ 
Bm: 
F 
thhp 
+ RA re) 
k/A 


Tos) 
A? par? 


= Fils) + Fels) = + 


Introducing Rh and C where 


A? 
L 


R = 


Riols) 


Fis) = + 
sCR + 1) 


we have 


(MRCs* + Ms + R) 


whence F(s) = Sol 8) 
(sCR +1) 


By definition the mechanical impedance Z(s) is such that 


Fis) = rol )Z(s) 


(MRCs* + Ms + R) 
whence = 
+ 1 
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We shall establish the validity of Equation [18]. Let Q;, Qy, 
and Q, denote the rates of flow through the orifice, through the 
Let D, be the 
diameter of the orifice restriction, P, the supply pressure, and 15 


flapper nozzle, and to the output volume in Fig. 7 
the downstream pressure as shown in the figure. For a propor- 
tionality constant AY the flow through the orifice (8) is given by 


Q, = K,D2 VP, — 


The atmospheric pressure is taken to be zero, whence Po and P, 
are gage pressures. The flow through the nozzle may be taken to 


he 
Qy = KyDyY¥ VPo 


where Dy is the diameter of the nozzle, Y is the distance from the 
flapper to the nozzle (properly measured), and Ay is a propor- 
Let Y> be the initial value of Y. The input 
displacement z, of the flapper is taken to be Yo — YY. The reader 


tionality constant. 
will note that an increase in x, implies an increase in the pressure 
?,. The quantity Q, is such that 

= Qy 
In view of the foregoing formulas for Q, and Qy we have — 


"Qt = f(Po, 27) 


Director of Research, Woodward Governor Company, Rockford, 


and that 


for a function f(1’o, of Po and x, 
Taking differentials we have 


dQ, = 
or, 


dbs 


To simplify notations we replace dQ,, dP’, and dz, by Q,, Po, and 
r,, respectively, so that then 


00, 


= 
or, 


We assume that 


for a capacity constant C,. We thus have — 
dP, 
dt or, 


We introduce symbols R, and yw, so that 


wf 


pol 


We then have 


Whence Equation [18] is valid. The quantities 2, and ya, are by 


definition resistance and gain constants. It follows that 


Ory 


or, 


or PNeumatic Equations [16] 
For 4 commercially available amplifier the empirically deter- 
mined constants are 


We introduce B where 


8 = 


From the definition of A, and yw, in the preceding section there 
follows 


3000 Po)? + 9000 DY 
» 
ol 0 


4. 


BOP, 


We assume that YP, 
VP, 


Po is of the same order of magnitude as 


Also, we suppose that 


= Dy 


dD, 
10 


It follows that uw, may be approximated by 


dD, 


V PAP, *o) 


4 
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t 
Qp = = Ate 
fae’ 
F V } 
£® 
A BA dt 
V dF. 
A BA at 
Aids) s)F or 
dP 
( 
FAs) = 
L 
~ 
= 
ols 
R, = 
| | 
| 
oan 
4 
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We use the average pressure /’, for /’, and assume that Py = 1/2 
P, Then 


1500 D? 


whence the Relations [16] are established. 


To establish the validity of Equation [17] we note that for 
Fig. 7 
0.«C dP’, 
dt 
where C ia the capacity of the bellows (output volume in Fig. 7) 
when the of the bellows is fixed, Ag is the area of the 
moving face of the bellows, z, is the co-ordinate of this face (iden- 
tical with the hydraulic-valve co-ordinate), and Q, is the rate of 
flow to the The reader may imagine that the bottom 
edge of the output volume in Fig. 7 is the moving face of the 
bellows. The F, for the 
bellows satisfies the formula 


volume 


bellows. 


spring force spring attached to the 


F, = Ky, 
¥ = 


Aghy 


Since Fy = AgPo 


it follows that 


and 


Corresponding to the average absolute pressure Py + 15 psi (here 
15 is the atmospheric pressure in psi) we suppose that there is a 


mass V, of air in the bellows so that 
Vi = C(Py + 15) 
Relation [17] now follows 


Nore or Rurus OLDENBURGER ON Use OF A 


Driving Pressure 
Py Fra. 11 


The use of the driving pressure P,, where 


P, = My 
in Equation [23] will now be justified. We consider Fig. 7 where 
the output volume of this figure is the capacity of Fig. 11, iLe., 
the capacity introduced in Fig. 15. The pressure ) of Fig. 7 will 
now be replaced by the symbol /, to agree with Fig. 11 and the 
pressure in the capacity of Fig. 7 will be denoted by Py. We must 
imagine that there is an orifice in Fig. 7 just ahead of the output 
volume so that the Po in the capacity is different (at 
least can be different) from the pressure ?, on the other side of 
the orifice (see Fig 13). Let Q, be the rate of flow of air to the 
capacity, Q, the rate of flow through the orifice drawn in Fig. 7, 
and Q, the rate of flow through the nozzle, whence 


pressure 
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Qi = — Qy 
as in the previous discussion concerning Fig. 7. 


for functions f(P2) of and g(P:, of and zy. 
that 


Now 
Qy = g(P2, 


It follows 


= A(P2, ty) 


for a funetion h(P2, 2,) of Pz and z,. Taking differentials 


ah oh 
dQ, = dP, + dr, 
oP, OL, 

To simplify notations, as before we shall replace the differentials 
by the symbols for the variables themselves and write 

- 


Let R, be the resistance of the orifice just ahead of the capacity. 
From the definition of Ry we have paid 
RQ, =! 


since 


= 
this yields 
+ Py = P; 


whence in complex form 


a 


Thus in complex form 
CsP(s) 


Q,(s) = 
RCs +1 


CsP(s) 


R, R, 
Solving, we obtain 


RCs + 1)u,2/(s 
Ps) = J 
+ + 1) 
With replaced by this yields the bottom relation in Fig 
whence the use of the argument in Fig. 11 is correct. 


Discussion 


R. Ovpensurcer.6 The writer believes that each major 
theoretical approach to the design of feedback loops has its own 
area of application where it excels over others. This paper is 
particularly important in that the solution to the problem is 
readily suggested by the frequency-response curves, whereas the 


that one would think of this solution in working with 


Rockford, 


Cc hance 


§ Director of Research, Woodward Governor Company, 
Ill. Mem. ASME. 


‘ 
1,.'. 
a. 4 
| My 
dD, 
In a similar manner with the same assumptions, 2, may be shown ee 7 
to be ‘ 
where 
oh 
Ag*\ 
K, dt 
Ps) | 
The effective capacity of the bellows is thus given by de) = RCs +1 | P| - 
Ag? 
c= | 
nd 
| | 
| 
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algebraic or other analytical methods appears to the writer to be 
very small. According to Elliot Woodhull (Perkin-Elmer Corp. 
pneumatic control engineers are familiar with the author's solu- 
tion, having discovered it by accident. 

The frequency-response and algebraic methods will be com- 

We shall start with the fre- 
With the pilot relav in the pic- 
10, 
If 
we keep the phase curve fixed, but shift the magnitude-ratio 


pared for the author's problem 
queney-response point of view. 

ture the author has the frequency-response curves of Fig 
where the gain and phase margins are woefully inadequate 


curve down, both gain and phase margins are increased, thus im- 
Also, if the magnitude curve 
is held fixed, but the phase curve is shifted up, both gain and 


proving the stability of the system. 
phase margins are improved, The problem is thus to introduce a 
physical component that in the region of interest moves the 
phase curve up and the magnitude-ratio curve down, improving 
By introducing a capacity as shown in 


the margins accordingly. 


hig. 13, the author replaces the factor ‘ 


jw 
145 


of the open-loop transfer function by the factor 


For 1000 2 w = 30 this substitution decreases the open loop- 
kor 
w >> 1000 [w dominating 1000) the phase is increased while the 


magnitude ratio and at the same time increases the phase. 
magnitude ratio also is increased. However, both gain and phase 
margins occur at values of w definitely less than 1000 so that we 
> 1000. For 
30 both phase and magnitude ratio are decreased by the fore- 


need not be concerned with the changes for w 
w < 
going substitution. The decrease in magnitude ratio is favorable 
while the decrease in phase is not. The latter has a small effect on 
the gain and phase margins. The net effect of introducing the ca- 
pacity of Fig. 13 is to increase the gain and phase margins con- 
siderably. 

We shall now turn to the algebraic point of view. We consider 


a system with tl 


© open-loop transfer function uw given by 
— 


where A, a, and @ are positive constants. The characteristic 


equation is now 
kK 


a 


8 
+ — +4 
a a 


+ [29] 


obtained by setting (yu 1) equal to zero. We suppose that this 


equation satisfies the Routh stability condition, namely, that 
aa 


Suppose now that Equation [20| has a numerically large negative 
root. This root will then 
Evans paper published in this issue, pp 


(see the same discussion) we have 


writer’s discussion of the 
1335-1344) be approxi- 
By the writer's right-to-left) division 


(see the 


mately equal to 


l/a 


B/a 


€ 
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Here (A /§) is the result of dividing (A/a) by (B/a@). Note that 
by the inequality [30] the quantity (1/a@) dominates (K/B) so 
that (4/8) is the difference of two relatively large quantities, 
Since one root is approximately - 8, a the quantity € is relatively 
small. Multiplying € by the divisor (8/a) we obtain the quan- 
tity (€B8/a), which must be approximately equal to (1/a). We 
assume that e& << 4K 8. The roots of Equation [29] are now 
approximately 


where the complex roots correspond to highly oscillatory tran- 


sients. In the analysis the root B/a@ ean be neglected since the 
corresponding transient term in the solution dies out rapidly. 
Since highly oscillatory transients are undesirable, in so far as 


stability is concerned, we modify the transfer function wu with the 


factor 


to obtain wy, where 


1) 
s(bs + 1)(as? + Bs + 1) 


+ 


We shall choose } so that the lag corresponding to b is large com- 
pared to that corresponding to the quadratic factor (as? 4+ Bs + 
1). This quadratic factor can then be dropped from yy to give 


Ms, where 


Alas + 1) 
bs +1) 


Me 


Thus, if 


+ BPs +1 


as? 


now yields 


bs? (Ka 


We shall choose a so that 
Ka > 


whence the roots of Equation [32) 


Ka 


the two roots are identical and are equal to 
9 


5 a a 


The roots in the Expression (31! have been replaced by those of 
Expression [35). 


(35) is quite stable 


A system with the roots given in Expression 

The constant a should be chosen as small as 
possible so that the roots given in Expression [35] are numerically 
large and the corresponding physical system is a rapid one while 
at the same time the inequality in Formula [33] is satisfied. 


A $1) 
as + | 
bs + 1 
0 
complex roots | nates 
+1 = 0 
[33] 
1 
|| - 
+ 
135] 
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We shall show that the foregoing algebraic theory underlies the 
author's work. The factors 


2 


jo + 


in the transfer function pol big. 10 correspond to relatively small 


time Jags, in fact to time constants of '/\ and '/g; see. We 


therefore drop these factors from uo The quadratic factor 


2.78 KX 10 * + 8.36 K 10 48 + 


with = yw occurs in the denominator of 
& 


This factor vields the roots 


150 


when set equal to zero. From these roots it can be seen that the 
time constant '/ig is by no means out of the picture, but can be 
The function now 


neglected in rough first approximation 


reduces te 


200 
(3X 10° + 8 104s + 1) 


where we have rounded off numbers. Thus 


A 200, 3xX10* 10 


The equation 4 = 0 yields 


SOO. + 7 10) 0 


This cubie corresponds to a physical system on the verge of insta- 
bility (see the Routh Condition [80]) 
left division the quantity 


By the writer's right-to- 
240 is seen to be a root as shown, 
1240 


The roots ol the reduced equation 


These correspond to highly oscillatory transients, 
We multiply w by the faetor 


Then a = = 1 Phe factor s 4 
large lag compared to the quadratic factor (8 10 4 
WO ty 4 


transier function becomes 


The charaeterstie equation is now 


1 corresponds to a very 
Ss 
1) whence this quadratic factor can be neglected. The 


a(s + 1) 


These roots correspond to a very 
stable system with fast response. Had we taken a 
that Mquation [34] is satisfied we would have had / 


x? + 26s + 200 0 


with the roots ty 
but bse 
» and 


obtamed the roots ' 
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The value & | actually used by the author is only slightly dif- 
ferent from that just given. 

The reader can thus see that the algebraic reasons for the in- 
sertion of the capacity in Fig. 13 are rather complicated, and it 
appears to the writer that only an expert algebraist would be 
likely to find the solution from this approach. 

A more accurate picture can be secured by obtaining the actual 
characteristic roots. The roots for the function ga of Formuls 


[20] associated with Fig. 4 are 


[36 
The corresponding trausients are too oscillatory. Insertion of the 
10 vields the transfer function uw of 
Formula {22} from which the characteristic equation w + 1 = 0 


pilot relay to obtain Fig 


with s for jw is 


10454 + 6 10s* 4+ 2 10's? 
+2 10% +4 102 =0 (37 


To obtain equation {37| we have rounded off some numbers. To 
solve this equation we reduce the roots by a factor of 100.) This 


is accomplished by replacing s by 100.c, whence 


+ 602° 4+ 200r° 2007 + 400 0 3S 


+ 


From the first two terms we have the trial root 10. Taking 


5 instead we have the right-to-left division 
l 10 200 200 1H) 
24 ISO 120 
5 36 24 sO 


Phe reduced equation is 
+ + 4+ SO 0 


The first three terms yield the trial factor 2? + 5r + 36 (see the 
writer’s discussion of the vans paper, pp. 1335 1344) whence 


the writer’s right-to-left division vields 


Since the remainders are small the expressions (2 + Sr + 36 
+ 2) are factors of the left side of equation 

and hence Equation |388|. Setting these quadratic factors equal 
The roots 


and (22 


to zero we obtain the complex roots of Equation [39]. 
of Equation [388] are now 


5.53, —O.2 + 1.4: 


Multiplying by 100 we have the roots 

500, 250 + 5501, 20 + 140) 40 

for Equation {37}. The last two roots in the Expression [40] are 

really no better than the roots of Formula [36]. We are still on 
the verge of instability. 

For the final configuration of Pig. 13 the characteristic equa- 

tion, after rounding off numbers, is ; 


SOOs' + 5 & 108s? 4+ 2 108s? 


+5 10s +4 10° 0 


— 
60 20 108 
Hi) 10! = 0 
are 2 0 1, O4, 2 
O4 2 
| 
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Replacing s by 1007 we have 


Sct + 2007? + + A 0 12] 


r 4 


The first two terms vield the trial root —-8. Actually —5.3 is a 


root as shown by the division 


200 5 t |5.3 
190 
1, 2.4, 35 


1, 0.27, 0.021 


In this division 
(2? + 244 + 35) suggested by the first three terms xt + 2.725 4 


we also have removed the quadratic factor 
36.2? of the reduced equation obtained as shown after removal of 
5.3 0.274 4 


The roots of Equation pee 


the root The other quadratic factor is (2? 4+ 


0.021). 12) are thus 


53, ‘ O14 + O17) 
Multiplying by 100 we obtain the roots 
530, 


120 + 6007, 14 + 


l4 + 
factory whereas the corresponding roots 20 + 


17: for Fig. 13 are completely satis 
1407 of Expres 
10], when the capacity is omitted, are quite unsatisfactory 


The dominant roots 


sion 
From the first four coefficients of Equation [42] we form the 
touth difference 


first 


The first term in this difference is only twice the seeond term 
The writer normally tries to design for at least a 3:1 or 4:1 ratio 
of these quantities, Many other control people do the same 
One might conclude that although the author's solution is not 
critical as to the value of the gain constant, it may be critical as 
to the other constants. Actual analysis, which we omit due to 
limitations of space, shows that wide variations can be allowed in 
the other constants, and that they ean be chosen so that the ratio 
of the first term to the second can even be less than 1.2, in which 
are 
This is a remarkable property ot 


case the terms in Formula almost identical, while the 
system is still quite stable. 
the author's device and emphasizes the importance of obtaining 
the actual characteristic roots in contrast to relying on stability 
criteria, 

We shall now turn to the Appendix. [n his Appendix the author 
assumes that there are no pressure drops across the orifices of the 
hydraulic valve supplying the hydraulic eylinder. In hydraulic 
servo work we generally assume that the pressure drop across the 
piston is negligible, and that the pressure drop across the intake 
ports equals this drop for the discharge ports. We generally de 
sign our servos so that these properties are satisfied for practical 
purposes. Let 7’, and 2’, denote supply and sump pressures, re- 


spectively. The law relating zo and 2, is now 


de; 
ho 


foraconstanta. With Py and 7, constant the speed of the piston 
is then proportional to valve opening, at least for reetangular 
ports. 

When there is an appreciable load on the piston, Equation [45 


‘Y-RESPONSE APPROACH TO DESIGN OF MECHANICAL 


SERVO 
no longer holds. Let F be the foree on the piston due to all 
causes except for the pressure drop across the piston and its 
inertia. Also, let P; and 2, be the pressures in the eylinder on the 


upstream and downstream sides of the piston, respectively. 
Finally, let Vy and V, be the volumes of oil under compression in 
the eyvlinder on the upstream and downstream sides of the pts- 
ton, respectively, Assuming identical flow characteristics for the 
intake and discharge ports the following equations hold. 
B 


WP 


“Py 
ar, VP P, 
B 
Here the primes denote derivatives with respect to time, From 
these equations 7? and P, can be eliminated (theoretically at 
least) vielding an equation in 


r,, Fy and 


To have this reduce toa relation between x, and xo the funetion F 
must be given. Pquations 
The frietion foree F 


16) are correct serve equations 

can be computed rigorously as follows: I 
is assumed that the servo piston is not moving, being opposed by a 
friction force while the static error A, is 0.0005 in. Here Ay is 
With the notations of the Appendix we 


LP 


I I See Fig. 3 


weaver 


> 


in 


have 


equation [47] arises from the assumption that the only forces on 


the piston mechanism are the friction foree Fy and the force due 
to the pressure drop across the piston. lquation [48] is true be 
cause in steady state no oil is in the process of being stored in the 
eylinder, and the rate of oil flow through the valve is equal to the 
rate of oil flow prust the piston due to leakage 


47] 


From | aquations 


kAg, 


Ini steady state the valve opening #, and the error Ar are related 


and [48! one has 


by 
r 
With 


for the numerical ease under study 


A = 0.136 ft? 
k = 0.023 {t*/sec, in 
L = 7.72 10 ft4/see per sq ft 


1.42 
and (50) yield 


b.quations [49] 


1x 


With A, = 0.0005 in. this gives 20 Ib for F,. This agrees with the 
figure of 20 Ib obtained by the author using an entirely different 
theory 

In his discussion above Fig. 14 the author states, “there is no 
loss in the network or pilot relay for steady pressures.’’ This 
statement is not strictly correct since the diaphragm in the pilot 
relay can be in different steady-state positions depending on the 
values of the pressures. The pressure drop across the diaphragm 
is zero only if the diaphragm is in the neutral unstrained position 
Suppose that we start with a steady state in which the diaphragm 


A 
60 0.05 
2.4 35 « 
_ 
| 
+ 
- 4 


Now move the flapper a given distance 


is in the neutral positi 
toward the closed position, The input pressure 5 to the pilot 
relay (see Fig. 9) will then increase forcing the diaphragm toward 
the nozzle so as to increase the transmitted relay pressure P, to a 
Since in its new steady-state position the diaphragm 
is strained, the transmitted pressure is less than the input pres- 
In fact, if the diaphragm is 0.001 in. off from the neutral 
position the pressure drop across the diaphragm is 0.5 psi. 


new value. 


sure, 


H. 
presenting in a systematic manner the analytical considerations 
involved in the design of a mechanical servo. He has introduced 
the necessary components first and then added networks as re- 


The author has done a very fine job of 


quired to meet the design condition. The paper also presents 4 
very interesting combination of pneumatic and hydraulic com- 
ponents in the same device. 

Of particular interest is the derivation of the nozzle-baffle-ori- 
fice transfer function in a manner analogous to that used to ob- 
tain triode characteristics. 
mental measurements of flow versus nozzle back pressure with 


It should be pointed out that experi- 


constant nozzle-baffle gap can be obtained and the incremental 
resistance and transconductance can be determined precisely for 
any operating pressure. It is particularly important to obtain 
an experimental determination for the case of restrictions 
which are neither orifices nor capillaries, but something in between 

Also of considerable interest is the derivation of the transfer 
funetion of the pneumatic cireuit shown in Fig. 11, which is a very 
useful pneumatic device for obtaining integral equalization. The 
pneumatic resistances shown in the circuit of Fig. 13 are orifices 
which establish a square-root relationship between pressure dif- 
ferential and flow and hence are nonlinear resistors and can be 
treated as linear only for small increments about an equilibrium 
position, On the other hand, a capillary which follows Poiseulle’s 
law is a constant pneumatic resistance as long as the average pres- 
sure is held constant. If orifices are to be used as pneumatic re- 
sistances, it is wise to evaluate the circuit stability at the pressure 
extremes which are encountered in normal operation of the cir- 
cuit, since the time constants can vary considerably. 


AutHor’'s CLOSURE 


Dr. Oldenburger’s algebraic solution of the servo problem is a 
very fine work of analysis. However, only an expert algebraist 
would be capable of the synthesis of a servo from the basic require- 
ments by his methods. The great virtue of the frequency-response 
method is that it offers a systematic approach to the synthesis 
problem that is readily mastered. In practice, a completely 
algebraic approach could possibly degenerate into a matter of 
successive approximations which may or may not converge to an 
acceptable solution. Although the servo used as an example in 
the paper is not by any means a complicated one, the charac- 
teristic equation is of the fifth order, More complicated prob- 
lems or problems in which the smaller parasitic effects are in- 
cluded have characteristic equations of correspondingly higher 
order, This makes any algebraic method extremely laborious 
In addition, graphical methods seem to lend themselves more 
readily to general engineering use 

Any test for stability may test for singularities in the right 
half of the complex frequency plane or examine the roots of the 
characteristic equation for positive real parts. The frequeney- 
response methods are based upon the stability criteria due to 
Nyquist. This criteria is simply a test for singularities in the 
right half of the complex frequency plane. Routh’s criteria is 


exactly the same type of test. As a matter of fact the derivations 


7 Development Engineer, The Perkin-Elmer Corporation, Norwalk, 
Conn Mem. ASME. 


=e 


| 
THE ASME NOVEMBER, 1954 
of both eriteria are based upon the same theorem of Cauchy’s. 
For this reason the analysis of the effects due to variations in the 
parameters of the system may be accomplished by either the al- 
gebraic method due to Routh or the topographical method due to 
Nyquist, 
he feels there is a much closer relation between the analysis and 


The writer prefers the frequency-response method as 
the actual physical makeup of the servo. It is rather easy to de- 
termine the critical parameters. For a simple device such as is 
under discussion here a complete replot of the frequency response 
can be made in half an hour. Thus, in a very short time the 
effect of variations is made evident. The limited scope of the 
paper did not permit of any detailed discussion of the effects of 
Although perhaps not stated explicitly the de- 


sign objective was to meet the design requirements with ample 


such variations. 


margin for variation of the parameters of the servo. As Dr. 
Oldenburger states the servo does have wide tolerance to varia- 
However, this is not due to the particular method by 
which the servo is stabilized. 


tions 
Any servo whose open-loop fre- 
quency response is the same as Fig. 14 will exhibit the same toler- 
ance to variations 

The derivation of the response curves of the hydraulic valve 
and piston was highly simplified. A rigorous derivation would 
form an entire paper by itself. The derivation in reference (6) is 
for a positive displacement pump with variable stroke con- 
trolling the flow of oil rather than a variable orifice valve. For a 
positive displacement pump the flow is proportional to the 
length of stroke and the speed of the pump and is independent of 
It was felt that em- 
phasis should be placed more upon the manipulation of the 


the pressure drop across the pump piston 


frequency-response curves than upon a rigorous description of a 
component. For this reason a simplified derivation that is based 
upon the derivation in reference (6) was incorporated in the paper. 
When the results agreed with published curves of commercially 
available valves and cylinders the writer felt that the accuracy of 
the approximation was sufficient for the purpose intended. 

The methods of frequency-response analysis can be applied 
only to systems which can be deseribed by /inear differential equa- 
tions with constant coefficients. Dr. Oldenburger’s Equations 
{46} are not linear and, hence, ean not be used without change. 


To utilize the more exact [46] it would be necessary to compute 
the effect of small variations in exactly the same way as was done 
for the case of pneumatic elements where the same equations 
apply. This, in effeet, linearizes the equations. 

It must be admitted that the derivation of the effeet of external 
forces upon the accuracy of the servo in the paper is considera- 
bly more complicated that Dr. Oldenburger’s. However, the 
derivation in the paper is the solution for the general case in 
which the effect of any arbitrary applied external foree can be 
ealeulated, Dr 


force 


Oldenburger's derivation holds only for a time 


invariant Equation (26! ean be used as a transform, 
however, to calculate the effects of dynamic forces such as vibra- 
tion 

The pressure drop across the pilot relay may be computed from 
Mquation [21] for the steady state by setting w = 0 For the 
constants assumed in the paper ?, = 0.94 Po, or about a 6 per 
cent pressure drop. In view of the wide tolerance of the servo 
to variations in static gain it simply did not seem worth while to 
bother with the 6 per cent at the time the paper was written. 

The writer is in complete agreement with Mr. Woodhull’s com- 
ments and would also like to emphasize the importance of evalu- 
ating empirically the performance of the servo at the extremes 
of the supply pressures, both pneumatic and hydraulic. 

The writer would like to extend his most sincere thanks to 
Dr. Olaenburger and the ASME for their generous assistance in 
the preparation of this paper, 


—= 
| 
=| 
= 
4 
4 
3 
> 
i 
. 
. 
— 


d 


Determination of Transient Response 


Frequency Response | 


By A. LEONHARD,' STUTTGART, GERMANY 


When calculating the transient response of a control loop 
by means of the classical differential-equation method, the 
solution of the characteristic equation and the determin- 
ation of the integration constants becomes extremely 
difficult for complicated configurations. If the 
tional calculus, i.e., the Laplace transformation, is applied, 
the constants of integration are produced automatically 


opera- 


as long as definite but meaningful initial conditions are 
assumed, and the calculating work is simplified considera- 
bly. 


characteristic equation must still be found. 


Even with this method, however, the roots of the 
This pre- 
supposes that the equation can be expressed analytically, 
and that it can be solved, which is not always the case, as 
for example, if the equation is transcendental. 
methods have been developed for such cases, which allow 


Graphical 


the determination of the transient output response with 
sufficient approximation and with a moderate amount 
of calculating work. These methods, based on the fre- 
quency response, will be treated in detail in this paper, 
and their practical application will be demonstrated by 

N the treatment of control problems, the methods of the 


means of a few problems. 


INTRODUCTION 


operational calculus, i.e., the Laplace transformation, have 

become more and more common during the past decade. 
The basic reason for this has been the fact that the solution of in-- 
creasingly complicated problems had to be and was attempted. 
The classical method, employing only the differential equation, 
either failed completely for such problems, or required an un- 
reasonably large amount of calculating work. For systems de- 
scribed by a differential equation of higher than third order, the 
determination of the constants of integration especially becomes 
very troublesome when using the classical method. 

When using the operational calculus and the Laplace transfor- 
mation, this troublesome determination of the integration con- 
stants becomes unnecessary if we restrict ourselves to such tran- 
sients which result from the disturbance of a system previously at 
rest. However, the determination of the roots of the characteristic 
equation of the differential equation describing the transient re- 
sponse must still be carried out. 

It therefore becomes necessary that the equation can be ex- 
pressed analytically and that it can be solved. For systems con- 
taining pure dead time, a transcendental equation with an infinite 
number of roots results, which cannot be solved even with caleu- 
lating machines. In such cases, we usually limit ourselves to the 
determination of the predominant root of the system. 

Frequently it is attempted to solve difficult control problems 
in an experimental fashion by constructing models which repre- 
! Professor of Electrical Engineering, Stuttgart Institute of Tech- 
nology. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y.. November 20) De- 
cember 4, 1953, of Tue AMeriIcan Socrery Mercnanical Enai- 
NEERS 

Nore: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received at ASME Headquarters, June 9, 
1953. Paper No. 53-—A-14 
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sent the entire closed-loop system or individual components of it, 
and by then conducting measurements on these models, The so- 
called transfer function, of which more will be said in the follow- 
ing sections, can be determined in this way. The representation 
of an experimentally plotted curve by an analytical equation 
which would be necessary in order to derive the equation for the 
system is, as experience has shown, usually very difficult. Gen- 
erally, the plotted curve can be approximated only very roughly, 
and thus the value of the experimental effort is lost again for the 
greatest part. 

As will be demonstrated in the following section, for such cases 
where the determination of the roots is difficult or even impossible, 
practical graphical methods are available, which permit the de- 
termination of the transient response with a moderate amount of 
effort. 


DETERMINATION OF TRANSIENT Reseonse BY MEANS OF OpERA- 
TIONAL CALCULUS 


\s shown in Fig. 1, a closed-loop control system S is to be 


“ae S 


<i. 
<= 


Fic. 1 Crosev-Loorp System 


affected by the controlled variable ¢, in such a 
manner that ¢ assumes a definite desired value, which is to be 
Furthermore, 

Both and 


o are defined as dimensionless deviations from their correspond- 


its output, 


as independent as possible of system disturbances, 
a disturbance variable o shall act upon the system. 
ing steady-state values. If we assume at first that o varies 
sinusoidally with time, then all the system variables affected by 
the disturbance, including the controlled variable temporarily 
designated as ¢,, will oscillate sinusoidally with the same fre- 
quency as the disturbance, assuming a linear system. 

We shall place asterisks on the symbols denoting variables when 
For example, let (be time, 
If aye? represents 


we use their complex representations, 
the disturbance a, we shall replace ae?! by a*. 
Consider the open-loop system; i.e., do not feed g back into 
the system. The quotient of the output ¢,* by the disturbance 
input) o* is the transfer function relating g and a. This will be 
called the “disturbance transfer function.” 


1, and w and @» be given constants. 


Hence we obtain 
for the transfer function F,. If, with o = 0 and the control loop 
open, & sinusoidal input ¢, is applied at the same point at which 
the controlled variable is ordinarily fed back into the system, 


™ 
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then the resulting output variable, temporarily denoted as @,, 
also will vary sinusoidally, and the vector ratio of g,* to 
¢,*, called the open-loop transfer function, is 


During ordinary operation, that is, when the loop is closed, @ 
as wellas y, act on the system, with g, now being equal to g, and 
we get 

¢* = + or 


from which we obtain 


for a function F. 
ean replace jw by the complex variable s, so that F assumes the 


Since both fg and I’, are functions of jw, we 


form 


N(s) 


for a function P(s), and polynomials N(s), G(s), it being assumed 
that F is a rational function. The vector ratio F is designated as 
the closed-loop transfer function and it describes the behavior of 
the system for a sinusoidal disturbance. [ven though the re- 
aponse of a system to a sinusoidal disturbance might be of in- 
terest in some cases, the response of the system to an arbitrary 
disturbance is generally of much greater significance. ‘The most 
troublesome, and therefore the most important type of disturb- 
Fortunately, the Laplace 
transformation offers the possibility of obtaining the response to a 


ance is the step-function disturbance 


step disturbance from the frequency response in a relatively sim- 
ple manner, 

For a step disturbance ogr, transfer function F as given by 
quation [5] divided by sis the Laplace transform of the transient 
output response g(t). Using the notation of K. W. Wagner (1),? 
this factor disappears. By means of tables, or by applying the 
rules of the Laplace transformation, the required transient re- 
sponse can be determined from the frequency response. 

The use of the Heaviside expansion formula has shown itself to 
be useful in control problems, With 


é 


N(s) 
G(s) 


(Equation [5]) denoting the closed-loop frequency response, we 
obtain by means of the expansion 


where v = 1,2,..., Here N(O) and G(O) stand for the respec- 
tive values at s = 0, while 


dG(s) 
G'(s,) = 
ds 


and s, represent the roots assumed to be distinct, of the equation 
G(s) = 0, which corresponds to the characteristic equation of the 
differential equation describing the transient response. It 
obvious that, when applying the expansion formula as well as 


N(O) 
G(0) 


N(s,) 


8 


g(t) 


af 
Osi 


m. 


is 


* Numbers in parentheses refer to the Bibliography at the end of 
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when using any other method for determining the time function 
g(t) from the s-domain, the determination of the roots of the 
characteristic equation becomes necessary. As already stated, 
this presupposes that the characteristic equation can be formu- 
lated analytically, and furthermore, that it can be solved at all. 
For all cases where this condition is not fulfilled, and also where 
the characteristic equation becomes of higher order and calculat- 
ing machines are 
necessary to accomplish the conversion from 


not available for its solution, it becomes 
frequency to 
transient response by means of graphical methods, which will be 
discussed in detail in the following section. 


GRAPHICAL DETERMINATION OF TRANSIENT RESPONSE 


It should be stated that the same presuppositions that apply to 
the use of the Laplace transformation also apply when using the 


lo 


hic. 2) Strep Funerion 


graphical methods. As experience has shown, however, these re- 
Only the 
stability must be checked for each individual problem, which 


quirements are always met in contro}! problems. 
corresponds to the determination of whether or not the poles of 
P(s) or the zero locations of G(s) are all located in the left half of 
the complex plane. 
Let us first recall that a so-called step function o(f), as shown 
in Fig. 2, can be represented as follows 
a(t) sin wi 
2 
According to Equation [7], therefore, the step function of Fig. 2 
can be interpreted as a sum of undamped sinusoidal oscillations 
containing all frequencies between zero and infinity, and having 
“infinitely”? small amplitudes 
1 dw 


The transfer function as given by Equation [5], ie., the be- 


Tw 
which, with increasing frequency still continue to decrease. 


havior of the controlled variable g for a sinusoidal input a, is 
valid for each frequency, and consequently applies to each one of 
the frequencies of oscillation into which the step disturbance was 
broken by Equation [7]. 

If the transfer function F(jw), which is a complex number for 
each value of w, is written in the form 


F(jw) = [8] 


where A is the amplitude ratio of output to input, and @ the 
phase shift between both quantities at the frequency w, then it 
becomes evident that the output response can be written 


A(O) 4 
Ost 2 


0 


dw... [9] 


Each individual oscillation component 


dw 


sin wf 
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DETERMINATION OF TRANSIENT RESPONSE FROM FREQUENCY RESPONSE 


can be considered as an input oscillation (disturbance o) and will A(w,) Aw 
then appear at the output (controlled variable g) multiplied by 


the amplitude ratio A(w) and shifted by the phase angle a(w), as 7 
determined by the frequency response, can be drawn for the different frequencies w,, and a time scale 
As shown in reference (2), the right-hand integral can be ap- corresponding to 7 —s © 
proximated immediately by means of a graphical construction, 3 teat _' = ; 
It will be assumed that neither A(w) nor a(w) change appreciably t= ee 1. *, —~ P 
wy 


within a frequency segment Aw of sufficiently small width, and 


also, that outside of a specified frequency range w. << @ <w,, the can be plotted on the circumference of the circles for the different 


value A(w) becomes practically zero, Consequently, a summation angles 8B. The values for es 
can be substituted for the integral, and we obtain =e = 
A(w,) Aw 4 
Aw 
Ae sin [wt + a(wy)] can then be taken from these circles for any specific time t; (see 
= A(O) 4 1(w,) Aw 
Ost 2 us Wy Fig. 4) and finally all values can be added. Thus the value of the 


where 


w, = We + vdw... 


Thus, the approximate output response is not made up any more 
out of an infinite number of sinusoidal oscillations, but out of a fi- 


nite and distinet number of such oscillations. The closer the fore- 


going requirements for Aw and w are satisfied, the better will the 


approximation of the exact response become. 


A 


{| 


hig. 4 Auxiniarny Circ ie ror DererMinaTion OF A(ws)d BIN 
[wat + FOR oe AND Dirrrerent or 


curve for fy has been found. Onee the circles have been 


drawn, additional points of the curve can be found rapidly. 


Equation [9] however also can be transformed as follows 


git) 1 A(w) sin [wt + a(w)] 
tlw 
Ww 


2 


= A(O) + sin whlw 
T WwW 


pall 


A(w) sin a(w) 
j cos wldw 


w& | Re F(jw) 
(yee, = A(O) 4 sin wldw 

- w 

Fic. 3) Crosep-Loop Frequency-Response Curves A(w) and FO 
) 
Divipep Into AN APPROPRIATE NUMBER OF Sectors Im jw cos widw ....... [12] 
fy, 


Fig. 3, for example, shows the character of A(w) and a@(w) for a 
specific frequency response F(jw), divided into an appropriate 
number of sectors. In order to obtain the value of g(t,)/oer fora 
specific time 4, the following summation must be formed 


Since the step osr does not appear prior to 6 = 0, and since the 
system has previously been at stendy state, we can set g(t) = 0 
fort < Oand therefore obtain [replacing (by equation [12] } 


— We 0= 1(0 : sin wldw 
sin + a(w,)] Aw 1 Im F(jw) 
4 | ~ wldw. 


P The numerical evaluation can be carried out either by means of fort > 0 
tabulations, or else graphically as shown in Fig. 4. Circles with 
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Re F(jw) . 


Im F(jw) 
sin 


cos = 
0 


& 
sin wldw = 


l 
9 A (0) 


Re F (jw) Im F(jw) 
cos wldw 


1 
= A(0) 


and therefore we obtain 


Fijw) . 
sin wlhlw 


g(t) Im F(jw) 


A(O) 4 cos 


Thus, the transient output response can be described either by 
the real or by the imaginary component of the function F’\(jw), the 
closed-loop transfer function of the system. This result was al- 
ready reached by Griinwald in 1941 (3), although he reached the 
result by a somewhat different method from the one shown in the 
foregoing. 

As compared to the graphical evaluation of the integral of 
Equation [9], the evaluation of the integrals of Equations [14] and 
[15] offers the advantage that mechanical calculating devices can 
be employed to a great extent, At first, it might be mentioned 
that the method shown for the evaluation of the integral of Equa- 
tion [9] can, of course, also be applied in this case, with the prob- 
lem becoming a simpler one because the time scale on all the 
auxiliary circles, as shown in Fig. 4, now begins at zero for 


Equation [10] is now replaced by 


Re F(jw,) 
sin wtdw.. 


4. 


Aw 
(t) 2 Im F(jw, 
= A(0) + m cos wtAw.... [166] 
7 Wy 


Oa 


If we integrate only from 0 to Q, where Q is selected so that 
Re F(jw) or 1m F(jw) has practically reached zero, then the inte- 
grals of Mquations [14] and [15] correspond to those for the de- 
The 
various familiar methods for harmonic analysis thus can also be 


termination of the Fourier coefficients of periodic functions. 
applied to the present problem. A harmonic analyzer, for ex- 
ample, can be used. 

The treatment of practical control problems with a harmonic 
analyzer has, however, shown that the evaluation becomes very 
troublesome and time-consuming, especially in problems where a 
number of different oscillations are superimposed on one another, 
and that, furthermore, the accuraey of the results leaves some- 
thing to be desired, Sinee, furthermore, a harmonic analyzer is 
usually not available to the practical engineer, it will now be 
demonstrated how, with a tolerable amount of time and effort, 
the transient output response can be determined from the curves 
Re F(jw) or Im F(jw). A similar method was developed by J. 
Hiinny (4). 
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We 


1 
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Fic, 7 
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TRAN- 
Wits 


GRAPHICAL EVALUATION OF ONE PoINT ON OvutTpUT 
Response spy Measurina Cross-Hatcuep AREA 
PLANIMETER 


Assume, for example, that the curve Re F(jw)/w of Fig. 5, is 
given. This curve has a distinct maximum at the frequency w, , 
which is an indication that an oscillation with this frequency will 
predominate in the transient response. Since there is a pre- 
dominant oscillation in most transient responses, the actual curves 
will usually have a shape similar to that of Fig. 5. If two or more 
distinet maxima appear, corresponding to two distinct oscillations 
in the transient response, then the curve is more appropriately 
subdivided into two or more sections, as shown in Fig. 6. Details 
on the evaluation of this case will be mentioned later. 

We now select a few equally distributed frequencies over the 
entire frequency range of Fig. 5, the frequencies being either an 
integral multiple or an integral fraction of the basic frequency. 


As shown in Fig. 7, we now construct concentric circles with radii 


= —_ 
g 
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equal to the ordinates Re F(jw), w corresponding to the individual 
frequencies w/w,. 
For each value of time t we now plot 
| - J 

function of w or ww, Using the circles to 
project the respective ordinates, this procedure can be 
carried out easily and rapidly. We draw a curve through the 
_ points obtained. If we now use a planimeter to measure the area 


Re F(jw) 


as a 


enclosed by the curve obtained above and the w-axis, then this 


area for each value of will be 


It the curve Re F(jw)/w does not produce one absolute maxi- 


ret) 


approx. 
20st 


mum, then w, can of course be selected at will, As already men- 
tioned, if the curve, for example, has the shape shown in Fig. 6, 
it may be appropriate to subdivide it into two or more sections. 
When the shape of the transient output curve ¢,(t)/osr has been 
determined for each individual section, then the over-all curve 
—g(t)/ost results very simply by merely superimposing the differ- 
ent sectional curves ¢,(t)/osr. 

In some cases, a section of the curve Re F(jw)/w can be approxi- 
The graphical integration for this 
section can then be dispensed with, and the corresponding sec- 
If, for ex- 


= by a straight line 
tional curve ¢,(t)/osr ean be found by calculation, 


Re se¢} 


bic. 8S APPROXIMATION OF A Section or Curve Ke BY A 


Srraicat Line 


ample, the section of the curve between the values of w; and w» in 
Fig. 8 can be replaced by a straight line, then we obtain 


Re F(jw) . 2 | ces wif 
- sin widw = 
T T t 


~ 


cor, if we are evaluating Tm F(jw) /w 


2 Im F(jw) 2 | sin wef 
- cos wldw = -(a 
4 w t 


i t 2h 


+ b) 


[170] 


Wel — cos | 


It has also been proposed to approximate the curve Re F(jw)/w 
by trapezoids, because, with this approximation, the evaluation 
of the integrals can be conducted relatively easily by means of 
tables (5). 
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When employing the graphical method of determining the 
transient output, we can use either the real or the imaginary com- 
ponent of the transfer function. Generally that curve will be 
selected which, with increasing values of w, approaches zero 
most rapidly, so that the frequency range that must be con- 
sidered will be the smallest. If the transient output is such that 
for ¢ = 0 the response is not zero but has some initial fixed 
value, and if values of g(t) for ¢ = 0 are of interest, then the 
imaginary component of the transfer function should appro- 
priately be employed. The area between this curve and the w- 
axis is then immediately a measure of g(0). 

In case a proportional control system is considered, then A(0O) 
# 0, and also Re F(0) = A(O) # 0, and consequently 


w Jw =0 


should that a limit is 
Thus the curve Re F(jw)/w cannot be employed for the graphical 
In this case, the curve 7m F(jw)/w can be used. If, 
however, this curve approaches zero slowly for increasing values 


(One understand taken here.) 


evaluation. 


of w so that a large frequency range would have to be considered, 
then the real component will have to be used after all, with con- 


sideration of the following facts. Instead of Equation [14], we 


can also write 


Re 1(0 
sin widw = . 
) 
/0 


+ 
0 


We remark that according to Equation [7] 


2 
A(O) dw 
70 @ 


represents A(OQ) times a unit step and, consequently, a step of 
magnitude A(0), 


2 A(0) 
A(O) - sin whdw = 0 


g(t) 2 
Oat 


sin whlw [18] 


Hence, for ¢ > 0 we obtain 


us 


We assume therefore that the quantity 


F(jw) 
WwW w= 


exists (is a real number), thus allowing the graphical evaluation 
of the integral. 

For larger values of w, the curves Im F(jw)/w or Re F(jw)/w, 
temporarily denoted by K(w), can be replaced frequently by a 
curve K(w) = c/w? especially if, with increasing values of w, 
they approach zero relatively fast and are thus suitable for 
graphical evaluation. 

If the graphical evaluation is broken off at a value w, , using the 
foregoing relation for K(w), then a bound on the error which thus 
results in the curve ¢(t)/og; can be given. As we show, the error 
Ag(t)/ag, is on the order of 

(19) 
or less fora, = K(w,). 
If we write 


\ 
| 
— 
| 
| 
| 
| 
| 
2 
Wel 2b 
(a + b) + ——— (sin — sir wt | 
t w, )t? 
- 
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then the component ¢,(t) in g(t), Which corresponds to the re- 
mainder of the curve, becomes, according to Equations [14] and 


{15} 


w,? 
cos wt dw 


If ¢in Equation [21] is set equal to zero, then the integral can be 
evaluated, Since (cos wt)o = 1.0 for all values of w, we have, 


corres to yression 


— Fort > 0, the values yielded by the integrals of Equations [20} 
and [21] must become smaller, since cos wl or sin wt now cannot 
become equal to 1.0 over the entire frequency range, for any 
value of time. Consequently the error must remain smaller than 


when ¢ = Oand when the imaginary component is evaluated. 


EXAMPLES 


Problem | 


transient output response by means of a simple problem which 


Let us illustrate the graphical determination of the 
also could be treated exactly by calculation. Fig. 9 shows a 
simple closed-loop control system consisting of two components 
connected in series with one another, The voltage regulation of « 
generator by means of an integral action controller might, for 
The 


behavior of the individual components is characterized by their 


example, be the physical embodiment of this control loop 


transient responses to a step input and has also been plotted in 
We then have 


(Negative sign indicates that controller has a corrective effect. ) 


4 


q 


and consequently the total transfer function of the open-loop 


system is 


Fp = 


+ 87's) 
@ 


As shown in Fig. 9, the disturbance will be assumed to act 
either at the input o,, or at the output of the second component 
a,. The second case, for example, would represent a set-point 


change. Thus, the disturbance transfer function then becomes 


l }- 


or Pe, = 1.0 


‘and the closed-loop transfer function is 


4 
+ + 1 
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or bia. 9 


Fig. 10 shows the resulting closed-loop transfer function F(jw 
plotted in the complex plane; Fig. 11 the real and imaginary com- 
ponents of F,; and Fig. 12 the real and imaginary components of 
F,; allfor T, = = 

From Figs 
(a), the real component should be used; while, for case (b), the 
With 
increasing w, the respective curves approach zero rapidly. A 
cheek for the correctness of the calculated curves results from the 
fact that, for ¢ = 0, the values 


2 
dw 


sec, 


11 and 12, we can see immediately that, for case 


imaginary component is more suitable for the evaluation. 
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hie. Re FGw)/w Im F(ja) /w 


FOR CURVE IN Fta. 10(a) 


Rel 


Pig. 12 Re /w anv Im FQw) 


FOR CURVE IN Fie, 10, 


10 


2 “Tm Fy (jw) 
dw = 


must correspond to the initial values of the curve ¢(t)/dgy. 
Fig. 13, first of all, shows the curve (¢(t)/agy)4, Which in this’ 
example can still be calculated quite simply. Several points. 
marked X, determined by means of the graphical construction 


indicated in Fig. 7, have been marked on the graph. In addition, 


Fig. 14 shows the curves 


Re F(jw) 
SI Wl, 


which are necessary for the determination of the foregoing values 
and which have been evaluated with a planimeter 
If we approximate the curve Re F(jw)/w by the triangle also 

shown in Fig. 11, and if we then calculate the curve ¢(1)/asq 

according to Equation [17], a task done much more rapidly than 

the graphical evaluation, then the values marked @ also plotted 

in Fig. 13 are obtained. Except for the period immediately fol- 
lowing the beginning of the transient, they do not differ apprecia- 
bly from the exact curve. Consequently, if only the approximate 
shape of the output transient response is of interest, then the 
curves Re F(jw)/w or 1m F(gw)/w can be replaced by afew straight 
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Re 


aw 


. 


is done here, and the evaluation carried out by caleula- 


4 
Fig. 13, the calculated curve 
( =) 
Tat 


also has been plotted from a few graphically determined values 
marked X, obtained by replacement of the curve 7m F(gw)/wbya 
set of rectangles with width Aw = 0.2 (1/see.), and subsequent 
summation of the term in Equation [16], given by 


lines, a 


tion. In 


2-0 


cosw, the 


0.2 
2 Fljo,) 


Problem 2 The control loop, shown in Fig. 15 (6 , Consists of 
three components, witheomponent IL having a constant dead time 
\ practical example of this control loop could, for example, be a 
warm-air room-heating system, Component [is equivalent to a 
proportional controller which regulates the heating of the warm air, 
while IT represents the pipe conduit through which the warm 
air is carried to the heated room III 


lated solution is not possible, since the characteristic equation be- 


In this case, an exact caleu- 


\ 
{ 
10 
| 
. 
4] [ 
j 
t | 
os 


bic Transtent Response ¢ff) ont ror System in Fig. 9 


comes transcendental, Therefore, it becomes necessary to utilize 


approximating methods. We have 
F, = 
(Negative sign indicates that the controller has a corrective 


effect. ) 


Ip = = a 4 

As indicated in Fig. 15, the disturbance will be assumed acting 
at the input of the third o,, or at the input of the second com- 
ponent o,. The second case actually can be reduced to the first 
one, if the beginning of the output transient response is merely 
shifted by the time 7's, since the disturbance does not make itself 
felt prior to the time ¢ = 7’. 

In order to show, however, that the graphical method still 
leads to useful results even when the controlled variable assumes 
a constant value over a certain period of time, both cases will be 
treated anyway. Now 
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(1 + +k 


We will assume that 7, = 2sec,and 7; = 10see, 
The gain constant & of the open-loop system, determined by the 


F, = 


regulator I in Fig. 15, should be selected as large as possible, so 
that the steady-state error (resulting from pure proportional con- 
trol) will be as small as possible [1/(1 4 &) as compared to 1.0 


without control action], and so that the error in the controlled 
variable will be corrected as fast as possible. If, however, the 
value for & is too large, then the control action becomes unstable. 
Since the denominator of F (for s = jw) must always be greater 
than zero, the limiting value k = 8.5 which must never be ex- 
ceeded can be calculated (6). The following analysis will be 
carried on with k = 6.0. 

Since, in the present problem, F(O) = 1/(1 + k) # 0, the curve 
{Re F(jw) — A(0)]/w must be employed for the evaluation aceord- 
ing to Equation [16], if the real component is to be used at all 
Figs. 16(a) and 16(b) show the closed-loop frequency response 
for the two cases, while Figs. 17 and 18 show /m F(jw)/w and 
{Re F(jw)-- A(0)|/w. In both cases, the imaginary component is 
preferable for the evaluation. 

Fig. 19 shows the evaluation for both cases, made by approxi- 
mating Im F(jw)/w by a set of rectangles of width Aw = 
0.2 (1/see), and by the summation 


2 ws Im 
cos wt Aw 


Wy 


Fie. 16(a) CLosep-Loop Frequency Response orf ConTRoL 

Syerem or Fi. 15 ror Case a Distursance The graphs are broken off at a, = 3(1/sec) and since, beginning 
with this value, the curves can be approximated by c/w*, the 
initial value for ¢ = 0 has been corrected according to Mquation 
{22}. It can be seen from the output transient response that, for 
case (a), the disturbance begins to have an effect at t = 0, while 
for case (b), the disturbance is not felt until f = 2 see owing to the 
dead time of component II, Otherwise, however, the transients a 
and b are practically identical. 

Problem 3. A more complicated control configuration, shown 
in the block diagram of Fig. 20, will be treated as the third 
problem. It also does not permit an exact calculated solution, 

The following transfer functions apply to the individual com- 
ponents. 


Il 4 ksT 


(Negative sign indicates the corrective effect of the controller.) — 


8T 


Fy 
'Tia 


1 


Fy 


The first component corresponds to a proportional plus- 
integral-action controller. The behavior which has been as- 
sumed for the components IT to IV can, for example, be found in 
heating systems with moving fluids, as they have been treated 
by Profos (7) and Takahashi (8). To clarify the meaning of the 
individual constants appearing in the equations, an example will 
be calculated in detail (7). 

As shown in Fig. 21, steam is flowing through a system of 


pipes. The outlet temperature is to be controlled by injecting 
Fic. 16(b) Crosep-Loop Frequency Response or Conrror  Witer at the inlet. The individual pipes shall be completely in- 

Sysrem or Fie. 15 ror Case b Disrurnancs ~? sulated against external heat losses. The thickness of the pipe 
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walls, however, will not be neglected, and consequently their 
heat capacity must be taken into account. On the other hand, 
the thickness of the wall shall be considered smal! enough so that 
the wall temperature along a plane perpendicular to the direction 
The conduction of heat in 
If the entire system of 


of the flow can be assumed constant. 
the direction of flow will be neglected. 
pipes is now replaced by one equivalent pipe, and if a small sec- 
tion is cut out of this pipe, as shown in Fig. 22, then the following 
partial differential equations can be written 


steam 


7 


center 
of injection 


center of 
measuring 


System or Pipes Canknying Stream, Temperature 
Being BY Water INJECTION 


bie, 


Fic. 22 


SMALL Section oF Pipe System SHOWN IN 21 


where the symbols have the following meaning: 


the flow of heat (quantity of heat transported by steam per 

unit time in x-direction ) 

velocity of steam 

heat-transfer resistance between steam and pipe wall per 
unit length 


y 
C= 


By eliminating 7 and 3, from these three equations, the partial 
differential equation for the steam temperature 3, (from now on 


temperature (J, of steam; J, of pipe) 


heat-capacity per unit length (C, of steam; (, of pipe) 


designated merely as 3) as a function of z and tis obtained 


RC, 


RC, 


ow ow 
+ 

oF RC, 


: 
ot RC, 
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We now define the following parameters: 


T, 
ha = = temperature-time constant of steam, if 
heated from wall of pipe 
temperature-time constant of pipe wall, if 
heated from steam 
T, = = time required by steam to flow through 
system 


= ratio of time required by steam to flow 
through system to temperature-time con 
stant of steam 
Using these parameters, we get 
ov 
or 


od 
arat 


Let us now assume that the temperature varies sinusoidally 


with time at one given point, and therefore everywhere in the — 


pipe system, The amplitude and phase, of course, will vary from 


point to point; but the frequency will be the same everywhere. — 


Under this assumption, we can substitute the operator s for 0/of, 
and we obtain 
dO 

X 4 
dr 


dO 


dr 


Xs7' Os?T, 1, + OpsT, 4 OsT, = 0. [28] 


a 


where O is the Laplace transform of J 
the variables O and x), and therefore can be solved 
characteristic equation 
wX(sT7', t+ 1) + 877, 7, + sp7, + = 0 
we obtain the root 
sT(sT, + 1) + spT, 
X(s7', + 1) 


sly 


X 


spl, 


X(s7', + 1) 
so that the solution of the differential equation becomes 


apTa 
xX («7 (sTa + 5) 


O= Ce (20) 
The integration constant © can be determined if, for example, 
the oseillation of the temperature at the beginning of the pipe 


(2 = 0) is given or assumed 


The partial differential | 


The ratio of the Laplace transform 


©), of the oscillation at any arbitrary location of the pipe to that 


at the inlet is 


a apT a 
0, 


-= (30 
Oo 


The ratio of the Laplace transform Oy of the oscillation at the 


= X 


comes the transfer funct on 


end of the conduit (x to that at the beginning (2 = 0) be 


and is given by 


as already stated for the components II to TV. 


For a given practical case, the following constants have been 


determined for the three components: 
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= 0.37 


= 9.5 


‘» = 0.66 (see ) 
Tx = § (sec ) 
Tw = 0.5 (sec) 


= 16 (sec) ps 
pa 


= 0.5 


= 8.4 (sec) 
so = 17.7 (sec) 


d for the 
for case (a), a time-delay component has 


As shown in Fig. 20, two cases will again be assume 
disturbance, 
been introduced, any disturbance (for example, a disturbance in 


Since, 


the heat supply to the entire pipe system, if we are dealing with a 
superheater) will influence the controlled variable only gradually. 
In case (b), the controlled variable is changed in a step-like man- 
ner, which is somewhat identical in effect to the shifting of the 
Corresponding to both cases the disturbance transfer 
function becomes 


set point. 


Fa, = 1.0 


Fa, 


and hence the closed-loop transfer function is given by 


Fo e 
F, 


Fo. 


Fp 


l+ksT, 4 
il 


Here 7 
The constants of the controller (k and 7) have to be matched 
to the entire system in such a manner that the optimum control 


o Will be assumed to be 50 sec. 


action will result. This generally means that the deviation of the 
controlled variable from the set point should disappear as rapidly 
as possible. The determination of these constants will not be dis- 
cussed here in detail. It will only be shown which value for the 
gain factor k represents the maximum permissible value from the 
standpoint of stability. 


If the control response is to be a stable one, then 


G(s) 


for s = jw (see Equation [5]) must not have a pole; , the 
not This requirement deter- 


i.e 
denominator may become zero. 
mines the limiting value of k for any given value of 7, by means of 
the relation G(s) = 0. At first we will set 7, = ©, which repre- 
sents pure proportional control, since the integral effect vanishes. 


Henee, the denominator G(s) becomes 


sTia 


— b(w) 


= (Gj 


G(s) = 1 


so that 


— JB(w) 
1.0 


If this requirement is to be fulfilled, then we must have 6(w) = 7 
or 37, Si, and so on, because only then ean the modulus of the 
vector IL assume Of practical interest, 

mw corresponding to the 
we must first determine this 
which the vector IT is 


negative real values, 
the value for B(w) 
Therefore, 
best graphically), 


however, is only 


predominant oscillation. 
(done 


frequency at 


Fig. 23 shows the frequency response 
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shifted by 
this frequency, which will be denoted by B. Then k, = 1/B. 
In our problem we obtain B(w) = m for w = 0.0345 (1 /sec) with 
B = 04. Therefore 


For proportional control alone, k therefore must be less than 2.5. ‘ 
The integral action of the controller (7; < @), however, has a 
detrimental effect on the stability; and & must therefore be made — 
substantially smaller than 2.5. In this problem, the values k = 


1.0 and 7; = 100 (sec) were used, which as the results show lead 
1.0 and 


4 


to a satisfactory control response. The constants k = 


= 100 (sec) are thus also fixed. 


5Tia 


"T+ 


ib e 


4 
Il ¢ 


1=2 


= F.F;F, = 


Fig. 24 shows Im jw) 
Evaluation of this curve according to 


using the stated numerical values; 


Im Fu(jw) 
cos wlidw 


by graphical integration [subdivision into sectors of width 


Aw = 


0.005 (1/sec) and summation of 

14 
2 Im Fu (jw,) 

wtAw]) 
T 


0 
yields the transient response of this section of the control loop, 
If the curve in Fig. 24 is approximated very roughly by 
and if the 
sponse is calculated by means of Equation [17], then we obtain 


25. 


Fig. 25. 


a straight line, also shown in the figure, transient re- 


the points also plotted in Fig. They differ only insignificantly 
from the more exact curve, which was calculated with an appre- 
ciably greater amount of effort. 

In Figs. 26 to 28, the frequency response, 
Im F(jw)/w for the entire closed-loop system have been drawn 
for both cases (a) and (b). It can be seen immediately that, for 
case (a) (disturbance gradually increasing from zero), the real 
component should be used for the graphical evaluation; for 

ease (b) (step function disturbance), the imaginary component 


Re F(jw)/w and 


while, 


is more appropriate. Fig. 29 shows the output transient response 
for both cases, again evaluated by means of a summation accord- 
ing to Equations [16 a,b] with Aw = 0.005 (1/sec) and considering 
the curves only in the 0.07 
(1/sec), Since the response is very well damped, the selection of 
the control constants (k and 7)) is justified as appropriate. 

Here it demonstrated how the troublesome and 


time-consuming graphical integration can be avoided if it is only 


region between w, = 0 and w, = 


can also be 


necessary to detefmine the approximate shape of the output re- 
If the curve Re F(jw)/w is approximated by the 


27, 


sponse curve. 
rectangle drawn in Fig. then we obtain, according to Equation 


Re F(jw) 
sin wtdw / a sin 


a 
(cos cosa. t) = 


= 0.0025 (1/see): wy 
‘an be found readily. 


with a = 51 (sec); @ = 0.03 (1/sec) 


and the shape of the curve « 


and then we must cale wh ite the vector’s modulus at | 
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bia. 28) Re FQw)/e ann Im FQw)/ ror Curve tn Fra, 20(b) 
\ few values, calculated in this manner have been plotted 
in Fig. 2(a). If curve Im is approximated by the 


S, and if the integral 


Im F(jw) 
cos 


is calculated, then the values also plotted in Fig. 20(b) result. It 


Fira, 29 
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‘an be seen that the approximation of the curves Re F(gw)/w or 
po F(jw)/w by a few straight sections yields an approximation of 
the output transient response which is entirely sufficient for many 
purposes, 


SUMMARY 


\ step-function disturbance can be represented by a constant 
value and an infinite number of undamped sinusoidal oscillations, 
as long as linear characteristics are assumed for the system. The 
closed-loop transfer function F(jw) is defined as the ratio of the 
complex quantity denoting the sinusoidal oscillation of the con- 
trolled variable to the complex quantity denoting the oscillation 
of the input disturbance, for frequencies between zero and in 
finity. If the closed-loop frequency 
then the effect which each individual oscillation of the step dis- 
The con- 


response F(jw) is known, 


turbance has on the controlled variable can be found. 
trolled variable, in turn, now also appears as the sum of an in- 
finite number of undamped sinusoidal oscillations. 

\ summation of all these individual oscillations yields the re- 
sponse of the controlled variable as a function of time; i.e., the 
so-called output transient response. In carrying out its graphical 
evaluation, we can limit ourselves usually to a very narrow fre- 
quency range, since the effect of oscillations with frequencies out- 
this range neglected. The 
ur iphieal method can now be based directly on the relation 


side of is very small and ean be 


(t sin [wl + a(w) 


OsT 2 
where A(@) and a(w) are assumed to be constant within small seg 
ments Aw, and where only the frequency range which affects the 
transient is being considered, The integral thus turns into a sum, 
which ean be determined easily. 

For an approximate evaluation, the relations 


g(t) 2 ” Re F(jw) . 
sin wldw 
Oat wr Jo 


t 2 ie Im F(jw) 
40) 4 —— 
Jo 


which ean be derived easily from Equation [9] appear to be even 
For each individual problem it must be de- 


cos {15} 


more appropriate. 


TRANSIENT Resronse ¢(t) /ost FOR System in Fig, 20 
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cided whether it is more practical to use Re F(jw) or Im F(jw 

The graphical determination of the integrals 

ean be carried out in various ways, and mechanical calculating 

A rough approximation 

of the curves Re F(jw)/w or Im F(jw)/w by a few straight lines 

frequently yields useful information about the shape of the output 


for the evaluation. 


devices can be emploved to advantage 


transient response 
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[Discussion 
The writer would call attention to a particular 
form of mechanical harmonic analyzer that was devised and con- 
structed at the University of Birmingham for the purpose of 
interconverting time and frequeney response funetions, on prin- 
ciples similar to those deseribed in this paper. 
Hender- 
The instrument gives the Fourier coefficients, not for the 


This instrument has been deseribed in detail by J. G 
curve analyzed, but for its derivative. Thus it is direetly adapted 
to solve the inverse problem to that chiefly discussed in the 
Given « response to a unit step funetion, obtained experi- 
is the 


response to unit function the relationships that give the veetor 


paper 
mentally, it will plot the frequency response locus. If A(t 


components Rlw and I(w) of the response vector at frequency 


ware 


A(t) cos wtdt 


Iw) = sin whdt— 
Jf 


where 4(¢) 1s the derivative of A(t). 

Brown Instruments Division, Minneapolis-Honeywell Kegulator 
Company. Philadelphia, Pa. 

¢ Woodward Governor Company, Rockford, I. 

* Professor, University of Birmingham. Birmingham, Kngland. 

€**Mechanical Harmonie Analyzer and* Some Applications to 
Servo Systems."” by J. G. Henderson, Engineering, vol. 173, 1952, 
Jan. 11. pp. 52-53: Jan. 18. pp. 68 70 
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Phe principle of the device is shown in Pig. 30 of this discussion. 
\ flat plate is free to move in either or both of two directions at — 
right angles. When the 
curve A(t) to be analyzed is tracked it ceuses the wheel, through — 


A friction wheel rests on it and drives it 


stretched wire connections, to be turned about a vertical axis by 
in amount wf, and at the same time to be turned about its hori- 
zontal axis by 64(f), the change of the height or ordinate of the 
curve A(t). during the time 6¢ 


‘Vy 
oral 


Awatyzern Using 


Rrsorver Prave 


300 Principte oF AND 


This results in the plate being displaced by an amount propor- 
tional to 6A(b) in a direction given by the angle wt. The com- 
ponents of the displacement when the complete response curve 
has been traversed are therefore proportional to 

om 6A 


cos wht = Rlw) 


ane 


[ 
0 


sin = 


The displacement of the plate for a complete traversal of the 
curve, from ¢ = 0 until no further changes 64 oceur, is thus the 
vector of the response-veetor locus for the particular frequency 
w The various values of w are obtained by settings of a variable 
speed gear provided between the displacement (1) of the table 
carrving the curve, and the rotation of the friction wheel (wf) 

This form of harmonic analyzer also may be used to carry out 
the caleulations required in the problems considered by the author 
of the paper, that all depend upon integrations of similar form 

Ca The author has contributed an approach to 


the problem of predicting time response in those linear systems 


Dawson.? 


where analytical treatment is impossible or very cumbersome 
owing to the frequeney response being known only in graphical 
form, the presence of dead lag in the system, or the characteristic 
equation being of high order, Tn this problem selection of a 
single type of time input for consideration obviously is required, 
When 


using the unit pulse, which is the time derivative of the unit step, 


the unit step and unit pulse being particularly convenient 
the output is given by 


e(t) = » Fijw) cos 


= Im F(jw) sin 


7 Associate Professor of Electrical University 


Rochester, Rochester, N. Y 


- 
> | 
| 
 #$.&E 
| 
. 
| 


which are easily obtainable from the author's [14! 

and [15] by differentiation with respect to time. Floyd's 
work in reference (5) of the paper uses Equation '32], while 


Dawson's work® uses Equation [33]. Regardless of the type of 
input selected, the heart of the probem is the approximate inte- 
gration of a function of the form K(w) sin ta or A(w) cos fw. Since 
the functions A(w) in all eases decrease rapidly with increasing 
frequency, the integration can be restricted to a finite range 

If the integral selected involves cos tw, the error due to finite 
integration can be evaluated for ¢ = 0 as the author has done in 
Equation [21] 
involved only 


However, the error so determined is the maximum 
when the cos tw form is used since there is: no 


reason to suppose that 


ag wy? ag 
ain Whiw 
of wd w* wg w? 


unless Re Fla 


cos 34) 
w approaches zero more rapidly than Jm F(w)/w 
If Re F(w) does approach zero more 
rapidly and is accordingly chosen for integration, then the error 


with increasing frequency. 


determined from Equation [21] of the paper may be considerably 
higher than the true error, it will, however. be on the safe or 
pessimistic side 

The transfer of information trom the closed-loop polar plot such 
as Fig. 10 to the component against frequency plots of Fig. 11 can 
be expedited if the horizontal and vertical straight-line loci of 
constant Re F(w) and /m F(w) are superimposed on the polar plot. 
However, system design usually proceeds from considerationof the 
open-loop Nyquist plot or Black presentation of log magnitude 
against angle and it is possible to transfer directly from the open- 
loop data to the real and imaginary components of the closed-loop 
response through loci of the type developed in reference (5 
of the paper and by the writer.* The closed-loop frequency re- 
sponse is not needed for this purpose. 

Except in special eases where A(w) can be approximated by 
straight-line segments, the sums of Equations [l6aq| and [166] of 
the paper contain sin tw, or cos tw, inside the summation sign in- 
dicating that the summing of several sinusoidal terms of different 
frequencies for each time Cis required. Tf A(w) is expanded as a 
Fourier sine or cosine series in w over the range O to Q where 
K({2) is essentially zero, and this series is substituted in Pquation 
[14] or [15], the resulting expression is much easier to handle, For 
example, suppose in Pig. 5 of the paper, Q is taken equal to 3w,. 


Then, using a Fourier sine series of period 2Q 


where a, can be determined by a method similar to that of Fig. 7, 
using the defining integral 


nww 
K(q@) sin da 

oO 


Then from Equation [14] of the paper 


y(t) “Re F(jw) 
sin wldw 
0 


sin 


x 
a, 


*“Approximation of Transient Response From Frequency Re- 


sponse Data,"”” by C. H. Dawson, Trans. vol. 72, 1953, 
Technical Paper 53-248 
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a,, sili sinwidw 


sin(n® + Qt) 
nw + QQ 


Note that in this equation only one sine term need be evaluated for 
If Qt is then set equal to 7, the response @(7) is 
easily determined by tabular computation on prepared forms. — 
Detailed consideration of this derivation and its use are contained 


each time ¢. 


in the writer's paper.* 

The author’s comments on harmonic analysis following bqua- 
tion [164] seem to apply to an attempt to use ¢as the summation 
index of the series whose coefficients would be determined by 
Equation [14] and hence are concerned with a procedure es-— 
sentially different from that proposed in this comment. However 
that may be, in using the foregoing method, the Fourier coeffi- 
cients were obtained readily by graphical integration and the use 
of only the first four terms of the resulting series was found to 
give quite accurate results for the systems investigated, 


S. R. Srorn.’ The author has reviewed concisely the necessity 
for having available a graphical method of obtaining transient 
response from frequency response. However, the method de- 
veloped in the paper (although simpler than some methods pre- 
viously proposed) is certainly not the most powerful that can be 
constructed in the present state of the art 

The writer and Mr, Monroe Berriman of the Arma Corporation 
are collaborating on a paper which will present an approach to 
general synthesis. The basic method used is to apply the sampling 
theorem proposed by Shannon.'® The method occurred to each 
of us independently, Mr. Berriman developing the basic results 
in his master’s thesis,'! the writer utilizing a proof of Shannon's 
theorem for the same results 

Professor Dawson’s method, as outlined in his discussion, may 
be extended to be a much more powerful tool, in which case it 
would become identical to the writer's approach. This can be 
shown by deriving Dawson's Equation [37] from the sampling 
theorem and proof 

A statement of Shannon's theorem appears in Equation [38], 
herewith, while Equation [39] is developed in the proof of Equa- 
tion [38! 


sin w(2Wt — n) 


ri 2Wt 


n 
( ) 2Wa, 
2u 


where the actual Re{F(jw)} is approximated by a band-width- 
limited function having a cutoff frequeney of W eps. 


= o( ) 
= 


—— 


(39) 


From Equation [38 

§ Development Engineer, Arma Corporation, Garden City, Long 
Island, N. Y. 

Communication in the Presence of Noise,’ by C1 
Proceedings of the IRE, vol. 37, 1949, pp. 10-21 

'! The Determination of the Time Function of a Servomechanism 
From Its Frequeney Response in Graphical Form,’’ by M. Berriman 
a Thesis for Master of Science in Electrica’ E-ngineering, Ohio State 
University, 1948. 
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sin r(2Wt-—n) 


m(2Wt-—-n) 
n \ sin r(2Wt — n) 


(ae) 


sin r(2Wt + 


m(2Wt + n 


>> 


since @(t) can be assumed even so that Jm [F(jw)] vanishes. 
( n sin 

= 

2u r(2Wt 


Expanding the sin terms and combining 


ni 


sin m2Wt —mn) 


m(2Wt n) 


n 


2W 


ou 


sin +n 
r(2Wt + n) 


nm) 


n) 
-1)" 


( ) sin ——— 


and substituting Equation [39] 


P(t) 


2rna,, 


Wt)? 


ot) 2W sin 2rWe +) 


(mn)? 


which is identical to Dawson’s Equation [37], Q == 2rW 

Note that Equation [39] states that each harmonic of the fre- 
quency response uniquely determines the time function at a per- 
ticular instant of time (sample) while Equation [38] enables the 
time funetion to be computed for other times. Equation [39] is 
the extension of Dawson's work, 

Thus the labor in computing the time function from a frequency 
function reduces to the empirical computation of a Fourier series 
(a smal] number of terms are usually sufficient ) of sines or cosines 
an extremely simple procedure as most engineers who have cal- 
culated the distortion in an electronic amplifier will admit. 

For further information concerning the foregoing results, i.e., 
derivation, conditions of applicability, accuracy, and application 
to synthesis, the reader is referred to the forthcoming paper. 

I). ©, Grocan."? The author has presented a clear-cut ap- 
proach to the problem of correlating the transient behavior of 
Ile has de- 


veloped techniques which are readily understood by 


systems with their steady-state frequency response. 
those 
familiar with the principle of superposition, applied to systems 
with linear characteristics. This discussion will cover the sig- 
nificance of the expressions given in the paper for approximating 
the output response of systems, when forced by step input fune- 
tions. 

The expression used by the author for representing the response 
of a system to a step input function is given as! 


y(t) sinfwt + alw)jdw 


(w) 


A(Q) + 
9 


- 


Research and Development Engineer, Brown Instruments 
Division, Minneapolis-Honeywell Regulator Company, Philadelplia, 
Pa 

'8 Numbers of equations in this discussion correspond with those 
given in the paper 
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where the transfer function of the system is represented by 


F(jw) = 


As a basis for understanding the development of Equation [9], 
it may be helpful to consider the response of a system to a re- — 
peating saw-tooth input function, illustrated in Fig. 31 of this — 
discussion and expressed by the Fourier series 


1 


” 


+? 


4 SIN Wet + sin + sin +... 
2 3 


Oat 


or 


where 


4 


4 


Applying the transfer function of the system to the harmonic 


- components comprising the foregoing, the output response may be 


written as 


in{w.t + a(w,) 


4 (w,) 


0 


Referring to Fig. 31, it becomes evident that as w, — 0, the 
output response of the system, ie., over its settling period, will 
approach its theoretical response to a step input function; 


since 


27 


31) Saw-Toors Funetion 


>t> 0+ is 
Thus, 


the decay rate of the saw-tooth input function at 0 
shown to approach zero as its period approaches infinity 
noting that 


sin [wt + a(w,)} 


Aw 


the output response of a system to a step input function may be 


lim 


we? 0 =) 


sin [wt +- a(w)} 
Ww) dw 


¥ 


expressed in terms of its frequency response, as indicated by 
Equation [9} 

It is interesting to note that when graphical methods of inte- 
gration are applied to Equation [9], the resulting approximate 
solution for output response, in many cases, will represent the re- 
sponse of a system to a repeating rectangular wave input fune- 
tion. Por example, when Equation [10] is applied to a system 
with finite gain at zero frequency, and with frequency-response 
curves that may be divided into a number of sectors of equal 


ot) = @ 
20 / 
But 
t inwtdw 7 
a(t) 1 + 
. Ost 2 
s w, = w, + vdw; 
“in 
Ost ‘ 
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F 
width Aw, as shown in Fig. 32, herewith, Equation [10] will be of 
the form! 


y(t) 


4 A(w,) sin [w,t + a(w,)! 


sin + 


) 
sin + affw,)| +... 


( 
| 1(w,) sin [wf + ata, 


Nquation (10) would then represent the response of a system 
forced by the funetion 


ait) | 


sin wt sin + sinSw t+... 
5 


Ont 2 
whieh is the Pourier-series expression for the rectangular wave 
illustrated in Pig. 33 of this discussion 

The system used in the example given in Fig. $2 has an under- 
damped second-order characteristic, with unit gain at zero fre- 
quency. Five frequeney terms are used in the approximation, 
with a base frequency that is one fifth the natural frequency of 
the system. The resulting plot of output response is shown at the 
ryght of Pig. $2 and by curve A in Pig. 34 

When viewed over the apparent settling period of the system, 
this curve is shown to be almost coincident with the exaet solu- 
tion for system response to a step input funetion, whieh is indi 
ented by cross marks 

Che technique of correlating frequeney-response data with 
transient phenomena, by applying the transfer function of the 
system to the individual harmonic terms contained in the Fourier 
series expression for a square wave, is used frequently with the aid 
If one half the pe 
riod of the base frequency is large compared with the apparent 


of electromechanical harmonic synthesizers, 


‘In this case, the base frequency wa, which is the frequency at 
the mean ordinate of the first sector, is one half the frequency inere- 
ment Aw. The frequency of the sine terms used in the approximation 
will then be odd integer multiples of the base frequency. 
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Alw, 


; Sin [ay t+ 


ey 
Qn 


2n 


Wave 
settling time of the system, a good approximation of system: re- 
sponse to a step function should be obtained. 

Mquation {10a}, given in the lower-left corner of Fig. 34, is es 
sentially the same as Equation [10] of the paper with the exeep- 
\ plot of this function is 
shown by curve B. The value of this function is essentially zero 
=QOtot = 7’, 
with the exception of the small-amplitude oscillation about the 


tion that ¢ has been replaced by (4) 


from ¢ the apparent settling time of the system 
zero axis Which is inherent in the approximation 

Mquations [10] and can be transformed into expressions 
involving the real and imaginary components associated with the 
When Equation 10] is added to 
Equation [10a| the terms involving the real components drop 


transfer function of the system, 


out, resulting in Mquation [164]. 

Curve C shown in the upper-right corner of Fig. 34 would be 
the plot of this equation, which is shown to be curve 4 superim- 
posed upon curve Bo Similarly, when Equation (10a) is sub- 
tracted from Equation [10] the terms involving the imaginary 
4 plot of this 


function would then be curve B subtracted from curwe A 


components drop out, resulting in Nquation 
shown 
as curve D in the lower-right corner of Fig. 34. 


Since this approximation assumes sharp cutoff properties for the 
system (i.e, A(w) = 0 for w > wh), the Gibbs phenomena in 
the Fourier series for a rectangular wave will have some influence 
on the solution for output response. The degree to which this effect 
is apparent will depend upon the number of terms used in the ap- 
proximation 
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It is therefore apparent that equations [16a] and [166] should 
offer reasonably good approximations of system response to step 
input functions if one half the period of the base frequency (ex 
pressed as w,) is greater than twice the apparent settling 
time of the system, 

The exact expressions for output response, in terms of the real 
and imaginary components associated with the transfer function 
of the system, are given as 


git) 


Ont 


Re F(jw) 
4 sin wtdw 


git) 
w 


Im F( ja) 


cos {15 


The author indicates that these equations are useful in that 
frequency-variant phase angles are removed from sine terms, per 
mitting more simple methods of evaluating integral functions of 
these terms. Ioquations (I6a] and [166] are approximate solu- 
tions for Mquations [14] and [15], resulting from graphical inte 
gration, 

Another method of evaluating equations [14] and [15], sug- 
gested in the paper, is to apply these expressions to straight-line 
approximations of 

Re F(jw) 
or 
w w 


Tm 


Where harmonic syvuthesizer- 


between finite-frequeney limits 
are not available, this may be the preferred technique. For the 
same degree of accuracy, in many eases, fewer sine terms would be 
required in the approximation of svstem response, since “graphi- 
eal” methods of integration require that the frequencies of the 
terms used in the approximation be equally distributed over the 
entire frequency range of the system. When a straight-line ap- 
proximation is applied to /m F(jw) w over the entire frequency 
range of the system, the resulting solution for output response 
may be developed, simply, as follows 


Tm jw) 


sin wt 
cos 


= Im F(jw) 


/ (= wt 


For the majority of cases where 


Pim, 


Im F(jw) = Oatw = 


and, noting that 


“Sin wh sin wt 
lim lim 
OL wl wl wt 


sin 
wt 


Im (jw) sin wt Im 
cos wl dw = ‘ dw 
J 


w shown in 
big. 35, herewith, which is approximated by & straight lines 


Im Fi jw 


Applying the foregoing to the curve of Ime 


? Im F(jw) 
/ cos wt dw 


sin wt 


\ vos wit 


cos wy NE Wel} 


1233 
C= A+B 
| c . 
| ye0 
| 
| 
[10 ] 
D=-A-B 
Ve 
| REE (Jey) Sn 0, tae 
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| 
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Ng / sith wot / sin wt 
Thus 
/ Im / jw 
= + (N VV.) cos wt + O(N 
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044, 080, 126, 160, 20, 244, 
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where 


Ni, Ne, ete. = Slope of line (1); line (2); ete. 


2 
, ete, 


Substituting into Pquation [15] 
t) 2 
A(O) + -N, 
mrt? 
+ (Ng Nj) Cos Wel + cee 


+ 


(Ny No) cos wit 


Nx) cos we —1t + NE cos wet} 


Usin = 


Ni+(Ni—N:) coewt 


lim 
2 
lim 
@ xt? 


t+ Na) cos wot + ... Ne cos wet) ~ 
+ 


Ne)w2? +... 


A(0)+ [-N,+(N,-N,) Cos , ¢ 


+(N-Ny) Cos +N, Cos dist | 


t— 


20, 


Fig. 36 of this discussion illustrates the accuracy of the method 
when applied to a second-order system with frequency-response 
characteristics illustrated in Fig. 32 of this discussion. Its curve 
In this case only three lines 
The predicted transient-re- 

Points on the curve of the 


of Im F(jw)/w is shown at the left 
were used in the approximation 
covery curve is shown at the right. 
exact solution are indicated by crosses. In this particular exam- 


ple, the two curves are shown to be almost identical. 


\. Tustin describes « harmonic analyzer by means of which it 


AuTHOR’sS CLOSURE 


is possible to carry out the transformation from transient to fre- 
quency response, or the reverse transformation, as is necessary to 
solve the problems treated in the paper. Unfortunately, the 
author does not have such a device available, so that he is unable 
to evaluate the time that might possibly be saved by its use, as 
compared to other methods. 

If the input to a system is made a unit impulse instead of a unit 
step, then we obtain the time functions of Equations [32] and 


[33] given in the discussion of C. H. Dawson. For the evaluation 


(2) i = 4 4 
al | (3) 
8 
Y(t) 


LEONHARD— DETERMINATION OF TRANSIENT RESPONSE FROM FREQUENCY RESPONSE 


of the transient, Floyd uses Equation [32], while Dawson makes 
use of Equation [33]. 

The author believes that the use of Equations [14] and [15] of 
his paper (which are valid for a unit-stey input) is more practical 
for the approximate evaluation than the use of Equation [82] or 
(33). The reasons are as follows: 

1 If we ecaleulate or construct both eurves Re Fw) /w and 
Im F(jw)/w, then we can choose, for each given application, that 

curve which approaches zero most rapidly 

2 The curves corresponding to Equations [14] and [15] will 

Br» approach zero more rapidly than the curves corresponding 
to Equations [32] and [33]. 
3 The transient response to a unit step, which is what one is 
frequently interested in, is obtained directly by evaluating Equa 
tion [14] or {15}. When Equation [32] or [33] is used, an addi- 
tional integration is still necessary before the desired result is ol)- 
tained. 
4 Equations [82] and [33] become unusable. if the disturbance 
= an immediate deviation of the controlled variable (as, 
for example, in Problem 16, or a sudden inductive loading of a 

synchronous generator). The time derivative of the funetion 
git) then becomes infinite for ¢ = 0, that is, ¢'(0) = @, 


If the graphical integration is broken off at the point Wy, Ay, 
then the resulting error ean be estimated by means of Equation 
(20) or {21}, depending on whether Re /(jw) or 7m F(jw) is used 
for the evaluation. If Equation [21] is used, and if the integration 
is broken off at w,; and a,,, then the largest error appears fort = 0 


cand is given by 


1 for all values of w when ¢ = 0, and only when t = 
0. If Equation [20] is used, and if the integration is broken off at 
Wye, 4,,, then sin wt cannot be equal to 1 for all values of w, no 


since cos = 


matter what value (may have. This, however, means that the 


error must be 7 


t) 


ont 


Therefore, if the integration is broken off at w,, a,, then the error 
2 

will be equal to or sinaller than — a,w 
T 


In accordance with Mqua- 


tion and a,,, w,, have no relation to 
each other, so that the Equation [34] of the discussion and the 
remarks associated with it lose their justification. 


Direct determination of Re FQgw) and Im F(jw) of the closed 


Phe values a,;, w 


loop from the open-loop data, as mentioned by Dawson, is only 
possible if we make definite assumptions about the point in the 
Therefore, the deter- 
mination of Re F(jw) and Im F(ja) was carried out by means of a 


loop at which the disturbance (o) acts 


completely general method 

The method given in the discussion and represented by Equa- 
tions [35] to [37] is, in the author’s opinion, a valuable addition to 
the various possibilities for approxima ely solving Equations [14] 
and {15}. 

Dawson expands the curve Re F(jw),w into a Fourier sine series 
with the Fourier coefficients a,, and then, using Equation [14], 
obtains the expression 


[37] 
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which can be evaluated relatively quickly by means of a table for 


the quantity 
2n sin Qt 
1 nel. 
[ ) -- | 4 


if the Fourier coefficients have been determined. 
Since, in many cases, the curve Jm F(jw) /w is used for evaluating 
the response, and since this curve can usually be represented 
better by means of a cosine series, it might be worth while to show 
briefly how the method given by Dawson can also be adapted to 


such «a case 


Using Equation [15], we obtain the Fourier co- 


- 


efficients and the response given by 


Im hy jw) 
dw 


Im F(jw) nTw 
( 4 


(t) 2 sin ({2t) 
= A(O) mn + 
Ost 


2( sin 
m( — (272) 
“Si ig 

By means of tables for the quantities in brackets, this expres- 
sion can also be evaluated relatively quickly. 
S. R. Sporn uses a different way than Dawson (namely by 
means of a theorem by Shannon) to reach the same Equation 
137], which, as has alpeady been stated, has great advantages for 
the evaluation of the response 

In order to provide a better understanding of relations that 
have been obtained, 8. C. Grogan points out how a periodic fune- 
tion can be changed into a unit step by means of a limiting proc- 
ess (w, +0). If we do not use a unit step as the input to our sys- 
tem, but instead use a square wave with a fundamental frequency 


is the 


4 
w,, and if we make sure that the time > 7T, (where 7, 


w, 
apparent settling time of the system) then we also obtain a 
sufficiently accurate approximation of the transient response 
Using this approach, Grogan succeeds in deriving Mquations [14] 
and [15] in a relatively simple manner. 

‘Treating the common case where Im F(jw) = 0 for w = Oand 
for w = ©, Grogan shows that, if the curve 7m F(jw)/w is ap- 
proximated by straight-line segments, the transient response 
¢g(t)/osr can be represented by means of simple cosine terms. 
Expanding this idea, and using Equation [l7a| or [176], the 
following relations for ¢(t)/osr are obtained: 


Using Re F(jw)/w to evaluate the response, we have 
git) 


Ost 


b,) cos Cay + by) C08 Wie 


+ (N, 
1? 


Ny sin Ve) Sin + 


{41} 


+ (Ne V,) sin + Ny, sin 


The limiting value for t = 0 is given by 


(t) 
) = () 
Ost 


Using Im F(jw)/w to evaluate the response, we have 


\ 
9 
| 
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(ay hy) sin + (ay + by) sin ( 


cos + ON, No) COS Get + 


+ (Ny, N,) cos at + Ny, cos 


The limiting value for ( = 0 is given by 


Oat 


It is assumed that Re /(jw)/w or Im F(jw)/w can be set equal 
> > The terms a, and bh, are defined by Fig. 8, 
2h, 
and N, = 
w,, 
The Equation [42] becomes identical to the equation given by 
Grogan if w, = Oand = —-a,. 
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_ Analysis of Regulating Systems With 
Particular Reference to Speed Control 


= 
4 


The design of speed-regulating systems is discussed in 


By R.H 


relation to that of other closed-loop control systems. 
Frequency-response methods are found to form a common 
The 


derivation of transfer functions for linear and quasi-linear 


basis suitable for the analysis of all such systems. 


elements, together with their application to the analysis 
of regulating systems, is described, and a simplified gas- 
turbine governor is studied in greater detail. A summary 
of the latest work likely to be of importance to control 
engineers is given, together with extensive references, but 
it is argued that they can make the best use of the work 
of others in the field only when a common approach is 
adopted universally. It is therefore concluded that an 
elementary study of these methods should be included in 


the training of every engineering graduate. 


1 INTRODUCTION 


Hi) first extensive application of automatic control was 

to a speed-regulating system. This was the governor 

designed by James Watt to control his steam engine. A 
century passed before Clerk Maxwell published the first mathe- 
matical study of governors and their stability. It was almost half 
a century later still that Nyquist and his associates devised the 
more powerful methods of frequency-response analysis for the 
treatment of such systems. 

These methods were applied originally to feedback amplifiers 
and position-control systems, rather than to the design of regu- 
lators, which are defined in this paper according to British prae- 
tice as control] systems which maintain automatically at a fixed 
value the magnitude of some variable (usually engine or turbine 
speed) against relatively high-frequency disturbances. Mean- 
while another group of engineers had been using automatic 
devices to control processes, and had arrived at some of the same 
design methods by a different route and disguised under a com- 
pletely different terminology. 

Until comparatively recently governors and process controllers 
were designed without any detailed analysis of their action when 
considered as part of a closed-loop system. This was possible 
because the control required of them was not to very close limits 
and because they did not need to be particularly quick-acting; 
that is, they did not have to respond to high frequencies. As 
the performance demanded becomes more exacting, however, 
and the sensitivity of the control is correspondingly increased, a 
stage is reached where self-oscillation of the system occurs. To 
obtain close control while avoiding the onset of such instability, 
a mathematical investigation becomes an essential preliminary 
to design, for only by this means is it possible to meet more 

! University Lecturer, Department of Engineering, The Engineer- 
ing Laboratory, Cambridge University. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 29- 
December 4, 1953, of Tue American Society of MecHanicar 
ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 
14.1953. Paper No. 53—A-15. 
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stringent specifications. Such analysis cannot, of course, re- 
place the development stage of a design, but it guides and sup- — 
plements it. Frequency-response methods not only enable the — 
designer to estimate the performance of a proposed system, which — 
is the normal function of analysis: they also can assist him, to — 
some extent, in the far more difficult problem of synthesis which 
aims to provide means for designing a system to meet a given 
They even may go a step further and indicate the 
best performance obtainable within given physical and economic 


specification 


lunitations 

The present situation is that analytical methods for linear and 
quasi-linear systems have outstripped practical development in 
all but the most advanced designs. The mathematical tools 
available to the designer are thus sufficient to enable him to make 
a full analysis of a linear control system provided that he can 
The 


latter is one of the stumbling blocks which current research aims 


determine the necessary characteristics of its elements 
to remove. However, all engineers concerned with control sys- 
tems will not be able to derive the full benefit from these powerful 
methods until it is generally appreciated that many of the prob- 
lems faced by these different groups are fundamentally similar 
and that consequently, the same methods are suitable for their 
solution. Mathematical techniques provide just such a unifying — 
basis, for they undoubtedly can lead not only to a uniform and 
rational approach to control problems, but also to a consistent | 
nomenclature, based on the mathematical processes involved 
This process of unification might be compared with that success- 
fully achieved by the early chemists in bringing order out of the 
work of their alchemist predecessors, who used half a dozen dif- — 
ferent names for the same substance, according to the way it 
happened to have been made 

This approach, common to the study of all closed-loop systems, 
divides sharply into three stages. The first is the description of 
the physical system by means of a block diagram and transfer 
The transfer function of an element de 


If small 


disturbances only, about an equilibrium position of the system, 


function technique. 
scribes concisely its frequency-response characteristics 


are to be considered, it is possible to use a linearizing technique 
for some of the nonlinear elements 
have been derived for the transfer function of every element, 
an equation of motion for the system can be written down. It 
often happens in practice that the frequency response of an ele- 
In such cases, either the best 


After analytical expressions — 


ment is known only empirically. 
mathematical approximation may be taken as the transfer 
function or the available harmonic-response locus may be used 
directly without determining analytically an explicit equation of | 
motion. 

The next stage of this unified approach is the analysis of the — 
information thus obtained. This enables one to predict the re- 
sponse of the system to various typical disturbances and thus to 
compare its performance with that of other systems, by applying — 
suitable (or mathematically convenient) criteria. ,This com- _ 
pletes the process of analysis. The final stage is synthetic; meth- 
ods are available for altering the coefficients and form of the 
equation of motion in such a way as to improve the performance 
of the system. This process of adjustment will present con-— 


A 
| 
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siderably greater difficulties in its application to some systems 


than to others, but it is inherent in all rational design. 

The aim of this paper is to amplify and justify some of the 
In the 
next section is considered the relationship between the problems 


foregoing statements, the arrangement being as follows: 


of ap ved regulation and those of process and position control; it 
is apparent that their similarities are more remarkable and im- 
portant than their differences, Section 3 is a discussion of some 
of the most recent advances in the techniques of control-system 
analysis and synthesis, [In section 4 the role of educataon in this 
field is examined, particular attention being paid to pregraduate 
teaching, which the author is best qualified to discuss. Seetion 5 
includes some points of interest in connection with the use of 
transfer functions, particularly for quasi-linear systems; their 
effectiveness is exemplified, in seetion 6, by the systematic pre- 
luminary analysis of a simplified gas-turbine speed regulator 
Linearized transfer functions are derived for its elements and dis- 
played on a block diagram; the equation of motion is found 
and the response investigated; 
ment are then suggested. 
some of the requirements associated with the regulation of iny- 
draulic and gas turbines, together with the methods being used 
The mathematical derivation of certain transfer 


possible methods of improve- 
The last section is a brief discussion of 


to meet them 
functions is relegated to the Appendix. 


2 Rerarion or Reaerarton Proatems ro Those is Ornwer 


Conrro. 


All control systems are governed by equations of motion which 
are liable to become inadequately damped or even unstable for 
certain values of the system parameters. Therefore there is 
no fundamental objection to the use of a uniform approach, both 
for obtaining the equation of motion and for its analysis 

In process control the main problems consist in finding an 
adequate representation for the behavior of the load and the 
practical difficulty of making a measurement of the value of the 
controlled variable, which will permit a direct comparison with 
its desired value. Various delays are usually involved in the 
latter process, which must vitiate the performance of the system 
as a whole, The time constants of the load and of the disturb- 
ances are, however, relatively large when compared with those of 
the controlling mechanisms, so that inertia in the controlling ap- 
paratus is of secondary importance and the speed of response 
need not be pushed to the limit. 

In position control, on the other hand, the system must respond 
to a rapidly fluctuating input signal and, the sensitivity of the 
control being correspondingly high, the time lags in the servo- 
mechanisms are often the dominating factor. In addition, the 


control must attempt to distinguish bi ween genuine input 


signals, requiring motion of the load, an! spurious signals, usu- 
ally of high frequency, superimposed upon them, 

Speed regulation involves some of the problems of each of these 
fields. 
be high and the considerable difficulties involved in the rapid 


The response must be rapid, so that the sensitivity must 


measurement of speed, together with the delays inevitably asso 
ciated with the changing of the engine power output, are apt to 
lead to instability. Until quite recently the problem of speed 
measurement has occupied too important a place in the minds 
of those concerned with engine governing. This is even more 
true of the textbooks at present available, which are concerned 
exclusively with the properties of governors and almost dis- 
regard the fact that the governor is only the measuring ele 
ment in a complete closed-loop system. The emphasis, happily, 
is now shifting to the wider outlook. 

The design of automatic pilots for aircraft affords an inter 
esting example of a control with the domiaant characteristics of « 


regulation problem, which has been handled successfully by the 
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techniques normally reserved for position control. Nothing but 

good has come frem this fusion of ideas. 

These minor distinctions between the problems confronting 
control engineers in the various fields can no longer justify the 
radically different terminology which they still normally adept 
Progress in the past might have been more rapid had those con- 
cerned appreciated, for example, that an “inverse Nyquist dia 
gram” and a “potential correction curve” 
same thing (1).%3 
primitive expressions as “temporary return motion,” “transient 
reset” and “proportional-band width.” Only when the ground 
has been cleared in this way will engineers be in a position to 


are essentially the 
It is time for general replacement of such 


make full use in their own particular field of the various tech- 
niques for analysis and synthesis which have been devised during 
the past decade. Standard glossaries of terms, collating the 
different usages, already have been prepared both in Great [rit- 


ain and in the United States. 


3 Recent ApvaANces IN ANALYTICAL TECHNIQUES 


The past few years have witnessed a number of striking ad- 
vances in the technique of control-system analysis, the present 
tendency being to develop methods which can be extended to 
assist in synthesis, 

Alternative forms of the harmonic-response locus, or Nyquist 
diagram, such as the inverse-response locus and the logarithmic 
or asymptotic methods of plotting, assist in studying the effects 
of feedback and variation of the system parameters. These have 
been developed further to give a graphical estimate of the roots 
of the characteristic equation, which are needed to determine 
(2). Sufficient about the 
transient performance for most practical purposes can be ob 


the transient response information 
tained readily by computing certain of its salient characteristics 
on the assumption that there is a predominant mode of oscillation 
in the response of complex systems (3). This simp ‘ification is 
widely applicable, but several alternative methods of determining 
the transient response also have been devised (4, 5) 

\{ method has been proposed for adjusting the coefficients of 
the equation of motion to give an adequately damped system 
(6). This extends the criterion of Routh, which can do no more 
than insure the presence of positive damping. ©ther methods 
for determining the limiting values of the parameters, such as 
the sensitivity and the time lags, which will give rise to con- 
tinuous oscillation, have been extended to indicate any desired 
degree of damping (7, 8). The “root-locus”? method, whieh in- 
volves a plot on the damping frequeney plane with gain as the 
variable parameter (9) has been generalized, by means of the 
“phase-angle locus’ (10, 4) and its usefulness thereby greatly in- 
creased, 

Stability charts for a rather general system subject to a ran- 
domly varying input have been produced (11) and, stemming 
from Wiener’s work, the problem of optimum response, on the 
basis of minimizing the average of error squared (12) has led to 
the best functional 
The analyti- 


’ 


the new concept of “form optimization,’ 
form for the transfer functions being determined. 
cal and practical possibilities of various other criteria for optimum 
response also have been investigated. These include the mini- 
mization of the integral of the modulus of the error (13) in a 
transient and a time-weighted function of the error (14, 15, 16). 
Another approach to transient-response optimization permits the 
inclusion of other minimal eriteria and leads, in general, to non- 
linear systems (17). 

Application of frequency-response methods to the analysis of 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
3 It is also closely related to the property often described as ‘'me- 


chanical impedance" 


| 
» 
a. 
4 
4 


MACMILLAN ANALYSi OF 


nonlinear systems has led to one fundamental development, 
is generalized to that 
plotted in the gain 
variable parameter 


whereby the concept of a transfer function 
of a “deseribing function” (19), 
phase plane with signal amplitude as the 
Meanwhile, the ‘phase-plane”’ 


which is 


method, with displacement plotted 


against velocity and time as the variable parameter, has been 
applied successfully to the analysis of discontinuous systems (18 


‘ 


20). A graphical construction for the phase-plane locus permits 
the rapid determination of the transient response to an arbitrary 
input function of nonlinear second-order equations of almost un 
limited complexity (21). 
type also have been studied with a view to obtaining optimum 
characteristics, and much attention has 
However, 
A simulator study, 
tae 
high-order transfer-function characteristic of many processes is 


Discontinuous systems of the relay 


been paid to step-by 
are beyond the 
in which the 


step and sampling systems. these 


scope of the present survey. 


approximated by means of a finite delay together with a simple 
time lag (22 
simplification in this field. 


), suggests considerable possibilities for future analyti- 


1 Tue Rowe or Kpucatrion 


The techniques mentioned in the ,oregoing section obviously 
are suitable only for postgraduate study, where courses on control 
system analysis are becoming of ever-increasing importance in 
meeting their obligation to prevent the appearance of a gap 
between theoretical investigations and the practical application 
_of their results. 

It is in the elementary courses, leading to a first engineering 
that sufficient attention is too often not paid to teaching 
the basic principles of closed-loop system operation, those prin 
Of the three 
stages of the common approach detailed in section 1, the whol 
of the first stage and some part of the second should be included 
The necessary mathematical knowledge is not considerable and 


degree, 


ciples which are common to all feedback controls. 


certainly should be at the command of every graduate engineer. 
It is already normal practice to include instruction in contro! 
in the courses for all electrical and chemical engineers, but such 
instruction is not yet universally adopted for mechanical engi 
In Cambridge, England, we have f4und it convenient to 
devote a part of the “Theory of Machines” 
arising naturally as it does out of the problems of speed governing. 
An introduction of this nature is not only of intrinsic value, for 
every engineer must frequently come into close contact wit! 


neers. 
course to this topic, 


automatic controls, but in the practical applications it should act 

as a unifying influence between various fields which tend, with the 

present trend toward excessive specialization, to become unduly 
separated, 


5 TRransrer Funetions anp Brock DiaGrams 


The transfer function of a linear or quasi-linear element is the 
differential relation connecting the output signal from it: with 
‘the input signal to it. Unless a separate feedback loop is incor 

porate in the block diagram, it is important that the input should 

be unaffected by the output, for the transfer function should rep 
resent a passage of information across the element in one direc- 
tion only 

The transfer function must have one of six standard forms or be 
a combination of one or more of them (2). It is intimately re 
lated to the harmonic response, for if p = d/dt is put equal to jw 
the resulting expression gives the amplitude and phase change 
of the response to a unit sine wave of frequency w/27. The har 
monic response is thus immediately available if the form of the 

transfer function can be dedueed from physical considerations 

The reverse process of assigning a transfer function to an ele- 
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Often, however, no such mathematical representation is neces- 
sary for the analysis of a particular system to proceed. By taking 
account only of the first harmonic component of the response, 
the transfer loci for a nonlinear element (the describing loei) ean 
be plotted similarly, but a separate locus is required for every 
Fortunately, 
tions, the loci for different frequencies overlap, in which case 


signal amplitude. in important practical applica- 
a single describing locus remains, with signal amplitude as the 
variable parameter. 

In the early stages of design it is convenient to find mathe- 
matical expressions for the transfer funetions from theoretical 
considerations, by writing down from first principles the equa 
tion connecting the input Y and output Y of the element. | Sup- 


pose this relation to be of the nonlinear form 


f(Y) = f4X,N) 1] 


where N is another variable parameter. ‘Then, differentiating, 


we find 
of 
ov 


of, 
AN 
o) 


increments 


we had 


as the linear relationship connecting small finite 


AY, AN, and AN of the variables 


If, for example, 


Y? +4 = BNV/N [3] 


where A and B are constants, then 


AY = (BYN)AN + BN vy) AN (4) 
lower-case symbols for small 
x for AX, and n for AN. 
e the mean values 
Calling these 


A convenient notation is to use 
writing y for AY, 
Y, and in Mquation [4] ar 
disturbance is 


hecomes 


finite increments, 
‘The values of X, 
the 
, Equation [4 


about which taking place 


No, Yo, and NV, 


2Voy = (BV + (; BXwiy n 


which is the linearized relationship between 2, y, and n, applica- 


| 


ble only for small values of these variables 

In svstems with more than one degree of freedom it may be 
convenient to use a generalized transfer function or ‘transfer 
Consider, for example, the speed and temperature con- 
The 


for the dependence of engine-speed increment n, on propeller- 


matrix.” 


trol of a turbopropeller aircraft engine. linearized relation 


blade-angle increment 3, and fuel-flow increment q, is 
hi 6] 


The temperature change 9 


n+ Tpn = 


where 7 ts the rotor time constant 


also depends on these variables as follows 

0 = kiy--kan... 
From these equations we obtain the relations 


ky 


— 
7 1+ Tp 


and 
kl kika/ky + Tp) 
0 = q 
1+ Tp 


147 eq + 
Pp 


(9) 


The engine transfer relating n and @ the dependent 
variables, to qg and 8 the independent variables, is therefore 


matrix, 


os ment with a known harmonic-response locus is more difficult, aoh 
but it ean be performed by means of various approximations 
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Such transfer matrixes can be manipulated according to the usual 
rules of matrix algebra and their use is likely to facilitate the de- 
sign of complex systems with several degrees of freedom. 

When the system being treated has only one degree of free- 
dom, it can be represented by a block diagram containing only 
simple transfer functions and adding elements. The equation 
of motion is then written down from the diagram. It may be 
useful at this stage to nondimensionalize the variables by ex- 
pressing them as proportions of their steady values, Thus divid- 
ing Equation [5] by XYo¥oN> throughout and writing = 2/Xo, 
and so on, for the nondimensional variables, we obtain on re- 
arrangement 
(10) 


2(1 - 


1 
A/(Y,? + A)] = 2” 


using the fact that 


Although the dimensionless technique is invaluable for general- 
izing results in the later stages of an analysis, it is not normally 
to be recommended initially, as its use is apt to make it difficult 
or impossible to obtain dimensional checks on the accuracy of 


equations, 
6 Gas-TuRBINE SPRED GOVERNOR 


There follows a preliminary analysis, involving the necessary 
approximations stated, of a speed regulator for a gas turbine. 
The system is nonlinear but can be linearized to investigate the 
nature of the response for small disturbances about a stable oper 
ating condition. It is a single-degree-of-freedom system 

Control is effected by varying the quantity of fuel pumped to 
the burners. The speed is indicated by a measurement of the 
pressure increase in the impeller, the low pressure from the center 
and the cendrifugal pressure at the periphery being fed to opposite 
sides of a diaphragm whose displacement opens the orifice of a 
relay operating the fuel by-pass valve. As the speed increases, 
the centrifugal pressure rises and the increased opening of the ori 
fice allows a larger proportion of the fuel being pumped to be by 
passed, so that the supply to the burners is diminished and the 
speed thus tends to fall again, 

A deseriptive block diagram for the system is shown in Fig. | 
Keach block is characterized by a linear transfer funetion, which 


isa function of p = d/dt. These functions are denoted by 


f,,(p) for measurement 

for relay 

for valve and by-pass 

Sip) for burners 


Sip) tor rotor and load 


Now the system has been reduced to the standard form, it is next 


DESIRED 
SPEED 
SETTING 


ORIFICE 


IMPELLER |OPENING 
AN 
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necessary to find analytical expressions for the various transfer 

functions involved, 
Impeller and Diaphragm. 

matically in Fig. 2. 


The arrangement is shown diagram- 
Ignore any time lag caused by the pipe lines 


DIAPHRAGM 
SPRING 


by 
PIVOT 


IMPELLER 


ORIF1CE 


H, Qv 


Q 
[RESTRICTION 


kia. 3 
from the impeller to the diaphragm and assume that the pressure 
difference in the impeller changes instantly with change in tur 
N d is the desired (set ) speed. 
With these assumptions it can be shown that, using the nota- 


bine speed, V,. 


tion of section 5 for small variations 
x = K,,(n, 


The derivation, together with the relationship of the constant to 
the physical properties of the elements, is given in the Appendix 
It has thus been proyed that 


= K,, [133] 


This is shown in Fig. 3. As the orifice aperture 


the pressure H drops, and the piston is forced 


Pilot Relay. 
increases with X, 
downward, thus allowing an increased flow of fuel to be by- 
passed. Assuming that the flow through the orifice never becomes 
very small, it is shown in the Appendix that 


(1+ T,p)py = K,z 


Ww hence 
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the time constant 7’, being directly proportional to the mass of the 

"relay piston. 

Valve and By-Pass. Let Q, be the constant flow of fuel dis- 
charged by the pump and Q, the amount by-passed, as shown in 
Fig. 4. Then the flow to the burners is 


Q=4, 


BY-PASS VALVE 


if the profile of the by-pass valve is such that 
Q. = o(¥) 
the pressure difference across it being practically constant, then 


(18 


or, for small variations 


(dg/dY )y 


q = 


SAP) K, 


Burners. Uf there is a delay time 7, in the combustion cham- 
ber between the increase in fuel flow and the development of an 
increased torque M, then 


(1 + T,p)m = Ky 


ky 


22) 
1+ Typ [22] 


fi (p) = 
Rotor and Load. The equation of motion for the turbine ex- 
presses the fact that the torque available for accelerating the 
rotor, of polar inertia 7, is equal to the internally developed 
torque less the sum of the disturbing torque and the resistive 
torque, taken as uw times the angular velocity, that is 
IpN, = M—! (23 | 


hence 


where 
K, = 1/pand 7, = I/p [26] 
If the viscous friction is relatively small or its effective value 
is reduced by the load characteristics, e.g., constant power con- 
sumption, then w can be neglected and 


Si'(p) = Ki'/p [27] 
with 


Ky =1/l 


Equation of Motion. It is now possible to set down the an- 
alytical block diagram shown in Fig. 5. The governing equation 
for the system is immediately written from it, as 


ne = f,(m ma) = Lm (Me Na) — firma. . . (28) 


l SSeS Na + Sima [29] 


Substituting in Equation [20] the expressions found for the 
transfer functions, we have for the governing equation 
+ Typ) + Kj n, 

+ 


[pl + T,p) (1 + T,p) (1 


= Kn, K,p(l + p)mg 


where A = K,K,4A,4A,4K,,, the loop gain. Clearly, in the steady 
state, where p = 0, n, = ny, independently of the value of the 
disturbing torque mg. 

If the output damping yu is small, the load gain Ay and time 
constant 7; become large and the system will tend to become un- 
Replacing f; by f;', the system is seen to have two inte- 
grations in the loop, which leads to the same conclusion, Sta- 
bility could be restored either by turning the integrating relay 
into a proportional one or by adding a derivative term (“phase 
The first method could be 
achieved either by means of a spring opposing the piston motion 
A quadratic 
transfer function results in either case, as shown in the Appendix. 


stable. 


advance’) to the signal in the loop 
or by introducing a local feedback in the relay. 


This method of stabilizing, though very convenient, would permit 
a drop in steady speed with increase of load torque, when the 
The 


other method would involve some modification of the relay or 


small though finite load damping is taken into account 


the addition of a phase advance element, but would not introduce 
a steady-state error 

In order to choose the system parameters, a more detailed — 
analysis, by any of the methods enumerated in section 3, can be 
applied to the governing equation, but it must be borne in mind 
that the results are valid only for small variations about the — 
operating speed. For a sudden large increase in load torque, the 
orifice of the relay will be closed completely and the system 
will then operate as an open loop until the speed has again in- 
creased sufficiently for the orifice to open again 

The same argument applies to the response when the set speed 
is changed suddenly from idling to the operating speed. The 
by-pass valve would be closed completely by the time the speed 


\ 
—_ 
PUMP 
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has risen enough to open the orifice and, unless there is considera- 
ble phase advance, an overshoot would be expected to occur 
before the relay again opens the by-pass and cuts down the fuel 
supply. The linearizing assumptions made previously for the 
orifice would not be valid under these circumstances and a step- 
by-step computation would be necessary to estimate the amount 
of the overshoot. [t is therefore not possible to generalize about 


the behavior under such circumstances, 


Tursine Reeuiation 

It is perhaps worth mentioning, finally, some of those factors 
particularly associated with problems of turbine regulation which 
may complicate their mathematical formulation and subsequent 
analysis. Most of the work on hydraulie turbines has been 
done in countries where hydroelectric power is a major industry 
Further references will be found in the two papers cited (23, 24) 

One problem arises from the means used to effect control of 
With hydraulic turbines it is 
With 


a Pelton wheel, for example, the main control is by means of a 


the power output of the turbine 
generally necessary to use some form of double regulation. 


spear in the nozzle, which reduces the flow of water as it moves 
forward. This movement must not be too rapid, or too great a 
pressure rise would occur in the duct leading to the nozzle. On 
a sudden reduction of load an unacceptable increase in’ speed 
would therefore occur if the spear were the only means of con 
trolling the flow, and it is thus necessary to provide some sort 
of temporary flow diversion by means of either a quick-acting 
diffuser or deflector. 

Another application involving a multiloop system is when the 
governor is required to control some other variable beside speed 
One example is the hydraulic-turbine governor, which controls 
the level of head or tail water; another example is the gas tur- 
bine, mentioned in section 5, with temperature limitation and 
control of both fuel flow and propeller-blade angle. In many 
such causes it is possible to regard one control as constituting the 
main loop, variations in the other being temporarily ignored 
in its analysis, the disturbing effect of the subsidiary loop being 
considered subsequently, 

Even without temperature control a satisfactory aircraft 
engine turbine requires a more elaborate method of control than 
that discussed in the last section. The pilot’s throttle lever must 
have a more direct control over the fuel flow than adjustment of 
the spring force in the pressure diaphragm would give. In 
practice it varies an orifice in the line to the burners, while a 
subsidiary control, acting in conjunction with the by-pass relay, 
maintains the constaney of the pressure drop across the throttling 
orifice, The constant-speed regulation is then only effective 
when the speed is in the region of full throttle speed, one of its 
most important functions being to act as an overspeed governor, 
preventing excessive speed in rapid acceleration from idling. 

In deriving the transfer function for a reaction-turbine control 
system, it is necessary to take into account the effect of water ham 
mer in increasing the hydraulic supply pressure as the guide 
If 7'., the time constant of the hydraulic conduit, 
is defined as the ratio of the kinetic energy of the water in the con- 


close 


duit to the power at the nozzle and 7,, the time constant of the 
runner, is defined as the ratio of the kinetic energy of the runner 
to the power output from it, then the transfer function relating 
change in runner acceleration to the guide vane movement , has 
the form (24) 


from which it is apparent that the water hammer has an unsta 
bilizing influence 
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CONCLUSIONS 


The problems confronting the designers of speed-regulating 
controls are for the most part similar to those faced by other con- 
trol engineers, and the mathematical methods of analysis now 
available are applicable to all control systems. It is the function 
of engineering education, particularly in the elementary stages, 
to insure that all engineers adopt a uniform approach to these 
problems. Mechanical, chemical, and electrical engineers should 
speak a common technical language. 

The advances in mathematical technique which have taken 
place in the past few years are considerable, and one of the prime 
requirements at present is that engineers shall be able to express 
their problems in a suitable form to make full use of these new 
techniques. The difficulty, of course, is by no means limited 
to that of education; it is in many instances inherent in the prob- 
lems themselves. The important thing in such cases is to investi- 
gate those factors which are preventing the particular problem 
from being related to the general fund of control knowledge. 
It is in this direction that the author foresees the immediate prog- 


ress of practical control-system design 
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Appendix 


MaTHEMATICAL DERIVATION OF TRANSFER FUNCTIONS 


Referring to Fig. 2, let 2’, be the 
then with the notation 


Impeller and Diaphragm. 
pressure difference across the diaphragm ; 
and assumptions given in section 6, Impeller and Diaphragm 


[31 | 


Differentiating this and putting AP, = py, and so on 


Pa = 2k, Nn, 


For equilibrium of the diaphragm 


kip, = + Fi = 


where F, is A,Ny, the set force in the spring. Differentiating 


again 


= kat + Aung 


( Combining with Equation [32] 


lo obtain good governing, nm = ng whens = 0; 


= kN, 
1 
z= Ky 


and 
(n, nq) 
where 


QhikyN, 


Integrating Relay. According to the notation in Fig. 3, the 
pressure difference across the piston is H, H; its inertia is 
[, and its motion is opposed by viscous friction uw, times its ve- 
Then, for the flows 


locity. 


where 


and 


Differentiating Equations (49! and 
tain 


[40] and eliminating q, we ob- 


2 
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Differentiating Equation [41], we have 


kh 
where 


ky = 2y (A, 


we have 


= i 


For the orifice, 
Differentiating 


on | 


AQ; = ey HAX 


qs = hur + keh 


Ww here 


P l 
ks = coV/H and ky = CON /VH 
For the motion of the piston the following relation must always 
hold 
+ u,pY = 
whence 


(/,p? + = 


eliminating 


Ak, 
ky + ke 


z= t (.. + 
Ke 


= 1, / My 


If a spring of stiffness k, controls the re-— 


Proportional Relay. 
lay piston, Equation [49] becomes 


(1,p? + upp + ky = —Ah 


and Equation [50] is then 
Aky 
4 24 + 


The relation between y and x is then a proportional one, with a— 


quadratic delay. 

The same effect is obtained if the orifice opening, 2, i8 con- 
trolled through a differential lever, both from the diaphragm 
movement z, and from a proportion of the piston movement, by 


means of a linkage. The equations for the relay are then 


K,2, 
= 
1 + 


and 
ay + bx, = cz 


Elimination of z; between these gives an equation of the same 
form as Equation [53]. 


-+ & 


© 


qs, and hk from Equations [42], [43], [46], and [49] 


+ AH 
2VH 
[32 
|| 
+ kef J 
iss) 
1+ Tp 
ky + ke ky + he 
) 
[36] 
[52 
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Discussion 


R. OLbeNnBURGER.' In the matter of education the role of 


mathematics is extremely important. The same type of mathe- 
matics applies to different areas of application and as the author 
80 aptly points out, it is the mathematics that is the unifying 
agent. Intelligent use of modern control theory requires an 
extensive knowledge of the vast body of underlying mathematics. 
An understanding of Dr. Nyquist's pioneering frequency-response 
paper alone requires a considerable background in the theory of 
funetions of complex variables. The more mathematics a control 
expert knows the better able he should be to find quick and effi- 
cient methods of solving his problems and to employ analytical 
techniques that fit the specifie problem. 

These facts suggest that it is desirable for the future automatic- 
control expert to major in mathematics both in his undergraduate 
and graduate work and to minor inthe physical sciences and engi- 
neering. It is unquestionably much easier for a person with an 
extensive mathematical background to pick up the engineering, 
such as the physical limitations involved in the design of equip- 
ment, than the other way. It is very important that the con- 
trol expert be trained in engineering in general, and not be limited 
to electrical, mechanical, or other specific branches of the field. 
Training in the use of computers is also essential. 

The various transfer functions given by the author are in com- 
mon use in the design of speed governors for prime movers. 
They are naturally valid for rough studies and noncritical areas, 
but will break down in certain situations. Thus we found that 
the gas-turbine equations of the paper were inadequate for ex- 
plaining the performance of our governors on these turbines; 
in fact we discovered experimentally by frequency-response runs 
(verified later by NACA) that we could not neglect a certain com- 
bustion lag that appeared as a dead time. This lag could be as 
much as '/,or'/, sec. In this case the denominator in Equation 
22) should inelude a factor e’? for the dead time 7. This dead 
time 7 is in addition to the delay time 7, of Equation [22] 
and is due to the time it takes to go from one combustion pattern 
to another 

The gas turbine-governor application probably was given only 
for purposes of illustration. In practice we would measure the 
speed of the gas turbine directly. In fact, it is our experience 
that variables to be controlled should be measured as directly 


* Director of Research, Woodward Governor Company, Rockford, 


Ill Mem. ASME, 


The arrangement of Fig. 2 of the 
It is evident that there 


and accurately as possible. 
paper shows a measurement of pressure. 
will not be a one-to-one correspondence between pressure and 
speed holding at each instant during a transient. 


CLosURE 


Dr. Oldenburger is undoubtedly correct in asserting that an 
extensive mathematical background will be of great assistance to 
any control expert. Surely this applies to most fields of modern 
The study of mathematics must form the basis of 
Nevertheless, the author believes it is 


engineering 
all higher technology. 
important to distinguish between the control experts, the de- 
signers or researchers, and the far larger number of engineers who 
use or buy automatic instrumentation and machinery. It is 
valuable for them also to have a working knowledge of the theory 
of feedback systems, for which no very extensive mathematical 
equipment is required beyond an acquaintance with the proper- 
ties of complex numbers and the ability to solve linear differential 
equations with constant coefficients. The author has attempted 
to show in his introductory article to the symposium publica- 
tion that this much is all that is indispensable. 

Undoubtedly a finite delay or dead time will occur in the loop 
of many control systems; fortunately it is not necessary to resort 
to approximate analysis when this happens, for exact methods 
are available to take account of this type of linear delay, using 
the transfer function given by Dr. Oldenburger. In reference 
(22) of the paper a method is given for approximating the trans- 
fer function of many processes by means of a combination of finite 
and exponential delays. Charts computed on this basis, to assist 
in the setting of process controllers, also might be used by the de- 
signers of governors, provided that suitable nondimensional 
scales have been used. 

It is always important to measure the controlled variable of 
any servosystem as accurately as possible, and it is best to com- 
pare the actual value of the controlled variable as directly as 
Whether the output of the 
measuring device is to be a mechanical displacement or a change 


possible with the desired value 


of electrical potential, some delay inevitably is involved in. ob- 
taining it, if its physical nature differs from that of the quantity 
measured, An exact one-to-one correspondence between turbine 
speed and the quantity representing the measurement is therefore 
never possible. It is no more direct to use a mechanical centrifu- 
gal governor than to use a measurement of centrifugal pressure, 
although in practice the time delay involved in the former cer 


tainly might be made much the shorter, ai 
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Applic ation of Frequency-Analysi 
to Hvdraulic Control 


niques 


Hydraulic control systems, while inherently nonlinear, 
under many conditions can be studied by means of a 
linear approximation. Performance may be predicted by 
this approximation with reasonable accuracy provided the 
change in fluid flow during a transient is small compared 
to the steady-state value of the flow. A valve-motor con- 
trol system is studied by linear analysis and the frequency- 
response characteristic obtained. The transfer function 
of this system is of the third order if the servomotor load 
is a mass. natural 
frequency, and sensitivity are obtained. 


Expressions for the damping ratio, 


HE growing importance of hydraulics is recognized as one of 
the more significant trends in the engineering of feedback 
controls. The underlying reasons for the wider acceptance 
of hydraulies in servomechanisms are (1) the larger power ampli- 
fication obtainable; (2) the speed of response that can be ob- 
tained with these mechanisms; and ( 
draulie power actuators. It has been difficult to predict accu- 
rately the dynamic performance of hydraulic systems because of 
the nonlinear relation between pressure and flow operating in 
“linearize” 
by considering small motions and 
analysis 


3) the compactness of hy- 


these systems. It is possible to systems of 
practical interest, 
applying perturbation 
techniques then may be applied to determine the dynamic per- 
While situations 


which the nonlinear behavior of the system is so pronounced that 


many 
how ever, 
theory. Frequency-response 


formance of these systems.? always exist in 
linear analysis is inapplicable, nevertheless practice has verified 
that studying the “small-motion’ 
is often very helpful. The method of linearizing hydraulic sys- 
tems is illustrated by studying in some detail the operation of 
Similar 


* case by means of linear analysis 


a specific system commonly encountered. approaches 
can be employed to study other systems. 

Va.ve-Moror System 

A typieal feedback control system employing hydraulic ele- 
ments is illustrated in Fig. 1. Here a hydraulic motor of the 
fixed-displacement type is controlling the position of a load, Un- 
der appropriate circumstances, a cylinder-piston type of hydrau- 


lie actuator may be used instead of the rotational motor illus- 
The motor is controlled by a valve supplied with a 
constant hydraulic pressure by a suitable hydraulic 


an electric motor which is 


trated. 
nominally 
pump. The valve is operated by 


! Technical Director, Bendix Aviation Corporation, Research Lab- 
oratories. 

2 The first instance, to the author's knowledge, of the linearization 
of hydraulic systems for the purposes of dynamic analysis was made 
by N. B. Nichols in an unpublished memorandum at the Massachu- 
setts Institute of Technology in June, 1942. Much of the present 
paper stems from a memorandum by the author written at the Dy- 
namic Analysis and Control Laboratory at M.I.T. in February, 1947. 

Contributed by the Instruments and Regulators Division and 
presented at the Annual Meeting, New York, N. Y., November 29 
December 4, 1953, of Tue American Society or MECHANICAL EN- 
GINEERS. 
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driven by an amplifier. The signal to the amplifier is the differ- 
ence between the required position of the load and its actual posi 
Since the input to the © 
input 


load synchro. 
amplifier is the error or difference between the 
and the output position, the system is a servomechanism in the 


tion as monitored by the 
position 


accepted sense, 

This paper is limited to a discussion of the dynamic properties 
of the 
Essential elements of the hydraulic valve and motor are shown in — 
Fig. 2. The valve is assumed to be of the “ type 
in order that substantial pressure may be supplied to each side 
of the hydraulic motor in the neutral position of the valve. The 
motor shown in Fig. 2 is a cylinder-piston type of actuator, 
The analysis given, however, applies also to the rotational type 
of motor shown in Fig. 1. 

The stations of interest in the valve and motor are indicated by — 


valve-and-motor combination in this servomechanism 


closed-center”’ 


numbers in the diagram, Fig. 2, and are thus referred to in the 
subsequent discussion. When the valve spool is in its neutral po- 
sition, the pressure under steady-state conditions at point 3 is— 
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equal to that at point 7. The magnitude of this pressure is a 
function of the leakage flow which occurs between points I and 2, 
2 and 5, and similarly between points 1 and 6, 6 and 9 

As the valve spool is displaced to the right, the size of the open- 
ing between points | and 2 increases as does the opening between 
points 6 and 9. The hydraulic resistance ‘therefore is reduced 
between these points and, consequently, the pressure increases on 
the right side of the motor and decreases on the left side of the 
motor. Similarly, if the valve spool is displaced to the left of its 
neutral position, the flow resistance between points | and 6 is re- 
duced as well as that between stations 2 and 5 and the opposite 
action occurs 

In practice, the effective width of the land may be less than, 
equal to, or greater than the effective width of the ports. These 
three situations are known as the underlapped, line-to-line, and 
overlapped valve, respectively. In each case leakage will occur 
and indeed is very important since it permits a definite pressure 
to exist on each side of the motor in the rest position. 

In the analysis presented, the symbols ? and Q are used to rep- 
resent, respectively, hydraulic pressure and flow. The unit of 
pressure is the pound per square inch, and that of flow is the 
The symbol R&R is employed to represent 
an asterisk superscript 


cubic inch per second. 
flow resistance, Capital letters with 
indieate the instantaneous value of a quantity; capital letters 
with no superscript represent the steady-state value; and Jower- 
case letters are employed to represent changes or perturbations 
in a quantity. Numeral subscripts to a symbol for a variable 
are used to indicate the station in Fig. 2 at which the quantity 
pertains 
Thus 

P}, = steady-state pressure drop between point L (supply 

point) and point 2 (pressure in line to motor ) 
P\)* = instantaneous pressure drop between the same points 
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The pressure drop in the lines connecting the valve to the motor 
often can be neglected. The speed of response of the system is 
improved if these lines are short and, in practice, the pressure 
drop in the line is small compared to the pressure drop in the valve 
itself. The volume of fluid in the line is generally important, 
however, because of compressibility effects. It is convenient, 
therefore, to neglect the pressure drop in the line resulting from 
flow and, in considering compressibility effects, to add the volume 
of fluid in the line to the corresponding volume in the motor. 

The fluid flow to the motor comprises three components, i.e., 
the flow due to the motion of the driving member (the rectilinear 
motion of the motor piston or the rotation of the type of motor 
1), the flow due to oil leakage by-passing the 
motor piston, and the flow due to the compressibility of the oil 
within the motor or attached line. ‘Thus it is possible to write 
the following equation 


shown in Fig 


Qa* = Qa* T Qa" Q.* 
nwhich 


flow due to leakage 


flow due to motion of driving member 
flow due to compressibility of oil in chamber 4 and its 
connecting line 


A similar equation can be written for the second side of the mo- 
tor. 

The compressibility component of flow is related to the pressure 
in chamber 4 by the following expression 


=Si Qatdt 


The term S, may be called the “hydraulic susceptance.”’ It is re- 
lated to the compressibility coefficient ¢ and the volume V, of 
chamber 4 and its attached line by the following 


pi = perturbation in pressure drop between points Land2 


Obviously 


Similarly 
Qu* = instantaneous flow between points | and 2, and so on. 


The following fundamental relation is assumed between flow 
and pressure 


= R*Q* 


‘The hydraulic resistance R* is assumed to be fixed for a particu- 

lar geometry, and independent of the flow Q*. The first step in 

the analysis consists of writing pressure-drop equations and flow 

equations relating to the individual stations in the valve and 

motor. For example, the following equations define the flow 

about the right-hand land and port of the valve 


4 V Pat = 
Sunilar equations can be written relating pressure, flow, and hy- 
draulic resistance for the left-hand land and port in Fig. 2. 
If compressibility effects within the valve itself are neglected, 
equations of the type of the following may be written 


= + Qu*.. . .. [5] 
which states simply that the flow to the right side of the motor is 


the flow from station 1 to station 2 less the leakage flow from sta- 
tion 2 to station 5in the valve. 


A similar equation may be written for chamber 8 of the motor. 
\ representative value of is 5 & 10~* 
The pressure effective in moving the load is given by 


P.* = 


It is convenient to define the hydraulic impedance of the load as 
the following ratio 


LINEARIZATION OF ANALYSIS 

Iquations of the type of Equations [3] to [10] define the valve- 
motor combination. Smee the pressure-flow equations are non- 
linear, however, a rigorous analysis is generally not practical 
While the equations as written cannot be handled directly by lin- 
ear analysis, a linear approximation to the equation can be de- 
veloped which is satisfactory for many purposes. The procedure 
followed is to assume that each of the terms in Equation [2] is the 
sum of steady-state and perturbation components, and that the 
latter is small relative to the former. A set of linear equations 
approximately correct for the perturbation components may then 
be derived. While these equations will be strictly true for in- 
finitesimal perturbations only, they will apply, in so far as results 
of engineering accuracy are concerned, to changes of appreciable 
magnitude. 

An equation approximately true for small perturbations of the 
fundamental pressure-flow relationship can be found by taking 
differentials of Equation [2]. The resulting equation is 


= 
244 
ay 
sf 
= 
d 
‘ 
me 
y {10} 
| 
- 
pre 
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As stated previously, capital letters in Equation [11] indicate 
the steady-state values and lower-case letters indicate perturba- 
tions. The instantaneous value of each quantity is given by the 
sum of the steady-state and perturbation terms. Equation [1] is 
a typical relation. A change in the flow resistance R* is due to 
a displacement of the valve spool relative to the ports. 


Pp 


+ Qr = /P 


(a) (b) 
p> 2’Par + Rq 


ELECTRICAL 
NETWORK 


Veer+iz 


hia. 3) Exeerrican ANaLoG or Vartasie Hypraunic 


An electrical network representation of Equation [1] is useful 
If, as shown in Fig. 3(a), an electrical network supplies current to 
a series combination of a generator of voltage e and a resistance of 
impedance Z, the voltage drop across the series combination is 
given by the expression shown. Now if voltage and current are 
made analogous to the pressure change p, and flow change 4, 
respectively, in a hydraulic system, the electric circuit shown in 
Fig. 3(b) represents Equation [11]. A change in hydraulic re- 
sistance is similar in its effect to a generator whose electromotive 
force is proportional to the change in resistance, in series with an 
electrical resistive element proportional to the steady-state value 


of the hydraulic resistance. 


ELecrricaL ANALOGS 


An electrical analogy of the complete valve-motor system ea 
be drawn, following the outlined and still assuming 
stnall perturbations. The 
Here, 
p, and current is analogous to the change in fluid flow gq. The 
in hy- 


procedure 
resulting network is shown in Fig. 4. 
voltage is directly analogous to the change in pressure drop 
electromotive force of generator A represents the change 


draulic resistance between points 1 and 2 in Fig. 2 caused by a 
motion of the valve, and resistance B represents the average hy- 


draulic resistance between these two stations. Similarly, genera- 
tor ) represents the change in hydraulic resistance between sta- 
tions 2 and 5 and electrical resistance C represents the average 
hydraulic resistance between these stations. The generators and 
resistances in the lower haif of the circuit relate to the left side of 
the valve. The circuit presumes there is no pressure differential 
between stations 5 and 9. 

The susceptances (inverse capacitances) S,; and Sy are the elee- 
trical representation of the oil compressibility effeets in the hy- 
draulic lines and the motor. The current through an electrical 
susceptance is related to the voltage across it by the following ex- 


pression 
e=S8S S idt 


The similarity of this equation to Equation [7], expressing the 
oil compressibility effeet, establishes the electrical analogy. 

It is emphasized that the circuit in Fig. 4 is useful only for de- 
termining dynamic conditions and does not apply to determining 
the steady-state values of pressure 
tem. While studying a hydraulic system by making use of an 
electric equivalent circuit is not necessary, the familiarity of all 


and flow existing in the sys- 


engineers with simple electric circuits makes this a convenience 
and permits easy visualization of many of the significant dynamic 
effects. 


FREQUENCY-ANALYSIS TECHNIQUES, HYDRAULIC 


The quantity 2’, in 


CONTROL SYSTEMS 


+ 
25 %28'25 


Kia. 4 Exvecrricar ANaLog or Hypraunic-Vatve Moron 


Some sacrifice in generality must be made to simplify further. 
the equivalent circuit in Fig. 4. The following assumptions are | 
not restrictive for many applications, and in cases where they do 
not hold, the problem may be handled by dealing with the gen 
eral equivalent circuit in Fig. 4: (1) It is assumed that the prob- 
lem of principal interest is that of determining the response of 


the motor to a displacement of the valve from its neutral position. 
(3) It is assumed — 


2) The valve is assumed to be symmetrical. 
that the oil volumes between the motor piston and valve are equal — 
If the motor is a rotational type, the 
however, 


for each side of the motor. 
third condition is not particularly restrictive; 
motor is an actuator with long travel and if the volume of oil in — 
the lines is small, this supposition is not valid. (4) All inere-— 
ments in valve resistance are assumed to be related to the valve — 
displacement by the same proportionality factor 
The foregoing assumptions lead to the following equations 
- = 


Py Px Pr = Pes = 


Ri» Ros = Ris = Res = R, 


Tio = Teo = {17} 


equation [13] is the supply pressure. In 
Equation [15] the quantity Q» is the total flow from the supply 
to the valve when the servomotor is not operating and leakage — 
across the servomotor is negligible. The variable z is the me 
chanieal displacement of the valve 
The coefficient k,, is the proportionality 


from its neutral position, 
measured in inches, 
factor relating a change in the hydraulic resistance in the valve 
port with the displacement of the valve. Its value is determined — 
in a following section. 
If V,, is the volume of oil under compression on one side of the 

volume of the pipe connecting one side of 
then 


motor, including the 


the valve to the motor, 


S,or Sy = 


A simplified ectrie equivalent circuit can be derived by mak- 
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The 
electromotive force Qo V2P, k,,x is the net driving force acting 
upon the system due to the displacement of the valve from its 
The ratio 2P,/Qo is the effective internal hy- 
Compressibility effects are repre- 


ing use of the foregoing assumptions and is shown in Fig. 5. 


neutral position. 
draulic resistance of the valve. 
sented by the susceptance S,,. 
The quantity p, is the hydraulic pressure that actually operates 
on the load and the quantity q, is the fluid flow in the motor re- 
sulting from the displacement of the load. The hydraulic quan- 
tities p, and q, are related directly to mechanical quantities by 


[20] 


Force or torque = / 


Rectilinear or angular velocity = qz/4........ (21] 


If the hydraulic motor is a cylinder and piston, the coefficient A 
is the effective area of the piston, On the other hand, if the hy- 
draulie motor is a rotational one, the coefficient A is an equivalent 
area multiplied by an effective radius arm, 

Often the mechanical load of the servomotor comprises mass 
In such cases one of the following sets of equations may 
ar 


only. 
be written 


[22a] 


4 


for rectilinear motors, or 


for rotational motor, where pth 


The relations given in Equations [20] and [21], relating hydraulic 


and mechanical quantities, may be substituted in Equations [22]. 


force developed by motor, or 
moment developed by motor 
mass of load, or 
moment of inertia of load 

y translation or rotation 


For a rectilinear motor 


M daz 
= 


and for a rotational motor 


. [235] 


The electrical analog of a mass load is determined quickly. 
The relationship between voltage and current in an inductive elee- 
trical element is given by the following expression 


ANALOG OF SYMMETRICAL VaLve-MotTor System 


E*V2P5 Key x 
R=2Ps5/Q, 
Sm*2/oVm 


Fie.6 EquivaLent Network For Motor With Mass Loap 


Iequation [24] is analogous to Equation [23], thus establishing 
that in Fig. 5 the electrical element required to represent a mass 
load to the servomotor is an inductance. Thus, for the important 
case in which the load is primarily a mass, the equivalent circuit 
of the hydraulic valve-motor system may be represented by Fig. 6. 


FREQUENCY RESPONSE OF VALVE MoTror 


The frequency-response relation between the output motion of 
the motor and displacement + of the valve now can be computed 
for the case of the mass load represented in Fig. 6. The resulting 
expression is 


a(jwt) VW2P, A jw 4 


Wo? Wo 


[25] 


The form of Equation [25] indicates that in the steady state, the 
output velocity is proportional to valve displacement, and that 
the transient relation between output velocity and input displace- 
ment is the familiar second-order function in which the undamped 
natural frequency in radians per second is given by 


The damping ratio ¢ is 


The natural frequency fy, in cycles per second, can be written as 
follows 


It is particularly convenient to use Equation [28] if the servo- 
motor is of the rectilinear type. This expression gives the natural 
frequency of the system in terms of the output mass of the servo- 
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motor M, the effective area of the piston in the actuator A, 
the compressibility factor a, and the oil under compression V,,. 

If the servomotor is a rotational one, it is convenient to express 
the natural frequency of the system as follows 


n= - [29] 
2r? 2oV,, J 


The quantity d is defined as the “displacement” of the rotational 
motor and may be expressed in cubic inches per revolution. 


NATURAL FREQUENCY, 


3 


| 

05 «00 os 2 
errective mass “Vg? or 

Unpampeep Naturat Frequency or Vatve Moror 

Mass Loap 


The natural frequency of a valve-motor combination with mass 
load is plotted in Fig. 7, For the rotational motor, the abseissa 
is the ratio of the moment of inertia of the load to the square of 
the displacement of the motor, the quantity J/d?. The moment 
of inertia is expressed in pound-inch-second?, and the displacement 
in cubic inches per revolution, 

For a rectilinear motor, the abscissa in Fig. 7 is the quantity 


(279A 


in which .V/ is the mass of the moving member of the servomotor 
and its attached load expressed in pound-inch-second,? and A is 
the effective area of the ram expressed in square inches. In each 
case the ordinate is given in cycles per second and the parameter 
V’,, is the volume of oil under compression bet ween one side of the 
motor and the valve, measured in cubic inches. 

The equivalent cireuit of Fig. 5 and the expression for fre- 
quency response, Equation [25], contain elements that remain to 
be related to the valve geometry. Both the system sensitivity 
factor and the damping ratio are related to the leakage properties 
of the valve, and an estimate can be made of these factors, al- 
though it should be emphasized that in conventional systems the 
accuracy with which these two factors can be calculated is con- 
siderably less than that with which the system natural frequency 
can be computed. 

The oil flow through the valve may be estimated by considering 
the port as an orifice. The flow of oil through an orifice is given 
by the following expression 


24 
p 


Here, P* and Q* are, respectively, the pressure drop across, and 
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the flow through the orifice. A» is the area of the orifice, Coisan _ 
orifice coefficient, and g and pare, respectively, the acceleration of 
gravity and the density of the fluid. The orifice coefficient Co, 
unfortunately, is net constant; however, a representative value of 
0.6 gives useful results, If Equation [2], the flow relation that 
has been used throughout this analysis, is compared with Equa- 
tion [30], it may be seen that the hydraulic resistance is given by 


[31] 
CoAo V2, 


For an underlapped type of valve, the geometrical relation be-— 
tween land and port can be represented approximately by Fig. 8. 
In this figure, A, B, C, and D indicate the outline of the port. ] 
The area A, EF, F, D may be considered the opening between sta-_ 
tions | and 2 in Fig. 2, while the area H, G, C, B is the opening a 


between stations 2 and 5. These two areas, which are equal at — 


the neutral position of the symmetrical valve, determine the 
leakage flow in the valve. 

The series resistance, 2P?,/Qo in Fig. 5 is determined by re 
valve leakage. If the valve is symmetrical and the area of the 7 
opening A, E, F, Dis denoted as Ao, the effective series resistance ; 


Is 


op p p 
= 


For the case in which the load is entirely mass, the damping ra- : 


tio can be related to the port opening by the following equation 
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SLEEVE 
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This relation is plotted in Pig. 9. The natural frequeney fo may 
be obtained from Fig. 7. 

The proportionality constant k,, relating the change in the hy- 
draulic resistance of the valve with valve displacement also may 
be determined from geometrical considerations in the valve 

Fig. 10 illustrates the position of an underlapped land, slightly 
displaced from the neutral position. The orifice area is given by 


A, = +2) 134] 


in which 2 is the displacement from the neutral position, ¢ is the 
distance through which the valve must be displaced in the nega- 
tive direction to close the opening, and w is the effective width of 
Using Mquation [31], the effective resistance of this 


p 


The proportionality 4,, may be defined as 


_ dR,*| 


dz 


the port, 
opening is 


Therefore 


Qo? kys 


The sensitivity factor of Equation [25] 
200A g 
- 


It should be emphasized that the computation of the sensitivity 
factor from the valve geometry is often of limited usefulness. It 
is generally desirable for other reasons to construet valves in 
which the underlap ¢ is as close to zero as practical, Under 
these circumstances, the effect of diametral clearance on leakage 
and valve sensitivity cannot be negleeted. Also, the leakage in 
the motor, while contributing in a nonlinear fashion, definitely 
increases the damping ratio. 

The following is an example of the calculation of the natural 
frequency and damping of a valve-motor system, The pertinent 
characteristics of a typical hydraulic servomotor useful for con- 
trol applications are given in Table 1. 

Assume the load to equal 0.1 Ib-in-see*, referred to the motor 
shaft. With such a load the moment of inertia of the motor itself 
is insignificant, and this is generally true. 
dis 0.25 cu in., the ratio J /d* is 1.6. 

The volume of oi] under compression in the motor is only 0.4 cu 


Since the displacement 
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TABLE 1 MOTOR CHARACTERISTICS 


Maximum pressure, psi 

Maximum speed, rpm 

Displacement (d), in*/rev. 

Horsepower (maximum)... 

Moment of inertia, 
Volume of oil under compression, in’. . 
Volumetric efficiency per cent . 
Torque/inertia (maximum) 


degrees 


Y(jwt) . 


PHASE SHIFT, 


FREQUENCY RATIO, 


Frequency Response or Typtcan Hyprautic Systems 


in. However, to this must be added the corresponding volume of 
If 1 cu in, is taken as a typical value, 
Referring to Fig. 7, it is found that the 


oil in the lines and valve. 
the quantity V,, is 1.4. 
undamped natural frequency of the valve-motor is approximately 
eps. 

If the effective port width w is '/, in. and the underlap eé is 
0.0005 in., the orifice valve area Ay is 2.5 K 10~* sq in. It the 


operating pressure P, is 2500 psi, the value of Ao VP, is 5 X 
may be seen that (fo is approximately 8.0. 
termined to be 11 eps, the damping ratio [ is approximately 0.7 


Referring to Fig. 9, and again letting V,, = 1.4 cu in., it 
Since fo has been de- 


The frequeney responses of typical hydraulic systems are shown 
in Fig. 11. It should be noted that this figure gives the ampli- 
tude and phase relation between the displacement X of the 
valve and Y the “velocity,” or time rate of change, of the servo- 
motor output. It is a characteristic of hydraulic systems that 
the damping ratio is generally less than unity since for efficiency 
and other reasons it is desirable to keep the leakage in the valve 
and motor small. It is almost always desirable to operate the 
system with small hydraulic damping and if the resulting peak 
in the amplitude response is objectionable, either to eliminate it by 
compensation in the feedback system or to so increase the natural 
frequency of the hydraulic system that this peak lies well outside 
the pass band of the over-all system. bode 

ANALOGS FOR Servo Loans 


The foregoing analysis holds when the load on the hydraulic 
motor is a mass element, and it has been shown that the equiva- 
lent electrical element representing the load is an inductance. 
Often the load on the servomotor comprises other elements and 
in these cases other equivalent cireuits ean be found. A few such 
circuits for commonly encountered loads are shown in Fig. 12. 

Fig. 12(a) represents the case already considered and shows the 
inductive element to be connected between points a and b in Fig. 
In Fig. 12(6) the load comprises 
expressed 


5, to represent a mass load. 


three elements, i.e., a mass M; viscous friction, f,, 


| 
80° 
Fre 
ii 
| ay now be computed 
4 
a. 


eps have proved practical and successful. 
a 
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ORY 
FRICTION 
bo 


Evectricat ANAaLoos or Typicat Servo Loaps 


in pounds-inch-second~'; and a spring A, expressed in pounds- 


inch~!. This type of load often arises in an aircraft-control ap- 
plication in which the spring load K represents the aerodynamic 
force acting upon the control surfaces of the aircraft. The elec- 
trical analog for such a load is shown to be a resistance-capaci- 
tance-inductance series circuit. 

Another commonly encountered load for a hydraulic servomo- 
This friction element and its 
Coulomb friction always acts 


tor is dry or “coulomb” friction. 
analog is illustrated in Fig. 12(c). 
in a direction to oppose the motion of the piston, and its magni- 
tude is independent of the velocity of the piston. While this 
load is nonlinear, it still may be represented by an electrical ele- 
ment and useful results may be obtained by appreciating how 
such a load affects the equivalent electric circuit. For dry 
friction, f, is represented in the electric circuit by a direct volt- 
age source. The voltage source must be considered as instan- 
taneously reversible and always acting in a direction to oppose 
the flow of current through the load branch of the equivalent cir- 
cuit. 
CONCLUSION 


The method outlined in this paper by means of which the char- 
acteristics of the hydraulic system are linearized and its response 
studied by means of frequency-response techniques has been ap 
plied to the development of a number of hydraulic control sys- 
tems during the past 6 vears. The limitations of the method 
must not be forgotten. However, this method of analysis has 
been instrumental in improving the dynamic performance of hy- 
draulic servosystems by a considerable factor. The result has 
been that servosystems with natural frequencies of better than 


Discussion 


R. H. Macaitian.? The method of linearization used by the 
author for the valve characteristic is also successfully employed 
by Harpur‘ in a valuable paper on flying-control servos. It may 
be of interest to note that the possibility of using a valve wit! 
large overlap, which operates solely by variation of leakage path 
so that the valve ports are never allowed to break open, is being 
investigated in Britain. Such a system, although still nonlinear, 
appears to possess manufacturing and operational advantages in 
certain applications. 

University Lecturer, University of Cambridge, Cambridge, 
England. 

‘Some Design Considerations of Hydraulic Servos of Jack Type,’ 
by N. F. Harpur, Proceedings of the Institution of Mechanical Engi- 
neers, London England, 1953. 


in the evaluation of real systems in the laboratory 


J. L. Bower.® Quite evidently this paper is a digest of much 
experience in the field of throttling servo valves and related de- 
vices. It presents a clear summary of the principal parts of the 
theory in a form most useful to the practicing servo engineer. It 
would seem, however, that the practical importance of hydraulic 
reactions resulting from the flow of oil would demand their men- 
tion in some form. These effects are notoriously the cause of 
manv troublesome oscillations in valve systems, and the reason 
why great effort has been spent in the past on compensated 
valves. Since much of that effort was applied in laboratories with 
which the author was formerly associated, the effects certainly 
hold no mysteries for him. While the relations presented, being 
in terms of valve displacement, rather than force, are correct, it 
would seem better to warn the unwary reader that the reactions 
exist and are ignored for a stated reason. The relations as they 
stand in the paper are practically usable, without attention to 
reaction forces, in case an overpowerful torque motor and am- 
plifier and a stiff centering spring are provided. They also may 


quately controlled by feedback. 


Two other effects that probably deserve mention are (1) the | 


effect of the entrained air on oil compressibility; and (2) the fact 


that a geometrically symmetrical valve may not, and generally 


ment characteristics identical with the outer pair of ports. The | 


latter condition represents more than simple symmetry. 


J.L. Suearer.s Much of the recent work that has been done 
on the development of valve-controlled hydraulic systems stem 


development of high-performance hydraulic systems in the Dy- 


namie Analysis and Control Laboratory at the Massachusetts — 
thorough understanding of the fac- 


Institute of Technology 
tors which influence the dynamic performance of hydraulic sys- 
tems explains why valve-controlled systems are finding wider use 
in military and industrial applications and justifies the intensive — 
research and development work that has been done in this field. 

It is true that a control valve can maintain effective control of a 
system only when it dissipates part of the power carried by the- 
fluid flowing through it, and as a result the over-all mechanical 


efficiency of a valve-controlled system is usually inferior to a_ 


variable-displacement-pump controlled system. However, the 


designer usually is faced with other considerations such as sim- | 


plicity, cost, and space requirements in addition to speed of re-— 
sponse, 


Frequency-response techniques have proved to be very useful 


nection it is interesting to note that laboratory measurements — 


using small-amplitude inputs do very often agree well with pre- 
dicted performance based on linearized analyses 
author states that a linearized analysis of a control valve can hold 


only when the change in flow is small compared to the initial — 


flow, recent analytical and experimental work indicates that it is 
much more important that the change in pressure drop across the 
valve be small compared to the initial pressure drop across 
the valve.” 

It is interesting to note that when the load comprises only masa, 

Engineering Specialist —Research, 

Ine. Downey, Calif 

* Assistant Professor of Mechanical Kngineering, Massachusetts 
Institute of Technology Cambridge. Mass 


7 **Pressure-Flow Relationships of 4-Way Valves, by J. F. Black-— 


In this con-— 


Although the 


North American Aviation, — 


burn, Trans. ASME, vol. 75. 1953, pp. 1163 1169; and 


Characteristics of Valve-Controlled Hydraulic Servormotors,” by 
J. L. Shearer, Trans. ASMI.. vol. 76, 1954. pp. 845-905. 
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system damping must come from valve underlap (and therefore 


When it 
is necessary to keep the quiescent-leakage flow through the valve 


quiescent leakage through the valve) or motor leakage 


to 4 minimum, leakage across the motor or viscous friction on the 
output shaft must be introduced to provide necessary damping.’ 

The author is to be commended for his early recognition of the 
merits of valve-controlled systems and the strong impetus that 
he has given to their development. 

The usefulness of the technique of electrical 
analogy in the analysis of the dynamic response of hydraulic 
circuits is dlearly demonstrated by the readily applied charts pre- 
pared by the author. An additional advantage of the technique 
that is perhaps not apparent lies in the ease with which additional 
factors can be taken into account once a basic equivalent network 
has been derived. Therefore the author's analysis can be ex- 
tended to include the effeet of factors not specifically mentioned 
in the paper. In this instance the writer will employ the author's 
equivalent network (Fig. 6) to treat the effect of linear (zero- 
order ) feedback and the effect of oil mass. 

Based on the assumptions of small flow changes and of equal 
flow and equal pressure drop across each of the four valve ports, 
the pressure drop across each valve port is 


p 


(Da)? 


2a 


[39] 


where D = dimensional constant in orifice equation, a = open 


area of valve port. 


Equation (39! differentiated with respect to a is 


dp 
da D a’ 


{40} 


For small movements of the valve around the neutral position 
the change in pressure drop across a valve port is 
dP 
AP = Aa 


41) 
da 


From geometric considerations and Equations [40] and [41], 
the change in pressure difference across the piston is 


/2\2 Qe 

AP, (2 ) 

D/ @ 
In the case of linear feedback 


Aa = rwy 


where f feedback ratio (ratio of valve travel to piston travel 
at fixed input); y = position error of piston. 


From the equilibrium conditions 


Mquations [43] and [44] substituted in Equation [42] yield the 
proportionality between the opposing pressure difference set up 
across the piston and the deviation of the piston from the neutral 
position 

APp = ... [45] 
Qo 

The volume swept by the piston in each half of the eylinder for 
au displacement y is 

® Aeronautical Research Scientist, Lewis Flight Propulsion Labora- 
tory, National Advisory Committee for Aeronautics, Cleveland, 
Ohio, gr 660) 
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Vp = Apy . 


The ratio APp/V> is equivalent to an electrical susceptance. 
The equivalent susceptance due to feedback is then 
rw 
V SDP, ru 
AQ 


The equivalent network of the servomotor under a mass load is 
then the cireuit of Fig. 6 of the paper with the addition of a 
susceptance S, in series with the load inductance. 

The dynamic characteristics of the modified network are subject 
to a wide variety of possibilities if no limits are imposed upon the 
values of the circuit components. In the present application, 
however, consideration of the probable range of values of the 
components permits a simplified but useful evaluation of network 
dynamics. The first limitation that can be imposed is that a 
practical servomotor must exhibit a reasonably well-damped re- 
sponse. This limitation combined with an evaluation of probable 
values of L,, and S,, permits the reduction of the network to one 
in which the effect of S,, can be neglected. 
namic characteristics of the network can be deseribed by a damp- 


In this case the dy- 


ing ratio which is 
pP 


[48] 
Qo L,,S, 


A convenient form of Equation [48] is obtained by introducing 
This characteristic re- 
sponse parameter can be expressed as follows 


the quantity “no-load time constant.”’ 


Drw A 


equations [47] and [49] substituted in Equation [48] vield 
[50] 


Equation [50] indicates that the response of the servomotor 
around the neutral position becomes less damped as the speed of 
response is increased (7 reduced). In the ease of servomotors 
employing electrical valve actuators (such as shown in Fig. 1 of 
the paper), Equation [50] may be applied if the characteristic 
time constant of the actuator is short compared with the charac- 
In this configuration 
the no-load time constant is not fixed in a given design but is an 
Thus the maximum 
allowable amplifier gain under which the servomotor can be 
operated is extended bya reduction in valve leakage or a reduction 


teristic time constant of the servomotor. 


inverse function of the gain of the amplifier. 


in load mass. 

In the case of lightly loaded servomotors, the effective oil 
mass in the lines between the valve and piston may add sig- 
nificantly to the load mass. By treating the oil mass as an induct- 
ance in series with the load inductance the effeet of oil mass is 
readily taken into account. y 


The equivalent inductance of a line may be written . 


tpl pl? 51] 
15 
where / = length of line; d = diameter of line; Vo = volume of 
line. 

It can be seen readily from Equation [51] that a reduction in 
volume of oil in the connecting lines, that is obtained by a redue- 
tion in tube diameter only, increases the line inductance and 
hence also increases the total inductive load on the servomotor 


piston, 


= 
a 
1 
im 
>= 
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- 
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The paper describes two methods of synthesizing feed- 


back systems in which stability considerations are quali- 
The three 
basic requirements for either method are (a) a spectral 


fied by an overriding limit on power demand. 


density function of input signals, (4) a transfer function 
of fixed elements (i.e., basic elements essential for the per- 
formance of the task), and (c) the maximum rating of the 
Examples are given. 
form of the stabilizing means has to be specified. 


In one method the 
The 
criterion, that the mean-square error be a minimum sub- 
ject to the power limitation, is applied. This gives as a 
result the optimum design parameters of the specified 
The other method, based upon the 
same criterion, uses a variational principle. 


power source. 


stabilizing means. 
A solution 
by this method gives a stabilizing means for the system 
which, within the specified power limit, cannot be im- 
proved. One example of this method illustrates the de- 
sirability of allowing a finite time delay bet ween the input 


and the out put of a feedback system. 


INTRODUCTION 


HE classical feedback-system design methods are firmly 
based on considerations of stability. In order to make an 
analysis of a closed-loop system of a practical form it is 
necessary to make the assumption that superposition of responses 
applies, at least over a limited range. A complete analysis with- 
out this assumption becomes impossibly difficult and little prog- 
ress can be made toward a logical design even with relatively 
simple systems. 
here linear methods of analysis that make the most of a difficult 
situation by placing a restriction upon the mean power that can 
In this 
fashion the consideration of stability in a system is qualified by 
an overriding limitation in the power that may be demanded. 
Feedback systems are essentially devices for controlling « 


With this in mind it is proposed to introduce 


be demanded under representative operating conditions, 


source of power but present methods pay little attention to the 
Nevertheless the size of the 
source is the basic economic factor in the design of the system. 


power limitation of that source. 


The design of a high-quality control system can be completely 
frustrated in its practical form because impossible demands are 
made of the power source provided. 
enable the best system to be synthesized for a specified power 
demand. 


The methods described 


The accuracy of a feedback system depends to some 
degree on the subtlety of its design, but it is fundamentally limited 
in a manner that can be assessed when a representative cross sec- 
tion of signals is known and the nature of the load and limitation 
of the power source are specified. These three factors form the 


basic elements of a design. The specification of the power source 


1 Lecturer, Electrical Engineering Department, Imperial College 
of Science and Technology. 

Contributed by the Instruments and Regulators Divisien and 
presented at the Annual Meeting, New York, N. Y., November 
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Svnthesis of Optimum Feedback Systems 
Satisfving a Power Limitation 


By J. H. WESTCOTT,' LONDON, ENGLAND 


es 


and load together represent the “fixed elements’’ of iis ayetemn 
which have to be accepted in the design. It then remains to 
find the arrangement giving the highest performance accuracy. 
The design methods to be described specify complementing ele- 
ments and connections which, in conjunction with the fixed 
the the 
power limit specified. 


elements, give minimum mean square error within 


Two distinct methods of design are considered. One is «a sim- 
plified method in which it is necessary at the outset to decide the 
interconnection of the elements to be employed. The procedure 
then consists in varying the parameter values that are not speci- 
fied previously while maintaining the power demand constant 
until the system gives minimum mean-square error, The re- 
sulting system is referred to as parameter-optimized. — Its suc- 
cess depends to some extent on the wisdom of the initial choice 
of interconnections and elements. There always must remain 
some doubt as to whether some other interconnection might not 
lead to a better result. The other design method overcomes this 
objection completely by relieving the designer of the onus of an 
initial choice of elements. This more refined method is based 
upon the calculus of variations and when the fixed elements have 
been specified allows of no choice in the complementing elements, 
but gives directly an absolute optimum for the prescribed power 
which cannot by any linear means be improved upon. These 
are referred to as variation-optimized systems, Sometimes they 
may be difficult to realize in a practical form since the method 
takes no account of practical convenience, but their existence is 
also of great value as a standard, which cannot be bettered, 
against which to compare systems of a more conventional type. 
In many industrial applications, feedback systems are em- 
ployed in a role where a pure time delay between input and out- 
put would be of no consequence and could be allowed for in the 
process, The variational method of design is used to show that 
in such cases a properly chosen time delay can lead to a sub- 
stantial reduction in the minimum mean-square error attainable 
for the same input, fixed elements and power limit. The allow- 
ing of such a time delay means that notice of sudden change in 
prepares’ for a sudden 


In this fashion instantaneous 


output is given to the system which then 
movement of the output member. 
“error” may be quite large giving a forcing action, while actual 
error taking account of the delay is small 


PARAMETER Optimized System Wrru Power Limir 


Procedure. The first requirement as a basis of design is a sta- 


tistical statement concerning the input signals. This is needed 
in the form of a spectral density function derived from repre 
sentative sample inputs. 
give the transfer function of fixed elements. 
of the stabilizing networks has to be decided 


Details of the power source and load 
The general form 
The transfer func- 
tions of the system are derived in terms of the parameters of the 
stabilizing networks and gain factors of the system which consti- 
tute the design variables. It is then possible to write down in 
terms of the design variables an integral consisting of the mean- 
square error of the system in response to the input, to which is 
added an expression representing the power demand multiplied 
by an undefined multiplier v; thus 


=et+pvP 


~ 
| 
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where 
= mean-square error 


P = power demand 


The integral can be obtained in terms of the algebraic parame- 
ters using standard forms.? / is now minimized with respect 
to the design parameters giving a function involving v, but since 
the power is to be considered constant the variation is independ- 
ent of the added constant vy P. Thus a given value of v yields a 
particular power demand and a corresponding minimum mean- 
square error. By considering a range of v-values a graph can be 
drawn of minimiam mean-square error against power, from which 
the particular value of v corresponding to the specified power 
may be selected and the eptimum system parameters for this 
power found by substitution. 

A position-control servomechanism is required to 
follow an input signal consisting of a series of time intervals whose 
terminal points have a Poisson distribution of shots on a line of 
mean density 1/7’; per sec. During each interval the velocity 
has a constant value which is independent of the velocity in other 


Krample. 


intervals; the velocities are randomly distributed with zero mean 

and & mean-square value a?. The spectral density function of 

such an input signal may be represented,* in operational notation, 


as follows 


(2a?7)'/* 
pO(p) 
(Tsp + 1) 
where pis a complex variable. 
a the power source of the servomechanism an electric motor 


3 


Equivalent Crrevurt or AN Evectraic Moror 


« 


In Fig. | is shown the equivalent electric circuit 
of the motor (with constant field) and the load. 


is chosen, 
Capacitance C 
Re- 


sistance 2 represents the internal damping of the motor and vis- 


represents the combined inertia of motor armature and load. 
cous friction of the load. The voltage e, across the parallel com- 
Resistance 
r, is the armature resistance through which the total current 

The power has two 


bination is proportional to the speed of the motor. 


flows; armature inductance is neglected. 
components; a mechanical power associated with friction losses 
represented by the dissipation in resistance FR, and an electrical 
pot.ar associated with the armature loss in resistance r,. The 


mechanical power density is given by 


but ¢(p) = K, p0,(p), hence 


whence the mean power P, is* 


“Theory of Servomechanisms,”’ by H. M. James, et al., Radia- 
tion Laboratory Series, McGraw-Hill Book Company, Inc., New 
York, N. Y., vol. 25, 1948, pp. 333-339. 

* Ibid., pp. 302-303, for a detailed derivation of this expression 
using a frequency variable w where p = jw. 

‘Tbid., chapter 6, for a general discussion of average power ex- 
pressed as an integral of a spectral density function 
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Phe electrical power density is 


[p9,(p)] [— p)] dp [4] 


6P, p)r = fep) Y,(p)] 


ley ( P) Y,( 


where 


Hence 


6P, = [e(p) (Tip + 1)] p) (— Tip + 1)) 


p0,(p) Tip +1 


Substituting for ¢, 


(Tip + 1)) 


(7T\p + 


whence the mean power P, is 


2m) 


T\p + 1)] dp {6] 

The amplifier assoeiated with the motor has negligible delay 
and an adjustable gain such that the over-all combination from 
error angle € to output shaft has a steady-state transfer (p8,/e) 
of K, radians per see /radian. 


put shaft of the fixed elements is thus given by 


The transfer funetion to the out- 


F(p) 


where K, is variable. 
The general arrangement of the system is shown schematically 
in Fig. 2, in which it will be seen that a stabilizing feedback path 


DraGcraM or System ror Oprimiza- 
TION 


Fie. 2) ScHemaric 


has been added. This consists of a tachometer on the output 

shaft giving a voltage proportional to shaft velocity, which is fed 

back into the error channel through a high-pass-filter network. 
The transfer function of the feedback path is given by 


(kp) (, 


tacho 


Tp 


H(p) 


filter 
The transfer functions of the system may now be derived 


_Ki(Tp + 1) 
p(Tip +1) (Tp +1) + K2T'p? + Ki(Tp + 1) 


» 
Op 
R? 2m) 
| =e 
| 
ie * 
Hip) 
4 [— p6(— p)] (3) 
6 


output of 40 w. 


bic. 3) Arrenvation-Puase DiaGram ror bia. 4 


> 


where K, = 


cat 


(Tip + 1) (Tp + 1) + 

pe, p(T ip + 1)(Tp +1) + KeTp?+ Ki Tp +1) 
Expressions may now be formulated for the mean-square- 
error density, €(p)e(— p), and for the mechanical and electrical 
power densities, in terms of the system parameters. 


square error is given by 


“= 2m) 


The following parameters are fixed by the basic specification at 
the values given: 


The mean- 


je 


dp 


mean duration of intervals, 7) = 4 sec 


Input signal « mean square of velocities in each interval, a? = 

0.01 (radians per see)? 

* 


mechanical time constant, 7) = 1 
sec 

equivalent friction resistance, 
2502 

armature circuit 
100 

constant, A, = 1000 v/ 

radian per see (ineluding gear- 


Fixed elements of system resistance, 7, = 


spee 


ing to output shaft) 


Power source: maximum rating of motor = 150 watts 


The rms velocity of input signals, (a?)' 2 is O.1 radian per sec, 
and substituting for the given values in Equation [3] shows that 
for steady-state followingof this velocity the motor has a mechani- 
There are three design parameters; namely, 
direct gain factor A,, subsidiary loop gain A», and feedback 
filter time constant 7’, in terms of which it is required to mini- 
mize the mean-square error, €2, while keeping the total power de- 
mand (P?, + P,) to the maximum rating of the motor of 150 w. 

Curve | in Fig. 3 shows a typical attenuation-phase analysis 
of the open-loop transfer function 6, eof the system in which 7 = 
7,. The gain asymptotes coincide with those for the fixed ele- 
ments F, except where the latter are shown dotted. The effect 
12 decibels (db 
6 db per octave 


of the subsidiary loop is to cause a premature 
per octave slope which later “breaks” back to 
and then joins the original curve again. It is customary to allow 


the 6-db section to continue for at least 2'/, octaves, which 


System 
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means A, = 15 db or 5, and for this simple system it is sufficient 
for K, to be chosen to meet the end of the 6-db section as shown 
in Fig. 3, giving A, = 30 db or 25 (= When 7 is less than 
7\, then for Ky and A, unaltered the proportions of the 12-db 
and 6-db sections are changed, as shown by curve 2 in Fig. 3, to 
the detriment of the 6-db section. It is desirable to preserve the 
lengths of the two sections in proportion, both increasing as 7’ is 
reduced, so giving a system of adequate stability but increasing 
band width. This may be achieved by keeping A, = Ay? and 
varying A, inversely with 7 so that A, = 5/7 as in curve 3, Fig 
3. 
Thus all the design parameters may be expressed in terms of 


the one variable 7) Mean-square error and power now may be 


expressed as functions of 7, using the standard integral forms 


given in the Appendix,’ whence 
Mean-square error = €? (mils)? 
0.277 + 7.87" + 
O0.0001257° + O.0O4OT 4 


+ 
4+ 


OATST? 4+ 2.497 


Mechanical power = P (watts) 
0.57? + 19.57? 4 
4 


1247 + 200 


0.0001257° 4 0.056673 + O.475T? 4 


Iectrical power P. (watts) 


NT 4 


124 
OATH? 4 


0.273 + 7.87? 110 4 


0.0001257° + + 4 2.407 + 5 


These equations show that for this example with a single de- 


® Footnote 2, p. 369, but derived in a more convenient form for 
the present purpose. 


| 
SQUARE ERROR 


Tota Power DEMAND 
Py +R (warts) 


EvecTRicAL Power 
(watts) 
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o-Ts 


Power DemManp ann Mean-Square baron or ParnamMerer- 
Optimizepo System ror VaLtues or Design Parameter 7 
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sign variable 7 there is a unique mean-squa 


re error €?, and power 
P = P, + P,, for a chosen value of the variable 7. Thus there 
is no need to introduce the multiplier v, as is necessary in the gen- 
eral case, and the graph shown in Fig. 4 of mean-square error 
and power against 7’ is obtained by direct substitution for values 
of 7 in Equations [12], [14], and [14]. 
for 4 maximum power demand of 150 w is 2.6 (mils)? and occurs 
for 7) = 0.25 see 
in curve 3, Fig. 3. 
The transient response of this system to a sudden change of 


The mean-square error 


The gain asymptotes for this system are shown 


input velocity is shown in Fig. 5. As 7' is reduced, the system 


InpuT VELOcITy = 
or 


RESPONSE 


Response oF PaRamerer 
Orrmiseo System 


e 


RESPONSE OF VARIATION 
SYSTEM WitHouT DeLay 


RESPONSE OF VARIATION OPTIMISED 


SvSTEmM A TIME DELAY OF 024400 


(SWIETED TO TKE ORIGIN FOR COMPARISON 
WITH THE INPUT ) 


0-2 o-4 
TIME (SECONOs) 


Responses oF EXAMPLE Systems TO A SUDDEN 
CHANGr or INpuT VeLociTy 


TRANSIENT 


band width is increased so that following becomes more precise 
and the mechanical power approaches that needed to follow a 
steady velocity equal to the rms of the input signal (that is, 40 w), 
the mean-square error to such a steady velocity being 0.0625 
(mil), 

However, this is only one of the contributions to the total power 
demand, and the price to be paid in power demand for more ac- 
curate following of the signal is more directly shown by the elec- 
trical losses P) which arise mainly because of the need to transfer 
energy to and from the load inertia if a well-damped response is 
to be maintained, This loss is dissipated entirely in the armature 
circuit and indicates clearly the need for special attention in the 
It is 
of interest to note that the loss now involved is due to the feed- 


armature design of motors for feedback-control systems, 


back-controlled transactions between the energy stored in the 
load inertia and the power supply, and is thus only a fraction of 
what it otherwise would be if the system were an open-loop one 
with damping obtained by direct friction loss. Similar eonelu- 
sions, analogous to those arrived at here, apply to power sources 
based on other media, 

The servomechanism has been designed along standard lines 
The 


question now arises of how restricting the particular choice of 


and a particular solution chosen to satisfy a power limit. 


stabilizing method has been within the scope allowed by the power 
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limit. This will be investigated in the next section using the 

variational design method. 


System Power Limit 


Procedure. The method of design to be discussed here is the 


important contribution of this paper. It is a method based upon 
the calculus of variation and the use of a Lagrangian multiplier 
vin terms of which a general solution for the system giving mini 
mum mean-square error is obtained while satisfying a restraint 
The additional elements, and their 
interconnections, to be added to form the system are provided 


on the power demanded. 


by calculations in terms of the specified functions, namely, the 

input function, the fixed-elements transfer function, and the power 

The 


solution is thus no more complicated than the total complexity 


limit, which are required in the same form as previously. 


of the specification itself, and yet it is certain that this solution 
cannot be improved upon by any other linear system. This is a 
most interesting feature of the method since it shows that com- 
plexity in itself, beyond a certain point, cannot lead to improve- 
ment. 

The general relationship between the specified functions and 
the equivalent cascade-system function C(p) which, in conjunction 
with the fixed elements, gives a minimum mean-square error, is 
derived in the Appendix. * The analysis involves integration of 
functions of a complex variable and an application of variational 
caleulus, but is quite straightforward. 
derivation of the equivalent cascade-system function C(p) is 


It is emphasized that the 


only a convenient mathematical step toward the final solution of 
the problem; it is not in itself a solution of a practical kind. It 
is essential to proceed a stage further and to realize the system 
as a feedback system. It is desirable to allow the greatest flexi- 
bility in the form of the feedback system by considering a general 


feedback function H(p), as shown in Fig. 6. In servomechanism 


F ip) 


mie 


H(p) 


Scuematic DiaGRAM OF SysTeM FOR VARIATION OpTiIMIza- 
TION 


Fig. 6 


examples H(p), usually but not invariably, can be realized as a 
direct monitoring feedback between input and output angle, 
together with a paralleled stabilizing feedback path. 

Two basie operations are involved in solving for these opti- 
mum systems. The first is that of solving for the roots of poly- 
nominals formed by adding the constant v (the Lagrange multi- 
plier) to a symmetric rational function. This is a type of opera- 
tion which is familiar in feedback-system calculations, since a 
similar operation is involved every time the effect of a feedback 
loop is considered (i.e., 1 + HF). 
p-plane analysis.6 The other operation is the one of finding the 
“backward” part of a function of a complex variable; i.e., the 
part of the funetion which operates on the past and hence is “back- 


It is easiest carried out by a 


This part of the function regarded as a system 
When 
input and output are required to approximate simultaneously 
(without time shift), there is no difficulty with this operation 
which then involves taking residues at singularities in the left 
half p-plane only. When time delay is allowed between output 
and input, there is a difficulty which arises owing to the overhang 
in the backward part from residues at poles in the right half 


ward looking.” 
function gives rise to a transient response for t > 0 only. 


6 Also known as the root-locus method 


af 


— 
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f 


‘ 


WESTCOTT 
plane in the presence of a shift factor. However, with servo- 
mechanisms where smal] delays alone are advantageous, it is fre- 
quently the case that a negligible difference results if this over- 
hang is neglected and again only the residues at singularities in 
the left half plane are taken into account. 

Example (continued). The variation method is now applied 
to the example of the preceding section. The fixed elements 
need more precise definition in this case since the amplifier is not 
strictly a prescribed part of the system, and the motor alone is 
definitely specified giving a transfer function for fixed elements 


F(p) = 
K, p( Tip + 1) 


where 
7, = mechanical time constant 
= 1 sec 
K, = speed constant = 1000 v/radian per sec 
1 
yer 
10 p(p + 1) 


The input signal spectrum G(p) is given from Equation [2] 


G(p) = 


a? = mean-square velocity of input 


= 0.01 (radian per sec)? 
7, = mean duration of interval re 


= 4 sec 
(0.08)' 
p(4p +1) 


(2a? T3)'* 
(Tsp + 1) 7 
* 


whence 


Gp) = 


’ j Both F and G are backward operators. 
In order to evaluate the equivalent cascade system function 


C(p) as given in Equation [33] of the Appendix, the two opera- 
tions discussed in the last section must be carried out as follows: 


Derivation of F, F, 
Fi, Fy =v+FF 


where v is a Lagrangian multiplier, a positive constant. Thus 


1 v10%p*(p? 1) +1 


FF, =» =") = 
+ 1) (p 10*p*(p + 1) (p — 1) 


Let vy 10° = 1/r*, then 


F, F, 


(provided r > 1 
+ 1) (p 1) 
p? 

10° p(p + 1) 

(b) Backward part of FG/F, = sum of partial fraction terms 
7 having backward denominators 
(kip + 1) 
= (0.08) 

piAp +1) 

where 
+ 1/4r? 


1+ V2/4r + 1/16r° 


7? Unbarred functions are backward operators; e.g., F(p). 


Barred 
functions are forward operators; e.g., F(— p). ae 
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Thus substituting in Equation [33], the equivalent cascade 
system function is 


(kip + 1)r? 


C(p) = 105p(p + 1) 
eal (p? + V 2pr + 


[19] 


and the over-all transfer function of the system becomes 


CF = (kip + 1)r? 
(p? + v/2pr + r*) 


Power assessment: The output 6, may now be written 


- (0.08)'* 


+ 
0, = GCF = (kp | 


+ 1) (p? + V2pr 
hence substituting for 8, in Equation [5], 6P, may be formulated, 
and performing the integral of Equation [6], using a standard 
form from the Appendix, we have 


P, _.8.46r 
(watts) 


When r = 
P, = 


11.4, Equation [22] gives P, = 110 w and similarly 

40 w, giving a total power demand of 150 w. 

Error assessment 

(0.08)'* (p + /2/r— ky) 

(Ap +1) (p? + V 2pr + r*) 
[233] 


€=6 0, = Gl — CF) 


whence performing the integral of Equation [11], using a standard 
form 
0.08 
32 = 1.2 (mils)? forr = 11.4 
as compared with 2.6 (mils)? previously. 

Substituting for rin Equation [20] gives the optimum system 
transfer function satisfying the power limit. The transient re- 
sponse of this system to a step velocity change equal to the rms 
velocity of the input is shown in Fig. 5, together with the response 
of the parameter optimized system. 
ard method of stabilizing with optimum parameters acquits it- 
self well; however, it will not always compare so favorably when 
more complicated fixed elements are specified. In the example 
the question of instability does not arise since the fixed elements 
However, a sub- 
stantial advantage, even in this example, is to be gained by the 


In this example the stand- 


themselves do not lead to an unstable system. 


employment of time shift, as will be shown in the next example, 

Physical realization of H(p): In the physical realization of the 
feedback function H(p) (see Fig. 6), it is desirable to allow a 
greater gain in the forward path than K,, the speed constant of 
the motor alone. At this stage the amplifier is reintroduced so 


that the forw ard-pat h transfer function becomes 


k 
F\(p) = 
p(p + 1) 


It is important, however, that the over-all transfer function CF 
remain unaltered which will be the case provided C is divided by 
the change of gain, namely, K,K,, when it is associated with F,\(p); 


thus 
— 


1+ H(p)F\(p) 
whence 

H(p) Kik, 
Fp) L C(p) 


| 
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giving 


p? + V2 pr + r? pip + 1) 


H(p) 
(kip + 1)r? K, 


Now K, may be chosen to give the most convenient form of 
H(p): 
When AK, = 4r? then 


The three components of H(p) are as follows: 


(a) Tachometer feedback with a high-pass filter, as used pre- 
viously. 

(b) Positive acceleration feedback. 

(c) Monitoring loop, giving comparison between input and out- 


put position. Substituting for r = 11.4 gives 


The steady-state velocity-error constant K, = K, = 520 sec 
This would give a mean 


0.122 p? 


+1 0.00192 p? + 1... [26] 
122 p + 1) 


H(p) = 0.124 


1 


as compared with 400 sec! previously. 
square error of 0.037 (mils)? in following a steady-state velocity 
equal to the rms velocity of input signals. The subsidiary loop 
= 64.5, compared with 20, and the feedback network 
The improve- 


gain Ky 
time constant is 0.122 sec as opposed to 0.25 see. 
ment becomes possible because of the small amount of positive 
acceleration feedback, not previously present. The value of an 
accurate angular accelerometer is clear. 

An Example With Time Shift. In this section it is assumed 
that the servomechanism of the previous example is required for 
an application in which a pure time delay between input and out- 
put can be allowed for. The effeet of allowing a time delay in 
the output response of the system will be investigated and the 
improvement in performance resulting from this measure deter- 
mined, 

The input signal, fixed elements, and the function F, F, are as 
in the previous section, The backward operator, however, is 
modified by the time shift 4; the overhang from the forward part 
of the function, resulting from time shift in Equation [33] of the 
Appendix, is neglected, 


Backward part of (GF/F,)e @ = sum of partial fraction terms, 
modified by the exponent, having backward denominators which 
is given by 

~ 


where 


(0.08)'* (kep + 1) 
p(Ap + 1) 


ef 4 
1+ 2/4r + 1 


l6r? 


and is dependent upon ¢, the shift, 
Whence the over-all system transfer function is 


CF = (kop + 
(p? + V2 pr + r*) 


for time greater than ¢. 


Power assessment: ‘The output @, is now given by 
(0.08)''* + 1)r? 
= GCF = 
p (4p + 1) (p? + V2 pr 
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hater 
Hence by Equations [5] and [6], using « standard form, we have 


+ 2/2 +r 


P, = 
32 + 16r +272 


(watts) . [29] 


which, involving ke, also depends upon the time shift ¢, and so can- 
not yet be determined. 


Error assessment: The error has to be determined with respect 
to the input signal delayed ¢ seconds he 


CF) 
| 
p(4p + 1) 


It is now necessary to perform the Integral [11], and the stand- 


€= (9; shifted back ¢) 6, = G(e-? 


(kop + 1)r? | (30) 


(p? + pr 


ard forms are not suitable, owing to the presence of the exponen- 
tial shift factor. The method of residues has to be employed 
with attention to the contribution near the origin. The mean- 
square error is given by 


kt V2 


The slope of this function at ¢ 


oe? 
ol t=0 
signifying an initial decrease in error. However, for ¢ large, the 
When r is regarded as a constant (which does 
not correspond to constant power demand) the minimum point 


slope is positive. 


is near 


6 V2r 
and for this value of t, ky = ky (of the preceding section). 
Thus k,.? = k,? and the expression for P, reduces to the same 
expression asin the previous section, which means the same value 
of r = 11.4 corresponds to a 150-w total demand. Also, since 
ky = ky, the over-all system transfer function CF is the same 
as in Equation [20], except that the zero lies in the right half 


plane 
(— kip + 
+ 2pr + r?) 


for time greater than ¢. 

This convenient relationship between the two over-all transfer 
functions provides a simple condition for determining the most 
favorable time shift. The transient response of this last Function 
[32] to a velocity step equal to the rms of input velocities is 
shown in Fig. 5, shifted back to the time origin, in order to pro- 
vide a comparison with the responses of the previous systems 

Substituting for kin Equation [31] gives 


e 0.08 


and forr = 11.4 


€? = 0.257 (mils)? as compared with 1.2 (mils)? without shift. 


q 
= 2 ky 2 2 
— +1 [2 
r (kip + 1) 4r? 
() 
\ 
1 = ky tr ke V2 
f 
1 
1 
) 
| 
bi 
4 — 
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A pend 1X whence 

TABLE OF STaNDARD INTEGRAL ForMs FoR EVALUATION OF nGO\(» L FRC Fe 


MEAN-SQuaRE VALUES OE J -jo 


=p 
j + HGG|(v + FFP) F e*?|} dp 
| dp 

h,(p) h.(— p) For a minimum, the variation represented by this integral 
must be zero, which it will be if each part of the integrand is 
analytic in one half plane. Consider the second part of the 
yp) = agp" + ap*-... a, integrand which may be written, replacing (v + FF) by FF, 


(cr,c 


= dop*—' + dip*-?... 


This function exists entirely in the right half plane of p, pro- 
vided the part in parentheses has no backward part. This is the 


case, and expresses the conditions for a minimum, when 
S: = 


lar 
ao ay 


> 
2( ajay aga) where @® signifies “the backward part of." Or 


+ a,(d,? 2d,d;) + (ajay agay) - 


were 

DERIVATION OF C(p); THE EQquivaALeENT CascapE SysTeM 
FUNCTION 


The schematic diagram of the system for variation optimiza- 


tion is shown in Fig. 6, from which it will be seen that _ 


6, F 
— 1+ HF where 


‘ 


and hence may be regarded as the product CF where C = 1/ ® j Per? | 

(1 + HF). Cis then the equivalent cascade-system function. (FF § 

The mean-square value of signal S is uniquely related to power 

_ demand by virtue of the fixed elements F(p) being known. The 

mean-square value of S, S?, is employed as the constraint, where 
Discussion 

The error with time shift is given by 
‘ R. OLpENBURGER.’ This paper is an outstanding contribution 
= — 6, - to the science of automatic control. It is gratifying to see the 


= G(e*? — CF isoparametric problem of the calculus of variations employed 


(a — ve fora time delay 


in automatic-control theory. The introduction of branches of 
where @ is time shift which is negative for a time delay, 


mathematics, well-known to the mathematician but new to the 


The expression to be minimized is then ‘ Sie ; 
area of engineering involved, often, if not always, vields resulte 


significant to industry. This paper emphasizes the practica- 

T = @& + pS? = [ (Ger? CF) bility of statistical methods in treating automatic control prob- 
2m dems, and feedback problems in general. Statistical methods 

oP CF) + GC} dp have been ably publicized by Norbert Wiener. Although, in so 

far as we have been able to learn, Wiener’s theory on the subject 

where G = G(p); G = G p)..., and visaconstant has not yet been applied to industry, Dr. Westeott’s paper indi- 
cates that we may expect such applications of the theory in modi 


= GG (1 — CFe~ — CF 4+ CCOFF + dp 
J 


fied form. 
Servomechanisms normally are designed to run into power 
‘ saturation for large signals. The reader might consider this to 
det 67 = variation of T, € = a parameter independent of ((p), be a definite limitation on the use of the author's theory. This 
n(p) = variation of C(p); then a is not the ease, One can employ this theory to determine the av 
erage power required by a servomechanism and design accumu- 
[ GG (C + lators or other energy-storage means so that the maximum power 
J -je available for large upsets is in excess of the average power by a 
safe amount. Ina regulator problem the signal is normally zero; 


(C Fer +(C+§ + 
+ &) én “9 ie * Director of Research, Woodward Governor Company, Rockford, 
+ nC + + Til. Mem. ASME 


- 
where 
r 
dy? 
‘ 
(lg 
d 
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that is, the controller setting is fixed. As it stands, the author’s 
theory does not apply to regulators as a whole, but may be useful 
for a servomechanism incorporated in the regulator, in so far as 
it must respond to corrective signals that arise from the disturb- 
ances, To make the paper understandable to a wider audience 
some points need clarification. Formula [2] as written does not 
occur in the book by James, et al. (author's footnote 2), to which 


Phillips, in James, et al., gives 


1p 


+ (2rf)? 


Phe transition to the author’s Formula [2] by setting 


B 


Here p is the s of the ASME Dynamic Systems 
A-I1, pp. 1155 


p = 2rfj, 


| 


runs a8 follows: 
Committee recommendations given in paper 53 
1176. Fvidently, the author factored 


to obtain 


V 202 V 2a? T (35) 


He uses '/,4,(f) instead of the spectral density function and 
instead of 0 to @ 


2a? 7; 
Tp? 


performs his integrations from —-© to © as 


shown later. The author represents the function 1/,G,(f) by 


the factor 


which he denotes by p@,(p 
To explain this notation, let G,(f) be the spectral density fune- 
tion of the input signal. We assume that we can factor '/.G,(f ) 
into 
gaff) = 


This function 6(p) must not be confused with the Laplace trans- 
form of the input signal. We recall that if the input to a physical 
system with a transfer function Y(p) has the spectral density 
function G,(f), the spectral density function G,(f) of the output is 


GAf) = [38] 


(see James, et al.) The assumption that '/.G,(f) factors as in 
Equation [37] of this discussion appears to be a very serious re- 
striction on G,(f). For how general a 
function G,(f) is the factorization, Equation [37], valid? 

We take the derivative of the input signal. The spectral den- 
sity function G,(f) of this derivative is |p|*G,(f) sinee the transfer 


function of the derivative is p. Note that |p|? = (—-p)p. 
Thus 


The question arises: 


In the foregoing sense we can represent '/oG,0f) by the factor 
6,(p) where 


= 


as in the author’s Formula [2| 


By James, et al, if y(f) is the average voltage across a unit 
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resistance, the average power for this resistance is 1? where 


. 
r 


Phillips in James, et al., shows that this average power is 


ao 
f Ar (f)ltdf.... 
0 
J, 
7 


GS 


y2 = Lim 


27 


Lim 


A, (f) = 


where 


dt 


Thus this power is 


(f)|*.. 


Gf) = Lim 
where G(f) is the spectral density function of y(¢). 


If 


17 (f) 


(46 | 
Vi 


Lim 

exists, and we identify the author’s input signal with the (f) of 
James, et al., the factor /26,(p) of Gf) may be taken to be 
the limit in Equation [46]. The author’s function e,(p) is a 
factor of the spectral density function of the voltage e,. The 
spectral density function G,(f) of e, is thus 


... (47) 


whence the average power 7’, for the resistance P is 
R 2R x 


Gf) 


this yields 


in view of 


f). ° 


Since p 


P, = 


From this we have the author's equation preceding his Formula 
{3], and thus derive Equation [4]. 

The expression 6,(p) is a factor of the spectral density function 
G(f) of the servomechanism output 4, where 


Sere 
Gif) 


p Pp? 
That the author's Equation [9] holds for 6,(p) and 6,(p) follows 
easily, and the same is true of his Equation [10], where if the 
spectral density function of the error is G,(f), then € in his equa- 
tion is the «(p) for which 


> = 
His Equation [11] is simply 


Gf df... 


for f 
| $ 
1 + Tsp = 
: @ 
V2 
~ [40 
ap 


~ author allows for a pure time delay between the input and the 
output of the servomechanisms. This is not to be confused with 
the delay produced by a physical component that is part of the 


that the assignment of a value to the power demand P is equiva- 
lent to assigning a value to the mean-square value S? of the signal 
S. This is true if the power is supplied to electrical resistances, 
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left-hand plane (and at the origin) are collected into one term, 
given in his Equation [18], and form the “backward” part of 
FGF... The rest of PG/F, is then the “forward” part with the 
poles in the right half plane. 

An Example With Time Shift, the 


To obtain his Equation [18] the rational function FG/F, is split 
into partial fractions. The partial fractions with poles in the 


In his section entitled, 


servomechanism. Rather, this time delay isa purely mathemati- 
cal one in that the output @, [this is the real output] is compared 
with the input @, at an instant ¢ units of time (such as ¢ seconds 
earlier. There are thus situations, as in the case of a profiling 
machine, where the output does not have to follow the input 
instantaneously, but one is satisfied if the output is the same as 
the input except for a constant time delay, such as '/, sec. 
The “overhang” referred to by the author in the paragraph 
preceding his Equation [27] refers to the fact that the operator e*? 
shifts the values of a transfer function by which it is multiplied. 
In the treatment of C(p) in the Appendix, the author states 


as in the example in Fig. 1 of the paper. What if this is not the 
The author's theory assumes that the power demand is 
Although 
this is true in many problems, this assumption appears to the 
writer to be a definite restriction on the generality of the theory. 


related to the input signal by a transfer function. 


The results of the argument involving the minimization of the 


integral 7 are correct, although the argument itself is not rigorous 
The expression T is not to be minimized. Rather € is to be mini- 


mized subject to the restriction that S? isa constant. This is the 
isoparametric problem of the caleulus of variations and v is La- 
grange’s multiplier A. Instead of replacing C by C + &nf(p) it 
is necessary to replace C by C + &:m(p) + &:m(p) as the fol- 
lowing argument shows: 
Consider a function f(r, y) which is to be minimized while a 
second function g(x, 1) is kept equal to a constant so that 
[54] 
Assume that ris the independent variable, that is, that Equation 
[54] ean be solved for y. Then f is a function of 2. Setting 
df dr equal to zero we obtain 


= 9. 


(55 
Differentiating both 
sides of Equation [54] with respect to 7 we have 


= the subscripts denote derivatives. 


Ge + = 


Equations [55] and [56] are linear equations in the “variables’’ 
1 and y,, whence (assuming they are satisfied) the determinant 
of coefficients 


{57 


A 


vanishes. We introduce f* where 


ft=f+a [58] 


Setting of*/Or and Of*/dy equal to zero as if we were minimizing 


f* we have 


‘These equations are linear in 1 and A, whence (assuming they are 
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satisfied) the determinant of coefficients vanishes. This deter- 
minant is the same as Equation [57]. It follows that the exist- 
ence of a solution of Equations [54] to [56] for.z,y, and y,, is equiva- 
lent to the existence of a solution z, y, and A of Equations [F 4] and 
[59]. In solving Equations [54] find [59] we are not minimizing 
f*. Neither is the author minimizing 7. The integral 7 takes 
the place of the function f*, and when C is replaced by C + 
Em + £m the integral 7 becomes a function of &, &, as well 
as the multiplier y. Note that e? is the f of equation [59], that 
S? is the g of Equation [54], and that x, y, \ are replaced by &), &, 
and y, respectively. Differentiating 7 with respect to & and & 
and setting the resulting derivatives equal to zero at & = & = 9, 
we obtain the vanishing of the integral which the author derives 


Clearly, the result at this point is the same as if we were mini- 


tor 


mizing 7 and therefore used one parameter & only.* 

The author now assumes implicitly that the integrand of the 
last-mentioned integral is asymptotic to as p— In 
referring to parts of the integrand he uses the word “exists” 
meaning “analytic.” The rational funetion + ean be fae- 
tored into F,F,, where all of the poles and zeros of F, are in the 
left half plane. Poles and zeros on the imaginary axis are readily 
taken care of and will not be discussed here. The funetion 


G Fear 


can be split into a sum 
. (62 


where B has its poles in the left-hand plane and F, its poles in the 
This follows immediately by splitting the ra- 
setting 


right half plane. 
tional function GF/F, into partial fractions. By 
equal to B, the poles of 


lie in the right half plane as desired, Using the complex in- 


version integral 


dp. 


the author obtains a function f(1) equal to this integral, that ean 
he written as 


f(t) = fit) + falt).. {65 


(here fis not to be confused with his delay time), where 


fit) 


f(t), «20 
f(t) 


= 0 


and 
fet) = 0, t 
He now takes the Laplace transform of f(1), which is the same as 
the Laplace transform of f\(t). It follows!® from complex varia- 
*“Caleulus of Variations,” by Robert Weinstock, MeGraw-Hill 
Book Company, Ine., New York, N. Y., 1952, pp. 48-50 
10 **Modern Operational Methods in Engineering,” by R. V. 
Churchill, MeGraw-Hill Book Company, Ine., New York, N. Y., 
1944 


| 
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ble theory that this transform is analytic in the right half 
plane, and may be taken to be the backward part of the Fune- 
tion [62]. 

Francis F. Lee! The author should be complimented on 
his recognition that power limitation, among other things, in a 
feedback-control system, is a fundamental limitation, and that 
complexity in the controller design, beyond a certain point, can- 
not lead to improvement of the performance. 

The author considers the servomotor as the power source. 
In reality, the servomotor is merely a modulator, or a valve, 
which controls the energy flow between the prime mover and the 
load. The maximum instantaneous rate of energy that can 
flow through the motor depends on saturation levels of various 
kinds, such as the maximum generator emf in a Ward-Leonard 
system, the setting of the relief-valve pressure in a hydraulic sys- 
tem of the variable-displacement pump or the maxi- 
mum valve displacement in a valve-controlled hydraulic system. 


type, 


The maximum power rating of an electric motor is the maxi- 
mum mechanical power it is capable of delivering to the load for 
Depending on the type of duty, 

continuous-duty rating and the intermittent- 
Above these ratings there is the peak power the 


a specified temperature rise. 
there is the 
duty rating 
motor can develop, bounded only by the saturation limits. 

While the part of the average power caused by armature re- 
sistance, as considered by the author, contributes to the heating 
of the electric motor, and consequently is related to the rating of 
the motor by its efficiency, the relation between the average 
power and the peak power is indeterminate. In a hydraulic 
system, the part corresponding to the armature loss is the leakage 
loss. Since the hydraulic fluid is an effeetive coolant, the leak- 
age loss has little to do with the power rating of the hydraulic sys- 
tem, 

In driving a normal inertia load, little average power is needed, 
but the instantaneous power involved can be of considerable mag- 
nitude. In a sense we may say that the load possesses a small 
power factor. Thus a servomotor with either a maximum power 
rating or a peak power capacity equal to the computed average 
power demand is necessarily very much underpowered, 

Although the author's interpretation of power rating of a 
motor is misleading and will give erroneous results, the method 
of minimization with constraints is valid, provided the proper 
constraints, such as the saturation limits, are used, It should 
be pointed out that G. C. Newton treated this problem in great 
detail in his doctorate thesis at the Massachusetts Institute of 
Technology in 1950. The essentials of his work have been 
published." 


presented example of an attempt to include the inherent non- 


Sunser, Jr? This paper is an interesting and well- 
linearity of any actual feedback-control device in a systematic 
A similar ap- 

The results 


design procedure for the compensating elements 
proach to this problem was made by Newton.!* 
obtained were quite analogous to those presented here, except 
that Dr 
The general approach used, that of controlling the probability 
of saturation by limiting the rms signal levels at the inputs to all 


Newton applied one additional constraint 


'! Research Engineer, Servomechanisms Laboratory, Massachu- 
setts Institute of Technology, Cambridge, Mass 

“Compensation of Feedback-Control Systems Subject to Satu 
ration,” by G. C. Newton, Jr., Journal of The Franklin Institute, vol 
254, 1952, part 1, pp. 281-206; part 2, pp. 391 413. 

Associate Professor of Electrical Engineering, 
versity, Princeton, N. J. 

“Statistical Filter 
Saturation,” by 
tional Convention 


Princeton Uni- 


Feedback Systems Subject to 
presented at the IRE 1951 Na 


Theory for 
Newton, Jr., 
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4 


saturating elements, is not the only one which may be made, 
An entirely different method of attacking this prob- 
It can be shown that what we might eall the ‘“‘abso- 
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however. 
lem follows 
lute optimum” performance of a power-limited system occurs 
when the output device (or at least one saturating element in the 
system) is driven at its saturation level for the entire duration 
of the response to the signal; ie., until the error is corrected 
to zero. If the saturation signals are switched at the correct 
times, then the response obtainable in this way will minimize 
all of the error functions used as criteria of performance, and the 
svstem operation cannot be improved upon for any other manipu- 
lation of the control signal. 

Thus instead of trying to minimize the probability of satu- 
ration, a control network might be designed to operate the system 
in a state of saturation all of the time for a given class of signals. 
Where the over-all size and weight of the system are important, 
as in aireraft applications, the maximum utilization of the equip- 
ment becomes quite necessary and operation at saturated levels 
for a large percentage of the response time might be desirable. 

The design procedure requires the consideration of a special 
class of signals, such as a randomly occurring sequence of step- 
amplitude or step-velocity changes. The operation, briefly, is 
as follows: (a) For a step-amplitude signal, the error actuates the 
(b) as the 
error decreases and the error rate becomes larger, the manipu- 
lated variable at the input to the fixed elements is switched 
abruptly from one saturation level to the other so that the svstem 
For com- 


control system to drive the motor into saturation; 


reaches zero error with zero stored internal energy. 
plex systems several such switching points would be required. 

A disadvantage of this method of design is that it says nothing 
about the system stability. In fact, such a system probably 
would have a sustained small-amplitude oscillation in the vicinity 
of the error null. To eliminate this, a transition may be made 
to an essentially linear control system for small signals. The 
over-all control network required is inherently nonlinear, but it 
A linear control 
network, designed using conventional methods and subject to a 


may be designed in quite a systematic manner 


saturating signal, would not bring the system out of saturation 
at the desired point in its phase space. 

While this method of operation may be satisfactory for posi- 
tional servomechanisms, it is probably not at all appropriate for 
industrial process-control systems. The stringent limitations of 
size and weight that make maximum apparatus utilization im- 
portant do not apply to most such process controls and the re- 
quired speed of response is not normally so close to the ultimate 
performance capabilities of the control elements. The design 
methods of Newton and Westcott would seem to be very satis- 
factory where the output-power device may be made sufficiently 
large so that it is feasible to operate the system in an essentially 
linear region. 

J. M. Janssen." All treatments on optimum design of 
control systems are necessarily incomplete as long as limitations 
resulting from the presence of noise or from the restricted power 
available are not taken into account. The noise problem has 
already had due consideration in the literature; 
power limitation now also gets the attention it deserves. Generally 


the aspect of 


speaking, one could say that power limitations are important 
for large signal magnitudes and that noise limitations are im- 
portant when signals are weak. However, there may be cases in 
which both aspects are of interest and the writer wonders whether 
the solution of the combined problem is in principle available 
now, or whether the combination creates new problems 

Also, the writer wonders whether this paper, which apparently 


18 Research Engineer, Royal-Dutch/Shell-Laboratory, Delft, 


Holland. 
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— regardless of the magnitude of the control signals 
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has been written from the servomechanism pe int of view, can be 
applied to process-control systems, since the mechanism of power 
limitation there is basically different from that in servos. In 
temperature control, for instance, there is a constant heat supply 
Furthermore, 
this heat supply is modulated by the control signals. Perhaps 
the author could give his thoughts as to the applicability of his 


paper to this kind of problem. 


The approach in Westeott’s paper to the synthesis of optimum 


feedback systems is entirely different from the conventional ap- 


identical earlier work of G. C. Newton, Jr.' 


sidered. 


to the maximum value of the physical variable. 


power limitations are ignored 


Ilowever, on the third page of the paper, two of the 
three parameters in the example given are eliminated by methods 
that are based on the conventional methods of synthesis, in which 
Will the author explain this part 
of his pauper in somewhat greater detail? 


R. C. Booron, Jr." 
what might be called the rms constraint approach to system op- 


This paper is « clear presentation of 
timization. The writer would call the author’s attention to al- 
Since some 
of the assumptions that are made in applying this approach are 
not discussed, the writer would appreciate the author’s comment 
on the following general question: 

Since consideration of physical limitations of servocomponents 
requires dealing with nonlinear systems, the relation between 


linear analysis and the actual nonlinear system must be con- 


The relation between the value of the rms constraint 
and the value of the actual physical constraint is not discussed. 
In particular, it is not clear whether the rms constraint should be 
set so low that the system performance certainly will be almost 
linear or whether this constraint should be approximately equal 
In the latter 
! the assumption must be made that a quasi-linearization 

procedure is applicable. 
It is unfortunate that the scarcity of specific references might 


leave the reader in question as to what portions of the paper are 


* Massachusetts Institute of Technology, Cambridge, Mass 


original contributions of the author 


AvuTHor’s CLosure 

The author is very grateful to Dr. Oldenburger for his clarifica- 
tion of some points that were obscured by the terse style of the 
paper. As author, it is frequently difficult to know which points 
have become obscure by curtailing the analysis and which remain 
self-evident. Dr. Oldenburger is concerned by the restriction im- 
posed on the spectral density function G,(f) by the requirement 
that it shall factorize into a symmetrical form. The author does 


‘© Research Engineer, Dynamic Analysis and Control Laboratory, 
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not think this is at all a serious restriction certainly not so seri- 
ous as the requirement that a spectral density exist for the input. 
This latter requirement is more serious than has sometimes been 
acknowledged.? It was almost inevitable that some confusion 
would arise from my intreduction of time delay between input and 
output, because of the usual association of the effect as applying 
to physical elements in the open-loop transfer funetion. Dr 
Oldenburger makes the distinction quite clear. 

Professor Surber introduces an interesting idea which seems to 
offer the best approach to the difficult problem of taking satura- 
tion effects into account. The rms constraint method of course 
cannot do this, as Professor Surber points out, and one should not 
look to this method to do so in a general way. The class C type 
of operation is certainly the most efficient method of operation 
from an energy point of view and we look forward to hearing more 
of Professor Surber’s useful approach to efficient operations. 

In reply to Dr. Janssen, it may be said that systems involving 
both noise and rms limits are merely a combination of the separate 
problems, which does not create new difficulties. There is no rea- 
son at all why the constraint should be an absolute rms magni- 
tude; 
fluctuation about an arbitrary constant value 
example, the heat supply to a furnace to be constrained within a 
The elimination 


it could equally well be expressed as the rms value of a 
This enables, for 


restricted rms fluctuation about a fixed value. 
of two parameters by an argument based on classical servo analy- 
sis in the example on parameter optimized systems was merely 
done to simplify the problem. Since the form of the system is 
chosen on practical grounds at the outset it does not alter the situ- 
ation in principle if arbitrary relations between parameters are 
also chosen on some reasonable basis 


Messrs. Lee and Booton ably represent M.L'T. Mr. Lee gives 


a detailed discussion of what the author referred to as “power de- 


mand” in a motor—the use of this description was intended to 
cover all power dissipation involved in energy transactions be- 
tween servomotor and souroe, He points out that the situation 
is different in the case of a hydraulic system, which is agreed but 
it is still possible to frame the constraint in such a way as to in- 
clude leakage loss if desired. Attention is drawn to the work, on 
feedback systems subject to saturation, of G. C. Newton who 
makes a rather more broad application of the Lagrangian method 
than the author but also it is surprising to find in view of his sub- 
ject constraint rms values only. Messrs. Lee and Booton are per- 
suaded by this work that the rms constraint method is suited for 
dealing with saturation effects. This one finds surprising for it 
seems that the restrictions required on the signals to make this 
possible are highly artificial as compared with the practical situ- 
ation 
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Approach tc to the Optimum | 


Adjustment of Control Loops _ 


By 


The paper describes the common aspects of the prob- 
lems encountered in achieving optimal adjustment in all 
fields of automatic control. With the aid of a linear and 
a quadratic measure of error the general principles are ob- 
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tained by considering the output behavior that follows a 
normalized disturbance of the equilibrium. After ex- 
amining the advantages and of these 
methods as well as the limits of their applicability, a 
is suggested, 
which combines general applicability with simplicity of 
practical handling. 


disadvantages 


method to be termed “practical optimum 


STATEMENT OF THE PROBLEM 


HE term “optimum adjustment” signifies the problem otf 
setting the adjustable parameters of a control loop so that 
the control action resulting after a disturbance will take 
Of course, no such optimum 


applicable, because it is always 


place in the best possible manner. 
adjustment will be universally 
based upon the criterion used to define optimum control action. 
The choice of such a criterion is rather subjective and will de- 
pend upon the special requirements of each application. 

The primary object of this paper is to describe the underlying 
Of the 
many possible solutions, those most important in actual practice 
will be demonstrated, 
conditions. 


principles upon which optimum adjustments are based, 


using the so-called linear and quadratic 

Their 
together with the limits of their applicability, 
Finally, “practical optimum” 
proposed, applicability of 
the quadratic optimum with the ease of handling of the linear 
optimum. 


advantages and disadvantages, 
will be examined, 
will be 


optimizing 


a method to be called the 
This method combines the general 


The general derivation of the practical-optimum 
method, together with the detailed calculation of an example will, 
it is hoped, make it easy to apply this method in actual practice 
One particular aim of this paper is to present the common as- 
pects of the problems and solutions pertinent to all fields of auto- 
e., both process control and servomechanisms. 


matic control, i 


Basic AssUMPTIONS AND DEFINITIONS 


The Control Loop. 
some physical variable of an installation at a constant value, or 


The aim of process control is to maintain 
to vary it according to a prescribed pattern. Changes in the set 
point are rare and, if they do occur, take place slowly compared 

Therefore, for the 
assumed to be con- 


to the speed of response of the control loop. 
majority of analyses, the set point can be 
stant. The process differs from the rest of the control loop in that 
its parameters are predetermined and fixed, and must be ac- 
cepted as such when adjusting other parameters of the loop. 
Servomechanisms transmit 


amplify or physical quantities, 


1 Managing Director, R. Oldenbourg, Inc. (publisher). 

2 Editor, *‘Regelungstechnik.” 
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of the Society. Manuscript received at ASME Headquarters, June 
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The input quantity to be 
point in process control. 


transmitted corresponds to the set 
however, the assumption 
of a constant set point is no longer valid as the input usually is 
subject to rapid variations. With servomechanisms, ordinarily 
it is not necessary to divide the control loop into ‘ ” and 


“controller.” 


In this case, 


‘process 


Both systems are governed basically by the same laws and 
can be represented by a block diagram such as that shown in 


Fig. 1. The individual elements can be arranged in various ways, 


DISTURBANCES 
' 


OUTPUT 
(CONTROLLED 
VARIABLE ) 


(SET POINT) 


GENERALIZED AUTOMATIC CONTROL 


SYSTEM 


hia. 1 Brock Diacram or 


LOAD DISTURBANCE 


SET POINT. DISTURBANCE 


CONTROLLER PROCESS 


Gals) = 
OUTPUT 


G4(s) 


<i. 


Brock DiaGRAM or CoNnTROL System 


in a different 
However, it is essential that a closed loop be formed 


under given circumstances, also could act 


direction, 


and, 
with a unique continuous path of operation. Sometimes it even 
becomes impossible to differentiate exactly between a process- 
control system and a servomechanism, 

As a primary consideration, the exact composition of the ele- 
adjustment of the control 


ments is of no consequence for the 


loop. It is important only to differentiate between those ele- 
ments or quantities which can be varied from those which cannot 
be modified. This consideration, together with the effeet of proe- 
ess load disturbances which will be studied later, 
dividing the control loop into the controller having the transfer 
and the process with the transfer function G,(s). 


we will use the simplified block diagram in Fig. 2 asa 


is the reason for 


function G(s), 
Hence, 
basis for the following discussion. 

Degrees of Freedom. Vf one assumes a system consisting of 
lumped parameters, then the behavior of any linear control loop 
can be described by an ordinary differential equation of the nth 
order. The control problem is then also “a problem of the 
nth order. From the physical but not the mathematical point of 
view, such a system will have n degrees of freedom which may be 
represented by the n coefficients of the characteristic equation, or 
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by the n roots of the characteristic equation. 
actual control system, not all of these degrees of freedom will 
represent parameters that can be changed at will, since some of 
them will be predetermined and fixed by the constructional 
features of the system. Therefore in contro! problems it becomes 
useful to divide the degrees of freedom into free and fixed parame- 
ters. The number of free parameters will then indicate the 
number of the degrees of freedom in the system representing 
parameters which can be chosen and modified at will, and which 
The number 
of fixed parameters, on the other hand, indicates the number of 


However, in any 


are therefore available for purposes of adjustment. 


degrees of freedom representing parameters which are already 
determined by constructional features or by the process, The 
sum of the number of free parameters and the number of fixed 
parameters must always equal the total number of the degrees of 
freedom 

Iisturbances. In this discussion we are concerned only with 
stable control loops. In the absence of any forces tending to dis- 
turb the equilibrium, such systems will remain permanently at 
rest. Any adjustment procedure must be based on some desired 
shape of the recovery curve, which, for any given control loop, 
must. in turn be based on a specified form of disturbing function. 
Disturbances may be classified as to location and type, that is, ac- 
cording to their point of action in the control loop, and according 
to their time variation. 

Disturbances can enter at any point in the control loop, Fig. 1. 
In the field of process control we usually limit ourselves to the 
study of load disturbances, and in the field of servomechanisms 
These differences, of course, 
For pure load 


to set-point disturbances, Fig, 2. 
show up in the closed-loop transfer function Gen. 
disturbances 


= > {la} 


For pure set-point disturbances 


GG, 

Go = “Gre 

1 + 


The consideration of other disturbances does not involve any 
basic difficulties but requires that the block diagram in Fig. 2 
be broken down further into additional elements, 


Classifying disturbances according to their time behavior, we 
differentiate between isolated and continuous disturbances. Iso- 
lated disturbances are those which occur so infrequently that their 
effects may be regarded as having disappeared by the time the 
next disturbance arises. It is therefore sufficient to make the 
adjustments on the basis of the effect produced by a single dis- 
Such isolated disturbances may differ widely in their 
However, as one necessary characteristic, they 


turbance. 
time behavior. 
must all have a constant (and possibly a vanishing) final value 
for t 
represented by their most drastic forms, namely, step functions 


In calculations, isolated disturbances are usually 


> @, 
or impulse functions. This produces not only a mathematical 
simplification but also provides the most critical measure for the 
evaluation of the recovery curve 

In the case of continuous disturbances, the magnitude of the 
disturbances changes so frequently that the control loop never 
returns to rest. Special requirements will then apply for the 
choice of proper adjustment settings. Continuous disturbances 
may be periodic but also may be any other type of time function. 
Prevalent in the field of servomechanisms, a particular type oi 
parasitic random disturbance (noise) is also of importance. 
Noise, however, also can play a role in process control, for ex- 
ample, in the form of vibration. 
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Quality of Control Criteria and Optimum Adjustment. The 
analytic adjustment for optimum results is carried out in two 
steps: (a) by the definition of a suitable quality criterion and the 
calculation of the corresponding measure of error. This is fol- 
lowed (b) by the determination of those values for the adjustable 
parameters which will produce the optimum value of the quality 
criterion, i.e., the minimum value of the measure of error. 

It will hardly be possible to establish a method for finding 
optimum settings which will be equally suited for all control 
problems, because the requirements and demands often will vary 
widely. The minimum deviation, shortest recovery time, ab- 
sence of oscillations, and minimum average error are some of the 
requirements upon which varying amounts of emphasis may be — 
placed, depending upon the application. 

In spite of the many possible criteria, only two definitions of the 
measure of error have generally established themselves in practice. 
They are the linear and the quadratic measures of error which 
will be considered in greater detail in the following discussion. 

The measure of error lends itself to a direct minimization only 
if it isa function of as many variables as the number of the degrees 
of freedom. The quadratic measure of error fulfills this require- 
ment. The actual optimization is then carried out by finding 
those physically realizable values for the “free parameters’’ 
which will make the measure of errora minimum, These are most 
readily found by means of the requirement that the partial deriva- 
tives of the measure of error with respect to the free parameters 
must vanish. Sometimes it is more convenient to find the par- 
tial derivatives not only with respect to the free parameters but 
with respect to all the degrees of freedom. The fixed parameters, 
of course, must then be considered by setting up a corresponding 
number of additional conditions. In any case, the optimum con- 
ditions are obtained in the form of a set of equations, equal in 
number to the number of free parameters of the control system. 
From these equations the desired values for the free parameters 
finally can be determined. 

The measure of error can be an explicit function of only some 
of the system parameters, or even, as the linear measure of error, 
a function of only one of them. In such a case the interrelation 
of the various parameters must be taken into consideration. 
this purpose we have available first of all the characteristic equa- 
tion of the system, although this equation specifies the interrela- 
tion only in a very indeterminate form. Hence it becomes 
necessary to introduce additional limiting The 
simplest way to accomplish this is to confine the roots of the 


For 


conditions. 


characteristic equation to certain regions of the left half complex 
plane. However, we must not expect to be able to obtain an 
exactly defined optimum recovery curve for every case, because, 
although the roots of the characteristic equation are specifically 
interrelated by this method, they are not yet bound by the initial 
conditions of the process under examination. The definition of 
the practical optimum, to be described later, takes this fact into 
account, 


Conrrou Loops Wirn DisturRBANCES 


Systems With Finite and With Zero Steady-State Output. In 
order to achieve a uniform approach toward the effect of iso- 
lated disturbances, we must (aside from the order of the system) 
make certain basic assumptions about the recovery curve of the 
controlled variable c. We denote it in its most general form 
as c(t) and specify at first only that the output transient c(¢) 
must vanish as ¢—> ©. [Translator’s note: c(t) is used in the 
sense of a deviation from its initial value before the disturbance 
was applied.] This condition, in turn, automatically specifies 
what type of disturbing functions can be employed, depending on 
whether the closed control loop has a finite or a zero steady-state 


output. 
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It is well known that the closed-loop transfer function of a con- 
trol system with zero steady-state output becomes zero for zero 
frequency, assuming a load disturbance. However, for a system 
with finite steady-state output (always the case for a set-point 
If we now 
transform ¢(t) into the complex domain by means of the Laplate 
transformation, we obtain 


disturbance), Gcei(0) assumes a finite positive value. 


[e(t)] U(s) Gels) 
where C(s) is the Laplace transform of the transient response, 
represented as the product of U'(s), the Laplace transform of the 
input disturbance, and Ger(s), the closed-loop transfer function 
as defined by Equation [la] or [1h]. 


condition lim e(t) = 
t@ 


theorem the relation 


Since we have specified the 
0, we obtain by means of the final value 


lims(C(s) = 0... 
Because of certain restrictions which are to be set later, the fune- 
0 nor, for stability 
In order to satisfy the requirement 


tion C(s) itself must possess no zero for s = 
reasons, 4 pole in the origin. 
fa uniform type of recovery curve, and in consideration of the 
section on Disturbances, we decide that the following disturb- 
ances are to be used. For systems with finite steady-state out- 
put, the disturbance shal! be unity in the complex domain (a unit 
impulse in the time domain). For systems with zero steady-state 
output, the disturbance shail be 1,s in the complex domain (a 

» step in the time domain). 
Linear Optimum Criterion 


L, we use the so-called “linear control area,”’ that is 


For the linear measure of error 
the area 
enclosed by the recovery curve c(¢) and the time axis 


L= e(t) dt... (4) 
0 


Under the conditions stated in the previous section, this integral 
It is evident that this 
measure of error is meaningful as an indication of the recovery 


will converge for all practical applications, 


time and of the magnitude of the deviation, but only as long as 
This requirement 
can be fulfilled by specifying certain limitations for the roots of 
Such 


c(t) assumes essentially only positive values. 


the characteristic equation. limitations, for example, 
might state that the roots must be confined to certain regions 
of the complex plane, or that only negative real roots are per- 
mitted, 


oscillatory, though somewhat sluggish, recovery curve. 


The latter stipulation guarantees an absolutely non- 


By means of the Laplace transformation, a general solution for 
the linear control area can be accomplished simply even with- 
out a knowledge of the specific recovery curve. Thus 


0 


As the transfer function of every physical system must tend to- 
ward zero for s — + ©, the contribution of the lower limit of 
Equation [5] will always be zero, and we obtain 


[5] 


L = C(s)\* = lim Gen (s) [6] 
According to this, the linear measure of error is therefore inde- 
pendent of frequency-variant terms of the transfer function, and 
thereby it also must be independent of the transient terms of the 
recovery curve. 

By means of the measure of error t!ius defined, the adjustment 
of the control loop is defined as optimum if L assumes a minimum 
value. For the derivation of the minimization it is necessary, as 
already mentionel, to set up a number of additional conditions 


re. 
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The derivation itself can be accomplished in a number of differ- 


If, for ex- 
ample, we set up the condition that all roots of the characteristic 


ent ways, which are of no particular interest here. 


equation have real negative values, then the condition for a 
linear optimum is that, for a system of k degrees of freedom, k 
roots of the characteristic equation must be equal to each other 
In order to calculate the corresponding parameters of the control 
loop, it is more expedient to begin with the mathematical con- 
ception. This specifies that, in order to satisfy the linear opti- 
mum, the & first partial derivatives with respect to s of the char - qi 
acteristic equation must be satisfied, in addition to the character 2, 
istic equation itself, 
Because of these general and especially simple conditions, the 
linear optimum is of great importance, at least as a first approxi 
mation, in spite of the reservations which have been stated, The 
example calculated later gives more detailed information. 
Quadratic Optimum Criterion. Tn all cases where we let the 
optimum recovery curve c(/) assume both positive and negative 
values, the linear control area loses its meaning as & measure 
of error, This is true unless one specifies sufficient additional con 
ditions to make sure that the recovery curve has certain char- 
ucteristics. In order to be free from these limitations, it is best — 
to seleet a criterion which is derived from the square of the out- 
put, namely, c%(/). The advantage that a measure of error can 
now be defined for the recovery curve without any restricting con-— 
ditions is partially offset by the fact that a direet calculation is 
difficult even in simple cases, J 
As the quadratic measure of error, we define the so-called 
“quadratic control area”’ Q as the area enclosed by the square of | 


the output ¢7(¢) and the time axis. Thus 


Q = dt 


To calculate Q, it is expedient to transform the time integral into 
Thus 


a frequency integral by means of the Parseval formula 


dl = [ jw)|? dw 
70 o 


z 


3 


where C(jw) represents the Fourier transform of ¢(() 


f c(t) dt 


|C(jw)| can be visualized as the frequency spectrum of the output 
e(t). 
to the linear control area) cannot be independent of the time 


C(jw) = 


It is evident that the quadratic control area (in contrast 
distribution of the recovery curve. If, however, the integrand of 
the right side of Equation [8] is split into the two components de 
rived from the disturbing function and the closed-loop transfer — 
function, respectively, then we obtain 


|C( jw) = / |? Ger (jw)|* de 


0 


Q = 


This shows that, here too, we must assume an isolated disturb 


ance, This is because the integral cannot converge unless both 


((jw)|* and |Ger( jw)|? (or at least their product) are always 
finite and tend to zero sufficiently fast as w increases. This is— 
always the case for |Get(jw)|? for all physically realizable sys- 
tems, but cannot be the case for |L"( jw)|? if the disturbance 
x 


changes permanently. 

For all control loops which consist only of lumped parameters 
and where the disturbing function is chosen properly (for ex- 
ample, as indicated in the first part of this section) it becomes 
possible to represent the Fourier transform C(jw) of Equation :, 
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[9] as 4 proper rational fraction in terms of jw 


+ bi(jw) + bo 
+ jw) + ao 


big (Jw + 


[11] 


C(jw) = 
( JW)” + 4 
where n 2 m + 1. 

Among other conditions which this function is subject to* we 
merely mention that its poles must all lie in the upper half of the 
w-plane, exclusive of its axis, and that for this reason the constant 
term dp in the denominator must not vanish. Under this assump- 
tion, the integrand |C(jw)!|? of Equation [10] also becomes a proper 
rational fraction of identical structure as C(jw) itself, although 
now with the real argument 


jw)|? = J(w*) 
& A,(w?)" + 


B,(w2)™ +... 4 


A n-1(w?)” t 


B(w) + B 
[12} 
+ A;(w?) + Ag 
The coefficients Av and By, as can easily be shown, are related 
to those of C(jw) in the following manner 
2(a,—1) (ay+1) 


2(a, 


A, = a,? 


-2) (@n42) —...- 


B, 2(by 


1) 


+ 2(by 2) (6,42) —... 


where, on the right side of each equation, all terms disappear 
0, or 
The quadratic measure of error now becomes 


whose index coefficients become -nor >m, respectively, 


Q = JI(w? dw 
T Jo 


[14] 


The Appen- 
dix contains a number of details concerning this problem. It 


Its evaluation may be carried out in various ways. 


turns out that Q is a function of all the coefficients A, and B,, or 
that, by means of equations [13], it ean be expressed as a function 
of all the coefficients a, and by. The quadratic measure of error 
therefore includes all the roots of the characteristic equation and 
all the initial conditions, Therefore it includes all the degrees 
of freedom of the system under investigation. Its minimization 
therefore can be carried out directly, although this raises con- 
siderable algebraic difficulties even for relatively simple cases. 
The example given later illustrates this further. Owing to these 
difficulties, the derivation of optimum adjustments in general 
terms promises little success if the mathematical effort is to be 
kept within limits. In 


amount of calculation, therefore, must be carried out for each 


reasonable practice, an appreciable 


individual case 


Conrro. Loors Wrru Contrinvous DisruRBANCES 


Marlier in the paper we defined as an essential characteristic of 
a continuous disturbance that the control loop to which it is fp- 
plied can never come to rest. Sueh disturbances may be any arbi 
trary time funetion, 

Periodic Disturbing Function. The simplest general form of a 
continuous disturbance is a periodic funetion that can be repre- 
sented by a Fourier series, Tf one applies such a function to the 
input of a control loop, then, after a sufficient length of time has 
elapsed, the output ¢e(4) also will become a periodie function. 
The output will contain all frequencies that are included in the 
input, the respective output amplitudes depending upon the 
transfer funetion of the system, Under these conditions, it is 


evident that the criteria L = and Q = c(tjdt 


“Network Analysis and Feedback Amplifier Design,’ by W 


Bode, D. Van Nostrand, Ine., New York, N. Y., 1949. 
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which were defined previously must fail in this case, since they 
become either indeterminate or basically cannot assume a finite 
value. 

Therefore it becomes reasonable to choose the average time 
value of the output, instead of the area criterion. In order to 
derive significant relations, we can represent the disturbing func- 
tion by means of the simplest type of Fourier series 


u(t) = Dy + D, sin (at) 


The output will then assume the form 7 
c(t) = Do \Ge1(0)| + (jw;)\sin (wt) 


where the phase shift is not considered. This procedure is per- 
missible in connection with the mathematical treatment which is 
to follow without limiting the general applicability. Under this 
assumption, the linear mean value c,, measured over a full period 
T= /w; becomes 


e(t)dt = Dy|Ger(0)| 


and is therefore basically independent of the periodic components 
of the disturbing function, 
mean output corresponding to the constant term in the dis- 


Of interest therefore is only the linear 


turbing function, in other words, the so-called regulation factor 
n = Ge. (0). This factor gives the amount of attenuation pro- 
For con- 


trol loops with zero steady-state output, this regulation factor 


duced by the system for a constant steady disturbance, 
also will become zero; that is, the effect of a steady constant 
disturbance will be eliminated completely by the control action. 
In order to be able to include these important control loops in 
our discussion, we picture the disturbing function to be applied to 
the input of the control system through a transmission system 
containing a simple integrating element, having the frequency re- 
sponse 1 /jw. 
to the normal form with steady-state output. 

Analogously we can calculate the quadratic-mean value ¢,,? 


In this way the behavior of the system is reduced 


= Do? |Ger(0)|? 


ja )|* 


+ De 
2 


[16] 


In this case the oscillation superimposed upon the constant term 
of the disturbing function also contributes toward the quadratic- 
In the most general case, each term of the Fourier 
In this form an analogy 
with the representation of the quadratic measure of error 
given by Equation [10] is, it is true, not immediately apparent. 
However, the fact that for a periodie disturbing function u(t), 
the output ¢(¢) also will become a function of the individual dis- 
crete frequencies (@ = 0, w:, 20), ... ). gives a clear indication 
that the same also must be true, using a generally applicable cri- 
terion, when the input and output are represented by the fre 
queney spectra (jw)| and |C (jw)|, respectively. We shall men- 
tion these relations again briefly in the next section. 


mean output, 
series for u(t) makes some contribution. 


Arbitrary Disturbing Function. An attempt to apply the 
quadratic measure of error, given by Equation [10], to the case 
of an arbitrary continuous disturbance must fail because the 
integral diverges. However, here it also becomes possible to in- 
troduce the quadratic-mean output. This is found by relating 
the quadratic control area within any time interval to the 
length of the time interval, and then letting the two boundaries 


of the time interval approach infinity 


| 
— 
= 
q 
| 


T-2 « 


To calculate this, we again transform the time integral into a 
frequency integral 


f = M (@ Is! 


where the function M(@) is defined as the spectral density of the 


lim 


é output 


jw)|?. 


po. M.(w) = lim 


The spectral density M, of the output again can be split into the 
spectral density of the disturbing function My, and the modulus 
of the transfer function Ger. Thus we find for the quadratic- 
mean output 


l 
J M, (w)dw 
= VM (jw)? dw. . 


This representation also contains, aS 2 special case, the periodic 

disturbing function. For any harmonic oscillation, for example, 
of frequency @), the spectral density M, (@,) then degenerates 
! 


into «a discrete spectral line at the abscissa 


mathematically, an impulse at the abscissa w = @,.) The quad- 
ratic-mean output then obviously takes on the form given by 
Equation [16}. special advantage of the representation 
by equation [20] is that, under certain assumptions, the treatment 
of arbitrary disturbing functions, which can only be described 
statistically, becomes possible by means of the spectral density* 
(w). 

\ comparison of Equation (10) with Equation [20] shows that 
the quadratie control area and the “quadratie-mean output” 
are completely analogous concepts, differing only in the represen- 
tation of the disturbing function, The disturbing function is 
represented by the frequency spectrum in the case of the isolated 
disturbance, and by the spectral density in the case of the eon- 
tinuous disturbance 

The process of finding optimum adjustments is in both cases 
completely the same, consisting of evaluating the frequency in- 
tegral and then determining the minimum, Therefore, in the 
discussion which is to follow, we will always let Q stand for the 
quadratic measure of error, and, according to the particular prob 
lem, it will represent either the quadratic control area or the 
quadratie-mean output. 


PracricaL OvrimumM CrirerRtion 


Background. The result of the foregoing considerations may 
be summarized briefly as follows: 

Usable metho ts for the optimum adjustment may be carried 
out in a consistent manner both for process control and for 
servomechanisms, using any kind of disturbance, by means of 
the linear and the qua lratic measure of error. Lf sufficient eondi 
tions are stated to insure an aperio fic recovery curve, then the 
use of the linear optimum permits an easy mathematical treat- 
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ment, but the results obtained will satisfy only relatively moder- 
ate demands of accuracy and speed of response. On the other 
hand, the quadratic optimum is widely applicable and produces 
an especially fast and accurate control action, although the re- 
Furthermore, the mathematical deri- 

result’ in 


sponse may be oscillatory. 
vation makes more extensive demands, which con- 
siderable algebraic difficulties when a practical application is at- ; 
tempted. The example calculated later demonstrates these facts. 

These aspects make it desirable to introduce a method for find-- 
ing optimum adjustments which will, if possible, combine the ad- 
vantages of the two methods deseribed, In the following dis 
cussion it will be attempted to set forth a new approach in this | 
direction, which aims particularly at a simple and practical 
method of dealing with the problem, 

Restricted Frequency Spectrum. We start with the quadratic 


measure of error in its general form, as given by Equation [14! 


» 
Q= [ J (w? 


The difficulties of finding the minimum of Q originate primarily 
from the fact that the integration, which is not too simple, must 
The evaluation of the conditions for minimum 
llow- 


be curried out. 
error, to be carried out next, proves even more difficult, 
ever, the integration merely signifies the calculation of the area 
bounded by the positive @-axis and the function J(@*) which 
is to be integrated. Therefore, if Y is to assume a minimum 
value, then we must insure that this area becomes as small as 
possible. Therefore we can try to avoid the integration and 
merely fix the integrand in such a manner that the area enclosed 
between it and the w-axis will remain as small as possible. To 
do this, however, it is necessary that certain conditions exist 
which subject the integrand to the physical requirements of the 
problem, 

The fact that J(w*) represents the squared frequeney spec-— 
trum of the system output permits a clear formulation of the 
principal requirements necessary to insure fast control action and 
absolute freedom from resonance peaks. We assume the most 
unfavorable type of disturbance, namely, an impulse, which, as 
we know, contains all frequencies from 0 to © with equal ampli- 


1, and J (w?*) is solely 


tude. Then in Equation [10], = 
represented by the squared modulus of the transfer funetion 
Ger(jw)|*. In this representation, Q also may be regarded as the 
generalized form of the relations formulated in the preceeding 
section, 

The modulus of the frequency response indicates the trans 


mission factor of the amplitudes for all the frequencies, 


Revso- 
nance peaks, therefore, ean be avoided if |Ger(jw)| does not exceed 


its value for @ = 0 by any considerable amount at other fre- | 


quencies, Fig. 3.) On the other hand, the speed of response will 


4 
| 
Ge, (0) 
| 
’ i 


rw 
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become faster as the pass band of the frequency spectrura be- 
comes wider, These requirements will be fulfilled if the plot of - 
lGer (jw)| forms a rectangle with as great a length as possible, 

The area of this rectangle will be proportional to the quadratic — 


measure of error If Ger (gw), has the shape just stated, then 


+ 


the initial value Ge1(O)| will become a singular measure of the 
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aren. 
strive to make |Ger(0)| as small as possible. 
means that, once the character of |Ger, (jw)! is prescribed, then the 
character of the recovery curve is determined to within narrow 


To achieve the optimum condition, we therefore should 
Physically, this 


limits, so that the linear measure of error is again of definite 
significance as a criterion of the quality of control. 

Special Characteristics of Spectral Function, The question now 
arises how this ideal case can best be approached in practice. In 
this connection, we first must clarify some of the special charac- 
teristics of the function J(w?). 

We assume that J(w?), asx given by Mquation [12], is a proper 
rational fraction in terms of w*. (The proceedure is also applica- 
ble when meromorphic functions oceur and, in this case, even 
provides special advantages for the mathematical treatment. ) 
For the sake of clarity, we substitute « for w*, to obtain 
N(x) 


Bx” + + Be + By 


= [21] 


+. Dor 


where J(O0) > Oand n > m. 

For physical reasons, J(2) must be in 
mathematical definition (see equation [10] ) everywhere for 2 0, 
a finite positive funetion which tends toward zero only for «2 — 
eo, For similar reasons, it follows that for all values of « 2 O, 
N(x) and DOr) must themselves be positive functions which in- 
The behavior of the successive 
In the following discussion the 


agreement with its 


crease without limit for 
derivatives of J is also essential, 
case in which the argument vanishes will be of special interest 
As all odd derivatives of J with respect to @ will fundamentally 
vanish at w = 0, it is therefore permissible to carry out the differ- 
entiation with respect tor We obtain 
P(r) Jr) 


N(x) 


v v 
v py) 
( ) 4 ( ) . [22] 
v 


From this representation it becomes elear that J(c) possesses 


+ Dix) 


derivatives of any desired order. However, there are only n 
nonvanishing derivatives of the denominator polynomial D(x), 
1) nonvanishing derivatives of the 


All derivatives of J(c) of an order 


and only m (i.e., at most n 
numerator polynomial 
1 will then develop from J(c) and from its first 


Therefore 


higher than n 
n | derivatives by means of a recursion formula. 
it is only possible to differentiate J(2) n times (counting the de- 
rivative of zero order which is J(c) itself) for a given argument 
x. All others are necessarily fixed. The n available derivatives 
therefore can be cousidered to represent the n degrees of freedom 
of the control system, 

Conditions for Absence of Resonance Peaks. Resonance peaks 
starts with a finite value of 
> An- 


other interesting possibility is to set an upper and a lower limit 


can be avoided with certainty if JCr 
J(0) and decreases monotonically for all values of 
for the variations of J(r In this case the mathematical treat- 
ment leads to the use of Tehebychef's polynomials and would be 
beyond the scope of this paper. 

The foregoing requirement is fulfilled if the value of the de- 
nominator polynomial DCc) exceeds the value of the numerator 


polynomial V(x) for all values of 2 > 0. From the equation 


As 1, 
Ay Ag 
it is recognized immediately that these demands, under the strict 
limitation of positive coefficients, are fulfilled by the following set 


of conditions 


B 
=> or J(O) = 
DY” (O) 


> where 


If the control loop possesses only one free parameter then, 
with uw = 1, we obtain 


Otherwise we find from the second equation of the System [22] 


N’'(O) 
DO) 


DO) 
bD'(0) 


J(0) = {26} 
The Condition [25] therefore can only be fulfilled if J‘(0) < 0, 
in which case, according to Equation [26], J(0) assumes a per- 
missible minimum value if 

J'(0) =0 


If there is a second free parameter then, for u 
additional relation 

N"(0) 


JO) 


and, by using the third equation of the System [22] 


DO) 


N"(0) 2D'(0) 
J(0) = J 


J" 
D0) D0) 


The first optimizing condition, stated by Equation [27], and the 
the last two relations, of course, can be reconciled only if J"(0) S 
0, where J(O) again takes on a minimum value provided 


J"(0) = 0 [28] 


If additional free parameters exist, then the successive applica- 
tion of this procedure leads to the following additional conditions 
for optimum adjustment 


Thus we have established the conditions for the practical opti- 
mum eriterion. They can be simply presented by means of the 
numerator and denominator coefficients of J(x), as follows 
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These signify that, at 2 = 0, as many derivatives of J(z) must — corresponding to the fixed parameter can easily be expressed as 
vanish as the control loop possesses free parameters. Further- - 

more, the aim of having J(z) closely approach the shape of a F (ao, a1, a2) ’ M = const [35] 
rectangle is fulfilled, in so far as the specific problem will permit, 1 

if we assume « continuously decreasing function. 

The simplicity of the optimization equations in this form 
should be convincing. They remain simple even if the original 
coefficients of Equation [13] are substituted into the system of 
Hquations [30]. The importance of the practical optimum is 


The first task now consists of finding the sets of numbers for 
do, a), and az which satisfy the particular optimizing criterion as 
well as Equation [35], with physically realizable values 

Linear Optimum Criterion. The linear measure of error L = 
by/ag = (a2 1)/ay becomes a minimum (assuming only negative 


especially brought out by comparing it to the conditions for the ’ : > . ou 
real roots) if the characteristic equation of Equation [33] 


quadratic optimum which are very awkward to evaluate. Com- 
pared to the linear optimum, the practical optimum is definitely gt+ag’+aq+a=0 


superior with respect to speed and accuracy of control. The fol- . - ; 
and its first two derivatives with respect to g (there being two 


free parameters) are satisfied, Thus 


whe > 
PRACTICAL EXAMPLE 3q? + 2ag + a, = 0 


In order to be able to visualize and compare the principles 6o +2 0 
which have been developed, the various optimum criteria will 
now be tried out on a practical example. A very simple control Therefore the characteristic equation must possess a real — 


lowing examples will demonstrate these facts clearly. 


system has been chosen intentionally so that the basic principles — root. From these three equations and from Equation [35] the 
will become as clear as possible, and so that they may be verified — corresponding sets of values for the coefficients ao, a), and ay and 
easily without an excess of calculations. The numerical results — the triple root go can be determined 
obtained from this example provide such a clear confirmation of Quadratic Optimum, By means of the result derived in the 
the foregoing discussion that any further comments seem un- Appendix, we obtain for this case the following expression for the 
necessary. quadratic measure of error 
The Control System. We assume a first-order process with s 


. 2, 
time constant 7, and the transfer function Q = ae 


must be set equal to zero, 
F is the condition speeified by Equation [35]. The result consists 
of three equations in ay, a), a, and A. By eliminating A from 


and proportional-plus-integral controller with the 
funetion 


‘ 


Si(ao, ay, az) 0 


‘ fol do, a2) 0 
7 represents the closing time of the valve motor, 7, the feedback JRO, Si, Oe 


time constant, and p the influence coefficient of the feedback. remain, These, in turn, can be combined into a fifth-degree 
The effect of a load disturbance is to be studied. Substituting equation in az alone, which must be solved several times for its 
ais 4 and applying an isolated step disturbance U (q) = 1/4, various factors. Of its five roots, three must always be elimi 
we obtain the Laplace transformed output nated as they are without physical meaning. The two remaining 
roots must be investigated further, after determining their cor-— 
- ; = [33:5] responding values of ay and a,, by means of one of the equations 
1 + Gilg) + arg? + ag + a f = Oand the condition of Equation [35]. The final selection 
where the coefficients are given by pte ; then carried out in accord with the weet favorable control action — 
which results. The roots of the characteristic equation which are 
associated with each set of values for a, a, and ay are finally 


obtained as the roots of the cubic denominator-equation of 


Gof 
C(q) = lq) q + Oo 


C(q), as given in Equation [33]. 
Practical Optimum. By means of the set of equations [13] 
ath 1 T v the coefficients of the frequency spectrum become 


Ae = By = ty? = (a: 
T A, =b? = 1 
Ay 2a, 


2 
he = (2 Ay = | 


The two conditions for the practical optimum, corresponding 
The three degrees of freedom of the system are represented by to the two free parameters, become, according to Equation [30] 
the parameters 7, 7,, 7,/7,, and p. Of these, 7'/7, is to be con- 
sidered as a fixed parameter, because 7, represents a fixed char- 
acteristic of the process, while 7’ stands for a characteristic of the 
controller which usually cannot be altered in an arbitrary fashion, or, using the foregoing coefficients 
T,/T, and p represent the free parameters of the control loop, 
whose optimum values are now to be determined by means of the (a,? Qaya,) (ag — 1)? = ao? 
various optimizing criteria. The additional requirement a? — 2a, = 0 


4 
6 4 
> 
- 
‘ eer [31] To minimize Q, the partial derivatives of the linear compound | 
quantity + AF with respect to the coefficients ao, and a 
i 


1 
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From these relations, and the additional condition of equation 
[35], the corresponding sets of values for ao, a, and a» can be 
determined easily. 
equation are again found from the denominator of C(q) as given 
in Equation [33]. 


The corresponding roots of the characteristic 


For each of the three optimizing cri- 
teria, there exists a number of sets of corresponding values for the 
Using these coefficients, and 
Equations [34] and [35], respectively, we ean calculate easily the 


Numerical Calculation. 
denominator coefficients of C(q). 
correspouding free parameters of the controller 7/7, and p as 


functions of the fixed parameter 7'/7,. 
Fig. 4 


The results are shown in 


In the case of the quadratic optimum, one of the sets of values 
mentioned previously in this seetion turns out to be a special case 
for which p becomes zero, so that 7/7, becomes meaningless. 
The physical meaning of this condition is that the feedback 
the The there- 
fore, represent the quadratic optimum for a control loop con- 


has been removed from controller results, 


taining a process with the transfer function [31], but with a 


simple floating controller having the transfer function G, 
1/T's 
broken line in the diagrams which are to follow. 


The corresponding numerical results are shown with a 


The calculation of the measures of error L and Q, obtained by 
means of these optimum adjustments, is carried out in the same 
The results are plotted in Fig. 5 as a function of 7'/7;,,. 
the 


mhanner, 


Especially noticeable is how closely and consistently 


la os 


measures of error resulting from the practical optimum approxi- 
mate those resulting from the quadratic optimum. This fact is 
especially significant when one considers the considerably greater 
difficulties that must be overcome in order to caleulate the quad- 
ratic optimum. 

The respective recovery curves can be calculated readily by 
means of the corresponding roots of the characteristic equation. 
Fig. 6 shows the results for the specific case of 7/7, = 0.2. 

The curves show, on the one hand, the rather sluggish control 
action resulting from the linear optimum and, on the other hand, 
the definitely oscillatory response resulting from the quadratic 
optimum. The practical optimum represents a happy com- 
promise. 

Finally, by means of the set of Equations [13], we find co- 
efficients of the frequency spectrum corresponding to each set of 
values for ag, a;, and az 


By 


\C'(jw)|? = J(w?) = 


This is represented in Fig. 7 as a function of w*, again for the 
case 7/7, = 0.2, and for each of the three optimum criteria 
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H,*, finally, signifies the kth minor determinant of the Hurwitz 
: leterminant H,* after 7, has been reflected about one of the main 
Appendix 
diagonals, so that 7,* reads as follows 
In the case where the spectral function may be broken into a | 
proper rational fraction 


| +... + Bwot + Bo 
J(w?) = 


+ +... 4 + Ag 


the calculation of the quadratic measure of error can be carried 


out in general form, Discussion 


al For this purpose, let us split J(w*) into a number of separate Pe = 
* fractions, corresponding to the number of terms in the numerator A. Lronu arp. Inmany cases the linear optimum criterion has 4 
polynomial shown itself to be very useful if one specifies the additional con- : 
" dition that as many roots of the characteristic equation as possible 
s - Bywo™* shall have equal negative real parts. This means, in other words, 
J(w*) = + An w™? 4 Aw + A that the various modes die out with equal time constants. Apply- 
— mee ' , ing this to the example worked out in the paper, we specify that 
ef the linear measure of error shall be a minimum, and that, in ad- 


The measure oi error can thereby also be expressed as the sum of 


the individual parts 


‘ach part then has the form 


dition to the two complex conjugate roots, there shall be a real 
root equal to the real part of the complex roots. Under those 
assumptions, we get very practical values for the parameters to 
be chosen 


The two figures (Fig. 8 of this discussion) which correspond to 
Fig. 4 of the paper, show the curves cesignated (1*), which have 
been calculated under the conditions mentioned, One can see that 
the new curves (l*) lie between those calculated for the practical 


= dw and the quadratic optimjum, The transient response of the output 
+ An = + 4 Ag ‘ 


ee a After some algebraic manipulation, the integration results in 


H,* 


R, 


or, written out in detail for the individual parts 


for 7 /T, = 0.2 is similar to the one shown for the practical opti- 
mum (7) in Fig. 6 of the paper. 

As shown elsewhere,‘ the calculation of the parameters accord- 
2h, Ra... Riko ing to this method presents no mathematical difficulty, and the 
amount of calculation that is required is very moderate. 


The symbols used have the following meaning: The character- 


istic equation of the system is Ps * Visiting Professor, Istanbul Teknik Université, Istanbul, T urkey. 
Translated by D,. W. Pessen, Minneapolis-Honey well Regulator Com- 
a,p* + da +...+ ap + a= 90 pany, Philadelphia, Pa. 


selbsttitige Regelung,”’ by A. Leonhard, Springer-Verlag, 
Ry... R, are the Routh trial functions derived from the coeffi- Berlin, Germany, 1949. 


: 
a 
' 
i 
{ 


J. M. L. Janssen.’ In their Statement of the Problem the 
authors say that the choice of the criterion used to define optimum 
From «a mathematical point of 
Usually, however, auto- 


control action is rather subjective 
view this statement may be correct 
matic control serves other than mathematical purposes and in in- 
dustrial applications the criterion for optimum control action is 
basically an economic one. Thus the criterion is definitely not 
generally speaking, its formulation in 
The subjective element 


subjective, although, 
mathematical terms is impracticable. 
mathematical formulations aim at 


comes in because current 


mathematical convenience. From this aspect a criterion is prac- 
tical if it gives rise to simple mathematical operations. ‘This does 
not necessarily mean that it is also practical from the point of 
view of the man who must tune a controller. 

Now turning to the mathematical side of the paper, some con- 
fusion arises from the fact that the transfer functions Ger given 
in Mquations {la} and are not equivalent. Equation {la} re- 
lates error to load disturbance. Equation [1b], however, does not 
Instead of error it relates system 


At first sight, using this transfer 


give an error transfer function. 
output to set-point disturbance 
function in the quadratic measure of error Q seems incorrect. 
Fortunately, however, useful results obtain. In order to demon- 
strate this the discussion in connection with Fig. 3 will be fol- 
lowed 

The curve in this figure certainly applies to set-point disturb- 
ances, since the system has a finite steady-state output, and, in 
accordance with the authors’ statement, the disturbance shall be 
a unit impulse in the time domain. Now forset-point disturbances 
in a proper control system we have Ger (0) = 1. Consequently, 
there is no freedom to make Ger (0) as small as possible and Ger (0) 
cannot be a measure of the area enclosed by Ger(jw) and the 
axes. If, on the other hand, the length of the rectangle in Fig. 3 is 
made as great as possible, then the area, and thus the measure of 
error Q, is maximized. So in this case the practical optimum is a 
maximum instead of a minimum 
It is rather a measure for the quality of 


However, Q is not a measure 
of error in this case. 


follow-up action, So the maximum found has a real significance. 


P. 
confirms the general opinion that the quadratic optimal system 


The practical example given in the last section 


is underdamped and the linear optimal system overdamped. Be- 
sides, the practical optimum is to all intents and purposes identical 
with the solution arrived at using standard design techniques 
based on attenuation and attenuation-phase diagrams. 

Let us write G, in the form 


+ 1) 


with 7'/7, K/0.2, and K = 0.2 4 
aT 

Let us take A and 7',/7, as new free parameters; | 
factor determining the gain at low frequencies. The ratio 7, /T2 of 


= 7, = 7',/T,, T/T: = 
K isa gain 


the two time constants being always larger than unity, G; ap- 
pears as the transfer function of an integral controller corrected 
by a phase-advance system. Then, as AK is increased from the 
value 0.2 corresponding to pure integral control, the gain at low 
frequencies decreases and the ratio 7,/r2 increases, thus increasing 
the phase advance. Both of these effects have a stabilizing 
action, Since, as is apparent from the open-loop gain curve, the 
pure integral control system is not sufficiently damped, it is clear 
there must be an optimum combining a good damping and a fast 
response 

Royal-Duteh /Shell-Laboratory, Delft, 


Research Engineer, 


Holland. 
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TABLE 1 VALUES OF PARAMETERS 
Setting K Tr/Ts ri/re Notes 
2 Floating control; 
damped 
Ineffective; still 
damped 
Overdamped 
OK: 25db 
OK: Q = 2db 


under- 


under- 


Table 1, herewith, gives the value of the parameters correspond- 
ing to pure integral control q’, quadratic optimum q, linear opti- 
mum /, practical optimum p, and standard design techniques s; 
the corresponding open-loop gain curves are shown in Fig. 9 of this 


10 w 


05 45 


Open-Loor Curves ror Linear Optimum 1, STANDARD 
Meruop s, Practicar Oprimum p, Quapratic Optimum AND Pure 
FLOATING q’ 


(The frequency axis pertaining to each curve is marked w with the proper 
index.) 


discussion. The q’-setting is underdamped because the gain slope 
at crossover is ~—2. The q-setting hardly brings any improve- 
ment at all, beeause the time-constant ratio of the phase-lead sys- 
tem is too small and, besides, the corresponding frequencies are 
placed in an entirely wrong part of the spectrum. The /-setting is 
overdamped because the slope at crossover is- 1. The p and s- 
settings are about equivalent, both having a slope of about 3/2 at 
crossover frequency. Their Black curves, shown in Fig. 10 of this 
discussion, nearly coincide. 

The curves of C(p) for the p and s-settings are drawn in Fig 
11. From this viewpoint, the p-setting is slightly better than the 
s-setting, but the difference is so small as to be irrelevant in prae- 
tice. Nevertheless, the difference is easily predictable using a re- 
mark attributable to Graham.’ 

Within the loop pass-band, we may write approximately 


((q) 1 q 


Therefore, if we wish to make this quantity constant within this 
frequency range, then we must choose G; so that it behaves as 
much as possible like 1/q. It is seen that this condition is 
slightly better fulfilled for the p-setting than for the s-setting be- 
cause the first corner frequency of the lead term is slightly higher. 
But, again, the difference is so small as to be insignificant. 

The foregoing gives cause to wonder about the usefulness of 
optimization criteria. However, one must admit that, if the 
quadratic optimum, e.g., gives unsatisfactory results in so far as 
the step response is concerned, it simply means that it is not the 
correct sort of criterion for the purpose, 

On the other hand, in many cases of a continuous random dis- 
turbance, the mean-square error does seem quite a fair figure of 


**Linear Servo Theory.”’ Bell System Technical Journal, October, 
1946 
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merit. In such a case, do we really care about the shape of the 


step or impulse response, which will never occur in practice? 
Nobody seems to know the answer for sure. 
portant point is the validity of the criterion. It is not logical to 


use a criterion and then to grumble about the results it gives 


In any case, the im- 


There is absolutely no point, for instance, in using the mean-square 
criterion and then to decrease the gain somewhat in order to im- 
prove the step response. 


CURVES OF p AND s-SETTINGS 


Pic. 11) ror p AND s- SeTTIN 


This does not mean of course that a knowledge of the fre- 


quency content of the potential disturbances is not highly 


desirable. On the contrary, it does seem of advantage, as Gra- 
ham pointed out, to distribute the error uniformly over the loop 
pass band and, for that purpose, to make Gas nearly coincident 
as possible with the disturbance speetrum within the pass band. 
It should be noticed that this approximation is quite satisfactory 
if the damping is sufficient (Q = 2 to 3 db 
paper under discussion lies in the fact that it seems to give us an 


The value of the 


easily applicable mathematical method for achieving these results, 

The following is only a minor point but on the whole not alto- 
gether academic. It does not seem right to say that confinement 
of the roots to the negative real axis “guarantees an absolutely 
If G, behaves like l/s et 


low frequencies, then of course C(O) in response to a unit-step ts- 


nonoscillatory recovery curve.” 
turbance is a constant equal to the algebraic area of the step- 
response curve, Which may in such a case be nonoscillatory, Fig. 
12(a), herewith. But, if G, behaves like 1/s? at low frequencies, 
then C(O) = 0, which means that the step response, whose net 
12(b), even if all the 
Such would be the case, eg., 


area is now zero, must be oscillatory, Fig 
roots are on the negative real axis. 
with 


C(s) 2st 5s 2) 
= 1)(2s + 1)(3s 4 


(s + 


IW4s + 1) 


by least squares 
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Similarly, in the case of a position-control system, it is not 
possible to make the responses to a position step nonoscillatory if 
one Wishes the steady-state velocity error to vanish; the velocity 
error being the integral of the position error, the latter must 
clearly be oscillatory if the former is to assume a null final value. 
Such simple relationships should be kept in mind when setting 
design specifications for a servosystem. 

bk. The quadratic measure of error should 
prove to be the most natural as has been the case in curve fitting 
If we consider all errors C(t) satisfying 
<< 
di 

sense of Lebesgue) and identify functions equal 


almost everywhere, then we have a real Hilbert space. Since 


Cit) 


fa} by Gyo) 


big. 12) Strep Responses 


theory should find useful application here and perhaps even sug- 
gest further developments 
If we eall 
*dw 

J 
the “quadratic measure of error in the frequency domain,”’ Parse- 
val’s formula (equation [8] of the paper) says that minimizing the 
quadratic measure of error in the time domain is the same as 
minimizing the quadratic measure of error in the frequency do- 
main, Henee in so far as the quadratic measure of error is con- 
cerned, the time domain and the frequency domain are equivalent, 


Other measures of error may be considered, such as 


. 


Parseval’s formula fails except for p = 2. For p # 2, there seems 
to be no reasonable correspondence between the time domain and 
the frequency domain. This indicates that the quadratic mens- — 
ure of error is the only one worth selecting from these possibilities. — 


If the error also depends on a parameter a@ and it is assumed 


that 


it should be possible to extend some of the results of this paper to 
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Qa). Much of the theory of Fourier integrals extends to this 
Case 

The periodic disturbing function is a special case of an almost 
periodic function and the mean value defined in Equation [17] of 
the paper is precisely the one used in the study of aimost periodic 
functions. For arbitrary disturbing functions it should be of in- 
terest to use summability methods applied to the Fourier integra! 
to pass from the time domain to the frequency domain. The inte- 
gral mean used in this paper is an example of such a method. 

W. W. Seivenr.'!! Determination of optimum adjustment is an 
important aspect of the design of automatic control systems. As 
the authors indicate, several different optimization criteria are 
possible. lowever, they have not given a convincing discussion 
of their “practical optimum criterion.” They seem 
process-control systems and 


’ 


to make 
an undue distinction between 
servomechanisms, ‘This distinction serves merely as a frame- 
work to deseribe the differences in the response of a closed- 
loop system to input and load disturbances. They discuss 
at length linear and quadratic optimization criteria and at 
the end of the paper give a brief description of their practical 
optimum criterion, The result is that if this criterion has 
any merit, they have not presented either a convincing mathe- 
matical or physical justification for it. At first glance, the re- 
sults obtained in their practical example appear convincing, but 
second thought raises doubts whether a fortuitous example was 
chosen and whether, in general, good results would be obtained. 

For the example chosen, the complexity is such that numerical 
evaluation of the quadratic error can be made easily by substitut- 
ing typical values for the parameters and by calculation of the 
error. examination of the error obtained for several parameter 
combinations leads quickly to results which are nearly optimum. 
The authors overestimate the difficulties in applying the quad- 
ratic approach, 

K. OLpenpurcer.'? This paper is particularly timely because 
of the current interest in the subject of defining and determining 
optimum controls for physical systems. The particular optimum 
criteria employed in a given problem will depend to a large extent 
on the ease with which one can carry through the mathematical 
theory necessary for the solution of the problem. It is significant 
that most definitions of optimum controls generally give quite 
satisfactory results and place one in the desired area of per- 
formance. 

The Parseval formula (Equation [8] of the paper) can be ob- 
tained by fairly simple mathematical manipulations from the 
theory given by Titchmarsh in his book on the subject."* The 
authors’ treatment of the problem of minimizing the mean-square 
error for the isolated disturbance as well as statistically described 
disturbances is particularly illuminating, especially in that the re- 
sults are shown to be completely analogous. Considering the 
enormous amount of work that must often be carried out to 
minimize the mean-square error, consideration of simpler and 
more practical optimum criteria by the authors is a step in the 
right direction. 

If the Conditions [27], [28], and [29] to uw = m are satisfied it 
means that the authors are assuming that the function J(x) is of 
the form 


N(x) 


J(z) + 

'! Assistant Director, Dynamic Analysis and Control Laboratory, 
Massachusetts Institute of Technology, Cambridge, Mass. 

'? Director of Research, Woodward Governor Company, 
Ill, Mem. ASME, 

“Introduction to the Theory of Fourier Integrals,"’ by Titch- 
marsh, Clarendon Press, Oxford, Englund, 1948. 
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where the funetion G(r) is a polynomial whose terms are of 
This is a consequence of the linear de- 
If there are not enough parameters to 


higher degree than m. 
pendence Relations [30]. 
satisfy the conditions mentioned, as is normally the case, the in- 
equalities of Formula {24} are not all fulfilled, and the curve for 
J(z) may not be monotonically decreasing. If, for example, 
Equation [27] is satisfied it implies that the curve for J(r) is 
horizontal at c = 0, but it does not imply that the curve will fall 
thereafter. Clearly, if the curve for J(z) falls too fast the system 
will be too sluggish, whereas if the curve has too much of a reso- 
nance peak the system will very likely be too oscillatory. 

There remains the serious problem of proving, if it is so, that 
the authors are justified in supposing that optimum or nearly 
optimum control is attained by making as many derivatives of 
J(x) zero at ¢ = Os possible. In particular, the following ques- 
tion arises. If J(2) is monotonically nonincreasing, is optimum 
control achieved by setting as many of the derivatives J(z), J‘(x), 
and so on, equal to zero as possible? 

Men will argue forever as to what optimum control performance 
ix. There are very few places, relatively speaking, where every- 
thing one wants for an optimum performance can be simultane- 
ously satisfied. The writer has found this possible only in certain 
nonlinear problems, where minimum overswing, minimum are: 
between the transient curve and the time axis, minimum rms 
error, minimum return time to equilibrium, and other such de- 
sired criteria are all satisfied at the same time. 


Haro_p Cuestnur.'! This is an interesting paper on a much 
considered problem, The results of the practical approach that 
the authors suggest, as shown in Figs. 6 and 7, seem to be more 
satisfactory than the linear or quadratic criteria that have been 
suggested previously. Although the practical approach produces 
a desirable transient response, the fact that its spectral density 
does not have a maximum value at other than zero frequency 
causes it to depart from the “optimum” servomechanism «as 
actually encountered experimentally. However, 
suitability of its results and its ease of application make it es- 
pecially attractive to control-system designers in analytical work. 


the general 


The authors at the outset point out some of the similarities and 
the differences between process-control systems and seryomecha- 
nisms. It is worth while to discuss a few of the assumptions that 
were cited initially to point out that servomechanism require- 
ments may cause criteria, other than the three described by the 
authors, to be considered for most satisfactory servomechanism 


settings. 


The input to a servomechanism is seldom one which changes 


slowly compared to the speed of response of the control loop In 
contrast with process controls where the changes in set point are 
rare, the servomechanism may be called upon continually to fol- 
low a rapidly changing input. One of the principal causes of servo 
error is caused by its reponse to input motion, 

That the process or power-clement parameters are predeter- 
mined and fixed is generally similar for process control and servo- 
mechanisms. However, the extensive use of feedback with a 
number of supplemental loops in servo elements tends to permit 
fairly extensive modifications of the inherent power element. As 
such, its performance, as it finally appears in the control, is ap- 
preciably different from its inherent characteristics. Control 
settings such as these also should be included in establishing an 
optimum. 

In servomechanisms and control systems encountered in prac- 
tice the number of degrees of freedom and the order of the dif- 
ferential equations for these controls is generally high. The prac- 
tical method outlined by the authors should simplify greatly the 
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process of obtaining an optimum solution by analytical means, 
as compared to previous methods. 


Dunstan Granam® and R. C. The authors are to 
be congratulated on their highly original treatment of an im- 
Although the syn- 
thesis of dynamic systems has received general treatment in the 


portant phase of automatice-control design 


literature, the detailed and systematic investigation of specific 
criteria for optimum response has been generally overlooked 
This is due in large measure to the long-standing lack of a suitable 
definition for “optimum” response. The ‘practical optimum” 
developed in terms of the coefficients of the closed-loop frequency- 
response function is a significant contribution to the synthesis art 
The authors have convincingly stated the case in favor of the 
analytic adjustment for optimum results. They quite cor- 
rectly observed that such a process begins with the definition of a 
suitable quality criterion and the calculation of the corresponding 
measure, followed by the determination of those values of the 
parameters which produce the extreme value of the quality cri- 
terion. These two points would seem to emphasize the fact that 
there are criteria for criteria. A criterion for the response of 
servomechanisms should have three attributes reliability, ready 
applicability, and selectivity.” "8 It should select reliably the 
best response for a variety of systems, should not be difficult to 
apply in calculations, and should discriminate against systems 
which are not quite so good as the optimum. The authors of the 
paper consider and reject two widely known criteria because they 
fail to meet one or more of these standards. 

The linear criterion is unreliable even if the roots of the charac- 
teristic equation are restricted to real negative values, since under 
these conditions, it selects a response which is slower than it need 
be for most applications. This criterion, however, has a powerful 

advantage in ease of application. Not only can the criterion 
value be calculated directly from the Laplace transform of the 
but the mathematical 
minimum criterion value (real equal negative roots) are even 
simpler than the authors have indicated in the paper. If, by a 
change of time seale, the system characteristic equation is cast into 


error response, also conditions for a 


a normalized form so that the coefficients of the highest and low- 
est powers of the complex variable are both unity, then the re- 
maining parameters (one less than the order of the system) must 
take the values of the binomial coefficients. '7 
In addition, for the case where the linear control-area criterion 
_ is evaluated in terms of the servomechanism error for a unit step 
function of input, it does not lose all its meaning even if restric- 
tions on the roots are removed, since it continues to signify the 
velocity coefficient of the servomechanism." 
The 
authors reject it on the basis that the mathematical difficulties in- 
volved in the evaluation of the integral vitiate its applicability. 
For simple inputs, 


The quadratic criterion is more widely held in high repute 


To our minds this is not its greatest failing. 
the criterion integral may be evaluated easily on an analog com- 
puter. Furthermore, tables for the integral have been prepared. '* 
The fact that the quadratic criterion may select. responses which 
are unacceptably oscillatory, and that the criterion value is insen- 
sitive to fairly large changes in system parameters, leads us to 
conclude that this measure by itself has relatively little merit.” 
Chief, Central Synthesis Branch, Wright Air Development Cen- 
ter, Dayton, Ohio. 
‘Chief, Measurements and Analysis Section, Wright Air De- 
“The Synthesis of ‘Optimum’ Transient Response: Criteria and 
Standard Forms,” by D. Graham and R. C. Lathrop, Trans. ATEF, 
72, 1953 (technical paper 53-249) 
‘**“Theory of Servomechanisms,"’ by H. M. James, N. B. Nichols, 
and R. 8. Phillips, MeGraw-Hill Book Company, Inc., New York, 
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The writers” have reported an investigation of eight different 
integral criteria which may be applied to servomechanism re- 
sponses. The criterion which best meets all requirement is the 
integral of time-multiplied absolute value of error (ITAE), 
Sort edt. While this criterion is nonanalytic, it is relatively 
easy to mechanize on an analog computer. It consistently selects 


a response in accord with intuitive concepts or a priori knowledge 


of a desirable optimum, and it possesses adequate selectivity. 
5 \ 
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COMPARISON OF OPTIMIZING CRITERIA FOR A SECOND-ORDER 
SYSTEM 


big. 13 


Fig. 13 of this discussion shows the values of the linear, quad- 
ratic, and ITAE criteria as functions of the single parameter ¢, 
evaluated for a step function of input to the linear second-order 
system with the normalized transfer funetion 
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The inset illustrates the error responses corresponding to the 
parameter values selected by the various criteria, and identified by 
the letters for linear, for quadratic, andi for ITAE. The slow 
response of the linear optimum, and the oscillatory response and 
poor selectivity of the quadratic optimum may be appreciated 
with the aid of these diagrams. The superiority of the ITAE 
criterion is even more evident on progressing to high-ordered 
systems. 

It is pertinent to note that in the case of the second-order unit- 
numerator system, the practical optimum of the authors selects a 
parameter identical in value to the one chosen by the ITAE eri- 
terion. For the higher-ordered unit-numerator the 
practical optimum selects parameter values apparently identi- 
cal to those of the Butterworth filters."" This fact is certainly in 
aceord with the concepts from which the practical optimum 


systems, 


was developed, for the Butterworth filters are characterized by 
an attenuation curve flat to the highest possible frequency, and 
decreasing monotonically. The corresponding phase angles, how- 
ever, are large in the vicinity of the natural frequency, especially 
for higher-ordered systems, and the transient responses of the 
higher-ordered Butterworth filters are poorly damped. The error 
responses of fourth-order unit-numerator systems, to unit initial 
conditions or step functions of input, are illustrated in Fig. 14, 
herewith. The ITAE criterion in this and similar cases of still 
higher order selects a response which is much faster than the linear 
optimum and yet is better damped than the practical optimum 

If an analog computer is available, the ITAF criterion is com- 
The 
simplicity and power of its use may be illustrated by the fact that 


mended for the synthesis of optimum control systems 


the example problem given in the paper was set up and solved 
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RESPONSE TO INITIAL ERROR 
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. 14 System Response 


OPTIMUM REGULATOR RESPONSE 
TO A STEP FUNCTION OF LOAD 


—— MINIMUM ITAE SYSTEM 
##,23 


—-—~"PRACTICAL OPTIMUM” 


TIME 
hia. 15) Orprimum Recuiator Response 
thirteen times to obtain a minimum criterion value in about | hr. 
The result is illustrated in Fig. 15 of this discussion which is 
directly comparable to Fig. 6 of the paper. The mioimum ITAE 
response may be seen to have a slight advantage in quality of con- 
trol over the practical optimum. The advantage is so slight, 
however, that without an analog computer or “standard forms’’"” 
for the transfer function based on the ITAE criterion, the designer 
would seem to be well advised to employ the practical optimum 
as a valid and not too dificult approach to the optimum adjust- 
ment of control loops. 


Avuruors’ 


The method mentioned by Professor Leonhard may yield quite 
useful results in many cases, as, for example, when applied to the 
simple numerical example. In the opinion of the authors, how- 
ever, this method is not an optimizing procedure in a strict sense. 
The characteristic equation is based only upon the homogeneous 
part of the differential equation describing the system under in- 
vestigation, The characteristic equation, therefore, can only 
provide information concerning the roots of the system, but not 
concerning the specific initial conditions, and certainly not con- 
cerning the disturbance function. On the other hand, among all 
the coefficients in the numerator of the transient-response Laplace 
transform, enly the zero-order term (bo in Equation [11]) shows 
up in the linear control area, while all the other coefficients are 
disregarded. These coefficients contain the specific initial con- 
ditions of the system, and, in general, are also modified by the 
disturbance function, A true optimizing procedure, however, 
must take the initial conditions as well as the disturbance fune- 


tion into account, because the transient recovery curve is affected 
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by both. For example, a control system must basically be ad- 
justed differently, depending on whether its most important 
function is to counteract load disturbances (as is the case in proc- 
ess control) or to respond accurately to set-point changes (as is 
the with Neither the characteristic 
equation nor the linear control area can take these important 
factors properly into account. 


case servomechanisms). 


Mr. Janssen points out that every optimizing problem is, in 
the end, based on economic considerations. The authors sub- 
scribe to this conclusion as completely as they do to the view that 
starting with the foregoing standpoint in mind, there can be no 
subjective differences of opinion concerning control criteria. How- 
ever, the question as to what type of quality deviations are least 
harmful economically can hardly be formulated mathematically 
in a general manner. This is especially so because the fixed costs 
of the plant and of the control installation play a deciding role in 
the whole question. If we limit ourselves (us is done in this 
paper) to the considerably narrower problem of adjusting a given 
controller to a given process, than the criteria which apply can be 
quite different from case to case due to economic considerations. 
The authors’ statement that the choice of criterion is rather sub- 
jective is to be understood in this sense, although, undoubtedly, 
it would have been better to say that the choice of criterion is 
“different from case to case.”’ 

Mr. Janssen’s comment that the two transfer functions given by 
Equations [la] and [1b] are not equivalent is not valid, in the 
The transfer function [la] relates system 
output or controlled variable to a load disturbance at the input 


opinion of the authors. 


of the process, while the transfer function [1b] relates system out- 
put to a set-point disturbance at the input of the controller. 
Mr. Janssen is correct, however, in that the transfer function 
[1b] is not directly suitable for determining the adjustment of 
servomechanisms by means of the method described in the paper. 

In process control, the deviations of the controlled variable 
which are due to a load disturbance must be made to disappear as 
quickly and as completely as possible. With servomechanisms, 
however, the problem consists of having the controlled variable 
follow changes of the set point as quickly and completely as pos- 
sible. These two problems, which are quite different, become 
equivalent if, for the servomechanism, we use the transfer funce- 
tion relating the error or deviation to the set-point disturbance, 
given by the equation 


| 


Get = 1 
1+G.G,. 1+G,G:, 


This error, similarly to the deviation caused by a load disturbance 
in process control, must be made to disappear as quickly and as 
completely as possible. In this way the described method to 
find proper controller settings is applicable for both types of dis- 
The authors thank Mr. Janssen for calling attention 
to this important point. 


turbances. 


The authors thank Professor Naslin for his valuable comments 
and agree with his point that confinement of the roots to the nega- 
tive real axis does not necessarily guarantee a nonoscillatory re- 
sponse, 

The authors cannot agree with the view expressed by Mr. Sei- 
fert. On the contrary, they believe that they have pointed out 
expressly that there are ne basie differences in the treatment of 
process-control systems and of servomechanisms. It must be ad- 
mitted that the numerical example chosen might have been made 
too simple for the sake of clarity and a compact presentation. 
This was done in order to make the advantages and the capa- 
bilities of the suggested practical optimum really clear. The ex- 
perience of the authors has shown. however, that the convenience 
and practicability of the procedure is even more pronounced for 


more complicated problems It cannot be disputed that the 
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numerical evaluation of any given case can always be carried out 
using the quadratic optimum, sometimes even with a moderate 
amount of effort. However, a general solution and an investiga- 
tion of the relations controlling the free parameters is certainly 
simpler and less time-consuming when the practical optimum is 
used, 

The doubts expressed by Dr. Oldenburger for the case that a 
_ sufficient number of parameters are not available for the optimizing 
procedure are completely justified from a mathematical stand- 
point. Especially in the field of process control, however, the 
— controlled systems occurring in practice usually consist of pure 
time lags. Assuming common disturbing functions, these time 
lags contribute only a falling characteristic to the frequency spec- 
trum of the closed loop. If, therefore, the frequency spectrum 
— contains resonance peaks, then these must somehow be produced 
the However, controllers 
produce resonance peaks should also provide the possibility for 


If this 


controller. whose properties 


adjusting these properties to climinate resonance effects. 


4 1 


ve 


- 


4 


is not possible (for example, because of an insufficient number or an 
insufficient range of controller adjustments), then the controllers 
are either deficient in their design or are not being used in a cor- 
rect manner. The suggested procedure has the special advan- 
tage, that, in cases such as the foregoing, it will clearly point out 
deficient assumptions of this sort and, at the same time, will point 
toward the way of possible improvements. This should also be 
the case with less desirable controlled systems containing mass 
effects, as they often appear in servomechanisms, 

In summary, the authors are thankful for the interest shown 
their work, and for all discussions, including those which were not 
specifically answered in this closure. The methods suggested in 
the paper grew out of the desire to supply the planning engineer 
with a clear and simple method for the investigation and evalua- 
tion of control loops. The authors realize that their proposals are 
still in need of supplementation and completion in various re- 
spects. They hope, however, that their work has provided useful 


and stimulating ideas 
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By J. 


This paper concerns the so-called “filtered nonlinear 
servos,” i.e., servos where the signal undergoes a filtering 
effect from a linear part of the device. ‘Hereditary phe- 
nomena,” such as Coulomb friction, gear backlash, and so 
on, are dealt A general stability criterion is de- 
rived, and it is shown how the Nyquist criterion appears 
as a particular case. 


with. 


The criterion indicates whether or 
not a servo is liable to hunt, but it is still necessary to state 
whether or not the possible hunting will have a limited 
amplitude. An approach to this problem is sketched and 
it is shown how the first results may be considered as 
quantitatively valid for quasi-linear systems. Some con- 
clusions previously derived by assuming the transfer func- 
tions to be analytic appear as a limiting case of the present 
results. 


R 


INTRODUCTION 


ECENT works that, 
theories have been developed, 
deal with the case of real, ie., nonlinear, servomecha- 

In France, J. R. Dutilh (1, 2)? and in the United States, 
Kochenburger (3) have studied contactor servos, apparently in- 
dependently. 
possible by a filtering effect, coming from inert elements such as the 
rotor of the electric This 
Fourier harmonics. 

This conception proved very useful, 


have shown once the linear servo 


it becomes necessary to 


According to their conceptions, analysis is made 


motor. allows one to overlook all 
for at the time, 
J. R. Dutilh indicated a stabilizing device that permits the con- 
struction of contactor servos with the 
The devices studied by Dutilh 
and Kochenburger correspond to the diagram, Fig 
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same 
same practical perform- 


ance as so-called linear servos. 
1, where the 


Fig. 1 


first element has a transfer function f(2) depending on ampli- 
tude, but independent of frequency, 
is a conventional linear one characterized by a transfer function 


and the second element 


y{w). 

It is the aim of the present paper to extend the known results 
in the following directions: (a) Hereditary phenomena; (hb) 
more general nonseparable mechanisms; (c) with 
Nyquist’s criterion; (d) stability of possible hunting. 


connection 


HerepitaRy PHENOMENA 


The expression “hereditary phenomena’ was coined by Vito 


Associate Director, Centre National d'Etudes des Téiécom- 
munications. 

2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 29 -De- 
cember 4, 1953, of THe American Soctety oF Mecwanicat ENat- 
NEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 
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Volterra, and applies to phenomena in which the output is not 
a function of the input but a functional 
(e.g., 
on, are hereditary phenomena. 


Hysteresis phenomena 
in amplidynes), gear backlash, Coulomb friction, and so 

Instead of trying to express the output y as a function of an 
infinite number of variables, ie., all the values of the input zs, 
it is at the same time more convenient and more general to in- 
vestigate the properties of the functional by examining the time 
variation of y when x is a function of time 
concerns of the servo engineer, who will try to analyze hunting 
The 


asstim 


Stability is one of the 


in which z(t) and therefore y(t) are periodic time functions. 
usual functionals are sufficiently 
ing that x undergoes a cyclic variation. 

The well-known magnetic hysteresis pattern is found in the 


and easily deseribed by 


following phenomena: 


Coulomb Friction. Authors who deal with “real’’ servos are 
prone to put into their calculations friction forces of the viscous 
type (proportional to velocity) because these yield linear equa- 
tions. 

Resistance resulting from dry friction, or 
is often encountered in practice. 
a body of weight P lying on « plane with a friction coefficient f 
The friction is given by —f P sgn (v) where v is the velocity 
Here “sgn (v)'’ means the sign of v. 

Coulomb friction is generally associated with forces of inertia 
as in the following example: 
a friction torque 


“Coulomb frietion” 
Let us consider, for instance, 


A rotor of moment of inertia J, with 
Co, is acted upon by torque I’ which is a periodic 
function of time. Let us calculate the torque I that gives the 
rotor an angular velocity which is a sinusoidal function of time 
(curve I, Fig. 2a). To the torque J@ (curve IT) which cancels the 
inertia forces is added a constant torque Cy which has the sign of 
w, the sum of them being shown on curve III. The curve in Fig 


2(b), akin to the hysteresis curve, gives the torque T fh 


against Jw. Points A BC, C, DE F, Fy of both curves corre 
spond 

If, instead of assuming Jw to be known, we want to calculate 
it from T’, 
and the angular acceleration by a discontinuous one. 

Gear Backlash. The curves in 
If x is the angular position of the driving gear, and y the angular 
position of the driven gear, the values of y plotted against 7 are 
given by the curve A-B-C-D in Fig. 3 where 2¢ is the backlash. 
The be- 
ginning of the motion, may in effect take place when the gears are 


It 


is in this way that we may introduce Vito Volterra’s assumption 


this latter would be represented by a continuous curve 


are obtained a similar way. 


> 


This result is valid only when the eycle is going on 
already in contact and the curve begins at the segment Oa 
of independence from old states 


ANALYSIS OF NONSEPARABLE SYSTEMS 


This analysis, the main features of which have been published 
by the author of this paper (4, 5), is applicable, as in the case of — 
the twe preceding cases, to filtered systems but this is the only 
assumption that limits its field of application. It includes in- 
deed all the of (thresholds, 
hereditary phenomena, and so on). 

Criterion of Set of Curves 
sented by a transfer function A(x, w) defined by its gain G and 


causes nonlinearity saturation, | 


The open-loop system may be repre- 
its phase ®, both of which depend on the frequency @w and ampli- 


tude x of a sinusoidal input. This function is plotted in polar 
co-ordinates G, ®, by a double family of curves 7 = const and 


a | 
4 


Jx angular 
acceleration 


(b) 


Time functions. 6, Functional curve.) 


= f°. 
w» is then in agreement with the laws of the motion. This does 
not yet mean that the oscillation actually will take place. We 
will still have to formulate the stability criterion of this oscilla- 
tion, and it is then that the difficulties begin. 
The first criterion is stated as follows: Plot the family of curves 


representing the point at 


G(x, w), P(r, w) 


in polar co-ordinates. If the region oecupied by this family 
does not include the point NV (@G = 1, ® = mw) no oscillation can 
tuke place, and the servomechanism is stable. If the region 


occupied by the set includes the point N, two conclusions are 
possible; i.e., the operation x9, wo is, or is not stable. 


One must point out that the set of curves may cover several 
times a part of the plane with different values of 7 and w.  Rie- 


mann surfaces must then be used. 


Fia.3 Functional Curve or BackLasn Back to Nyquist’s Criterion. All physical systems are ampli- 


tude-limited and it is well known that the exponential increase 
of oscillations,-as foreseen by the linear theory, is actually limited 
w = const, Figs. 4(a and b). This set generally covers a region : 
R of the plane. If this region includes the point N where@ = 1, 
‘ function to be a decreasing function of x. As a matter of fact, 
= TT, there exists a pair of values To and Wy for r and w such 

that when saturation takes place the output is limited, no matter how 

vat LA 


{ «la large the input. So the ratio @ of their amplitudes is decreasing, 


by saturation. Saturation causes the modulus G of the transfer 


1 + Wo) = 0 and tends toward zero when increases. 
ie J For instance, if complete saturation is going on, i.e., 4f y is a 


An oscillation of constant amplitude 2) and angular frequency — constant, f(2) is directly proportional to 1/r. Figs. 4(a and 6) 
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bia. 4 


(a, Stable servo. 


indicate the set of curves drawn following our criterion in the ease 
of a servomechanism that comprises the following: 
A nonlinear amplifier (with saturation, but without any thresh- 
effect 
| motor, the inductance of which cannot be overlooked. In 
hig. 4(a), where the servo is assumed to be stabilized with an 
antihunt network, the family of curves is limited by the ordinary 
7 Nyquist curve I plotted rp, because, in the absence of a threshold 
effect, the modulus G is generally a decreasing function of x, and 
is maximum in the linear case, Le., when 2 is small. Then all 


a curves of the family are located between [ and the negative 
imaginary axis. The region occupied by the family of curves is 
actually limited by the “negative’’ imaginary axis, because the 
curve T (linear case) passes through the point O for @ = ©, and 

because, for large values of x, the curves, such as 23, come nearer 

— and nearer to the negative imaginary axis. 

If the antihunt device is well adjusted, the point NV lies outside 
the region R and the servo is stable. 
In Fig. 4(/) no antihunt device has been provided, the family 

—of curves contains one pair of curves for x = 2, @ = Wo which 

“ps through NV and the servo can go on hunting provided this 
oscillation be stable. As we will see later, it is indeed possible 
that a pair of values sy and wy will give G = 1 and ® = m but that 
however, this hunting operation cannot be sustained. This» 
can happen when a slight disturbance causes the system to go 

back toward rest or toward another hunting operation. It, 

after such a disturbance, the system comes back toward the same 
hunting operation, this latter will be called “stable.” In the 
opposite case, it will be called “unstable.’’ In this case the ap- 
plication of our stability criterion gives the same results ss 

Nyquist’s with « further result that we are told what will really 

happen when nonlinear effects take place and when self-sustained 

oscillations are going on, 


metastability. There exists an amplitude Y, of oscillation such 
that when x > NX, the gain is reduced in such a way that hunting 
can begin. As long as the amplitude x of oscillation is smaller 


than No, no stable hunting is possible 


— STABILITY OF OSCILLATIONS —“TRANSIENT THEORY 


We must now examine the problem of stability of possible 


Types or Servos 


b, Servo liable to hunt.) 


Conditional Staility. Following our theory, this is a case of 


oscillations, and in order to do so, we have to caleulate how the 
characteristics of the motion (2 and w) are varying spontaneously 
after the system has been disturbed slightly from its oscillating 
operation, and the disturbance has been removed. We will fol- 
low a method defined by G. Cahen (6) in a study devoted to the 
“pulling effect,” and also dealt with in a paper by G. Cahen 
and J. M. Loeb (7). 

1 First Approach. In order to get the approach well under- 
stood, we will first quote a very crude theory of the author (5) 
which later will appear as valid in a limiting case 

We must now determine the behavior of a feedback system in 
the neighborhood of the operation defined by an amplitude 
ry and an angular frequency co» such that 


t A( ro, Wo) 


Phe analysis must involve the time derivative # of the ampli- 
tude «. (Throughout the paper the dot means derivative with 
respect to time.) It will be convenient to introduce this un- 
known through the relative increment, 7 = #/2. This quantity 
will be considered as the imaginary part of a complex angular fre- 
queney —jr + a. The evolving system is characterized by an 
angular frequency wo + €, a relative increment 7 (7 is negative 
when the system evolves toward the zo, Wo Operation), and an 
amplitude ry + & 

These quantities are subject to the general equation of feed- 
back systems 


: 
14+ 6 0 [2] 
This complex equation gives two relationships between &, 7, and 
e. By eliminating € one gets the desired relationship between 
rand 


As we limit our investigation to the operations that are very 
near to the operation defined by 29 and wo, we may consider 
£, 7, and € as very small quantities. 

If we expand Equation [2] in powers of &, 7, and ¢€, if we limit 
the expansion to the first terms, and if we take Iquation [1 | into 
consideration, we write 


oA OA 


or 


ré | 
x xXx xX, XxX | 
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hen A + 7V Equation gives 
oV 
j ov 
Or Ow 


Ky eliminating € one gets the desired relationship 


=) 
T 
Ow Ow 


If the Jacobian determinant in the second member is positive, 7 


ov 

or Or 

ol’ ob 

Ow OW 


presents an opposite sign to the one of & which means that, if 
the system undergoes a slight disturbance, it comes back to the 
According to our 
is unstable when the 


oscillating operation defined by x» and wo 
definition, this Operation is stable. It 
Jacobian is negative. 


Objections. This approach is liable to three major objections: 


1 When writing the partial derivative 0A/Ow, one assumes 
that A is an analytic function of the complex variable w — jr. 

This is not true, in general, even when the system consists of 
a nonlinear element whose transfer function does not depend on 
frequeney, and a conventional linear element. 

2 One neglects the fact that A may depend not only on 7 but 
equally on the derivative € 


Indeed, we will see later that the notion of “instantaneous fre- 
quency”? is rather misleading and that the response of a four- 
terminal network to a frequency-modulated input cannot be 
derived by means of the instantaneous frequency without any 
We must point out that the angular frequency does 
not remain constant when the system is evolving between the 


correction 


disturbed operation and the steady operation defined by 29 and 
w, and that it is necessary to apply the correct formulas relative 
to fre juency-modulated inputs (see Carson and Fry, reference 
8). 

3 [tis not proved that the approach including first derivatives 
and is sufficient, 

Rigorous Approach. Such an approach would consist in: 

1 Defining the system by the modulus G (gain) and the phase 
angle ® of the transfer funetion, without assuming any analy- 
ticity conditions 

2 Writing that G and ® depend not only on &, € and 7, but 
on higher derivatives of these latter quantities with respect to 
time, and not on time explicitly. 

A system operating in the neighborhood of the operation de- 
fined by xo and wy would tuen be subject to the following equa- 
tions 


+ wo +€, 


By expanding and eliminating €, one would arrive at a differential 
equation of a high degree (this degree would be limited only by 
the approximation desired ) such as 


&+Kii+ Kit + +... =0 


eral case it would be simply i ible "2 
In the general case it we d be simply impossible to carry out 
iy 
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However, we can state the following remark : 
If the coefficient AK, is negative, one may say with certainty 
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such calculations. 


that the operation defined by zo and wo is unstable, because a 
slight positive disturbance & causes a further increase of &. 

If this coefficient is positive, one cannot state that the oper- 
ation is stable. It is not proved, in such a case, that x will not 
begin to oscillate with increasing amplitudes. 

First-Order Approach. The sign of the coefficient A, of Equa- 
tion [7] will be determined by the following approach: 


As we limit our investigation to the first derivatives of & and e, 


Equations [6] become 


+ Ew +6, =] 
To 


+ Ew +6, ‘) 
To 


With wo, 0,0) = 1 and wo, 0,0) = : 
of Equations [8] yields 

OG OG 

OT 

E od 

Ip OT 


‘ 


where we have replaced dx, dw, dr, and dx by &, €,7, € respec- 
tively. We must now draw from Equation [9] the desired rela- 
tionship between £ and £& This ean be done by eliminating € 
and € from Equations [9] and a third equation obtained by 
differentiation 

Elimination of € gives (by multiplying the first by 0@/dw, 


0G /dw and adding ) 
ob (= of 
OT OW 


( of oG 
+€ 
Ow OW 


the second by 


ob 


or OW or Ow 


oP 
OT OW 


HF Of 
=0.. {9a} 
Ow OW 


Io 


In the same way, multiplying the first equation by o& /dw, the 
OG / Ow and adding, we get 


== oP (2 ob 
€ + 


ow dw dw dw or 


second by 
ob =) 


= () | 


é (= ob 
+ 
OT Ow 


ry \Or Ow 


Taking the derivative of this last equation, and neglecting g and 
other terms, we get 
(2 ob 


Ow Ow 


of OG 
; [Ye] 
Ow OW or OW 


or dw 

Whence by replacing, in Equation [9a], € by its value obtained 

from Equation [9¢] we get equation 

Or OW Ow ro T OW T 


The writing of these relations is made simpler by introducing 


a, b, c, d, a, B, y, and 6 80 that 


eXpansion 
| 

: 4 
| 


state of operation 


LOEB 


1 oG 1 oG 
=hsin 


omg 


G or G dw G or 


od 


= a cos = h cos B, 
Ow 


& an example, if one considers a linear four-terminal network 


the transfer function g /¢ is analytic. So is its logarithm which 
is log g + jg and the well-known relationship that characterizes 
analytic functions is written 

and 


o¢g | 
= 9g = 
OT Ow Ow 


oT 


Hence 


q OT ’ 


Then 


=: 
2 


Returning to the nonlinear case, and limiting the investigation 

to the first-order equation (i.e., assuming that € and 7 are con- 

stant) we may write 


ah sin (a B) 


be sin (¥ B) + ad sin(a@—6) 14] 
When A, is negative the operation is unstable, whereas when 
K, is positive the operation is stable. 

We may note that, even if é eannot be overlooked, the Condi- 
tion [14] is still valid in the ease of unstable operation. In this 
case the coefficients of & and £ are of different signs, and Equation 
(7| has certainly one or several roots in the right half plane. 
However, there is a difference in the character of instability 
owing to the signs of the coefficients Ay, Ke, Ky. Uf Ay, is nega- 
tive, it means that as soon as the first order is considered, a slight 
increase & causes the system to depart from the state of operation 
f= 0. 
assembled in the wrong way, ie., 


The system behaves in this ease like a servo that is 
with the incorrect feedback 
sense. If K, is positive, that does not actually mean that the 
= Ois stable, but the system behaves like a 
servo having the correct feedback sense, but which might be 
dynamically unstable. This may be considered as an initial 
justification for the simplification admitted in this paragraph. 


Cask OF SEPARABLE SysTEMS 

We will now investigate in more detail an application of the 
method to more usual forms of nonlinear servos. 

Separable Servos. We will now deal with systems tha? consist 
of a nonlinear element (relay, saturated amplifier, and so on) 
whose transfer function f(7) may introduce phase shift, but is only 
amplitude-dependent, and which is called the “saturator;’’ also 
a filtering linear element, whose transfer function is only fre- 
quency-dependent. Its gain g and its phase g meet the analy- 
ticity Conditions [12]. This wilt not be the case of the whole 
G/® = f(x) g/¥ although f(r) does not de- 
pend on w and 7. This is due to the fact that fix) modifies the 


transfer function 


_ value of the relative increment r. 
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= Foc cos ¥Y, 


= ze sin d sin 6 
1 OW 


op 


= dcosé 
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Let y be the output of the saturator corresponding to the in- 


puts, where y = 2f(r). Then 
) ( rf 
f(x) 


where f’ is the derivative with respect tox 


Relay 


hic. Transerer Funerions ov Separate Pvnrs 


Partial derivatives relative to 7 (the relative increment of x) 
are used in Equation [12] and not those relative to 7, (the inere- 


For any function F 
=) 
f 


Remembering that FE yuation [12] must be applied to rT, and as- 


ment of y). 


= 
* 


[16] 


suming now that f(r) causes no phase shift, we obtain the first 
six derivatives 


1 106 log 1 06 o¢ ( f 
G or f Gow Ow G OT Ow 4 

(17 ] 
0 od og op Og ( rf’ 
Ow ow oT y Ow f ) 


All these coefficients can be derived from the knowledge of f(r) 
and of the transfer function of the linear network 

Calculation of dg/dw and dp/dw. 
shown that if a linear four-terminal network has a transfer fune- 


Carson and Fry (8) have 


tion ‘y(s), Its response to the miput 


(wot + wt?) 


is not given by replacing s by j(@ + at). : 
There is a correcting term AY, and we will give only the first 


term of its expansion 


why 


AY= 
Jo ds? 


Here d?Y /ds* is not an operator; it is the value of the second 
derivative of Y(s) whens = j(wo + wt). 

If we assume that w << wy? and eall y the output, the correct 
answer will be 


~ = Y(s) + A¥(s) 
ad 


Here s is the variable j(wo + wt). For small values of ¢, Le., 


when the system is operating near the operation (7, Wo), the cor- 
recting term AY(s) may be written as AY(a), while the prinei- 

pal term Y must still be written 


\ 
an 
| 
= 
) 15) 
Motor 
Equations |11] we derive — 
Vie 
og 1 og | 
| 
3 


If d*Y/ds? = Z 4 
Equations (10) and by the following derivation: 


W) we get the coefficients to be used in 


From Equation [18] we have 


AY =j Wy 


The correction AY may be represented by a shift of the point 


WG Ip mw) toward the point Y + AY (Fig. 6 has been 


AY 


Fia.6 Prior or 


drawn in the hypothesis of Wand Z positive). The corrected 
gain is represented by the distance 


OY, 


where @ is zero ut the point Y, and w can thus be written for 
Aw 
figure such as the replacement of the distance from O to Y 4 
AY (gain) by the distance OY». 
to the phase is represented by the angle A®, whose tangent is 


Also, certain justified approximations are made in the 
The correction to be applied 


equal lo 
9 


When Zw is positive, the phase angle becomes less than aw, and 


OY | 2 


the derivative of ® is negative. Then we get the equation 
Wo ob Z 


1 og 
G ow 2’ ow 2 


Value of the Approximation. The paper by Cahen and Loeb 
(7), summarized in the section, A First Approach, contains an 
attempt to prediet the stability (The second criterion is dealt 
with here; the first has been treated in the earlier seetion Cri 
terion of Set of Curves. ) 

It was admitted, and we saw that this assumption is pot rigor- 
ous, that the over-all transfer funetion G/® is analytic and 
represented by w) + 7 Vir, w). 

The second stability criterion was stated as follows: If the 
Jacobian determinant 


ol ov 


or OW 


| 


or 


Here J may be written as 


is positive, the oscillation is stable 


OG ob 


or OW Ow Or 


input applied to the coil is a sinusoidal voltage . cos wf. 


sign of the input 
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In order to translate this result into the notation of Equation % 
[14], we shall recall that the assumption of analyticity gives — 
Y 8 = w/2 and that in this crude theory the term d has been 
neglected. By inserting into Equation [20] the values drawn 
[17] it is that J has the same sign as 
sin (@ 
f 


from Hquation seen 


= 
The second criterion gives the same result as the criterion de 
+ /f > 0, and that 


The second criterion now appears to be valid for 


rived from Equation [14] provided that 1 
d is neglected 


the limiting ease of quasi-linear systems. 
a 


Appiication A ParricuLAR Case THE CONTACTOR SERVO 


The contactor servo comprises a polarized relay whose transfer 
The 
It is 
assumed, as is actually the ease, that the armature is attracted 


function may be ealeulated by the following procedure: 


only when the input voltage is larger than a given value, that we 
eal the “threshold’’ (let A be this value) 
— < h, and is equal to + where is the voltage of the 
battery, when 


The output y is expanded in a Fourier series, ‘ 


The output is zero 


The sign of the output is the same as the 
and the first harmonie (fundamental) gives the transfer function — 


fir) of the relay 


O tors 
| forr >h 
> wr x? ) 
Fig. 7 gives f(r) plotted against 7. The transfer funetion of the 
motor 1s 
T's 4 + 
Oscillation can take place for one value of w, ie. 
this w 
T.2 
717, 
and the phase of the output relative to the input is equal tow 
We must then determine zs in such a way that G becomes equal to 
1. By algebraic manipulation the equation 


TT, m2 \ 


becomes quadratic in 2? By the well-known quadratic formula 


this equation has real solutions in 2? when 


1h 


TT, 
T? 


If this inequality is satisfied, the solutions for .? are positive and 
the corresponding values of «are real. In general, two are posi 
tive 

In order to apply the preceding results (Equation [10]) to 
the present case we must now calculate the two derivatives 
0g/dw and 0g Ow. If n = + Te + with s 


= jw 


¥ 
| 
|. 
Atw = 1/7; the calculation gives 
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In order to calculate 0¢/O0w we must write the phase g of the — is always positive, since 2 must be larger than h. We are now — 
faced with two cases. 

First Case. f' > 0 (point in Fig. 7): Here 1/K, = is 
positive. We already have seen in the general section that in this — 
case the oscillation foreseen by theory cannot take place because 


g Ow 


1 
Tjw1 + Tijw — T2*w*) 


it is unstable 


f&) 


finds 


are tan 


Then, fore = 1/T, 


We will now calculate d and 6, with Equation [18]. As the 
transfer function of the linear part is analytic, the derivatives are 


calculated in the conventional manner 


Py 67? T,4 — TS 
=Z+Wj=—'—- 10j ———. [23] 
det | ; rT, Second Case. < 0 (point Fig. 7): Let us first 
Secon ase. (point re in Pig. @): tus first assume 
Phen ~~ act 
G ow TT;? Ow 
is small compared to 1 and 87'/7,. That can happen if the 
We then get all the needed coefficients abscissa 7, of the second intersection in Fig. 7 is sufficiently near 
a = f'/f,bsin B = —2T», ) toh The denominator will remain positive. [tis then pos-— 
i sible to foresee by this theory that the oscillating operation is 


stable. 


In the general case, one has to carry out the analysis in more — 


f’ 
rc sin y = —2(T,?/7;) (1 + 


a= 7/2,bcos = —2 


(: 


— detail and in so far as we are aware, no general statement is pos-— 


sible. We know by experience that there certainly exists a 
stable operation. We know it by simple reasoning since an in- : 
crease of x decreases the gain, and no physical amplitude ean — 


increase indefinitely. The derivation is not rigorous enough to 


dsin = TT? besure that no exception can occur 

17',6 3777.4 ow CONCLUSION 
beg J Until recently, almost all the methods of ealeulation for non 


linear systems were strictly limited to the case of second-order 
It happens quite often that 7, and 7, are of the same order equations. 


of magnitude. Let us assume, in order to simplify the calcula- Now it is well known that a servomechanism defined by an 
tions, that 7; = 7». Then, referring to Equations [25], we get equation of second order cannot oscillate, unless the coefficient 


) of the first derivative purposely has been made opposite in sign 
to the coefficient of the variable itself (in this case, the feedback 


a=f'/f, b = 27/2, = 27,02, d = 57;3/T 


a B =n" +7/4, [26] is introduced in the wrong sense), The simplest really usable 
servo that gives rise to stability problems is then of the third 


y = 74/4 + tanéd = —5 | 


al order, and classieal methods cannot be applied. The “filtered- 
= i systems’? approach is then of great interest. Thanks to it, we 


are able to treat many problems correctly. For a wide class 


Equation [14] then becomes 


ov | 2rof’ of nonlinear servos, we can predict self-sustained oscillations, 
l f (27 and we are able to ascertain some cases where possible oscillations 
K f ref’ 7,2 cannot build up. 


The author is greatly indebted to Mr. G. Cahen,*? whose con- 


Let us draw from Equation [21] the value of the terms which 
depend on f(z) structive criticism was of decisive importance in the building of 


the “Transient” theory. He also expresses deep gratitude to 
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by J. R. Dutilh, 


des Servomécanismes, 


Discussion 


R. J. 
the work he has done in advancing the theory of nonlinear servo- 


Tie author should be commended for 


mechanisms as represented by this and his previous papers. It 
is believed that these contributions have provided additional 
mathematical justification to those techniques where the fre- 
quency-response approach is applied to such nonlinear systems. 
His work also has pointed out carefully the limitations imposed 
on this approach, 

The writer wishes to supplement the paper by mentioning sev- 
The original suggestion 
regarding the concept of neglecting higher harmonies first arose 
in the textbook by Oldenbourg and Sartorius (9). The author 
has mentioned contributions made by J. R. Dutilh and this dis- 
it might also be mentioned that Goldfarb (10) in the 
the same time. 


eral other contributions in this field. 


CUSSEOT 
USSR, arrived at 
Goldfarb'’s work, however, was not brought to the general atten- 
tion of engineers in the U.S. and Western Europe until some 
Following these original contributions, 


simular conclusions ai about 


number of years later. 
hh. ©, Johnson (11) extended this approach in a number of respects. 
Among other suggestions and conclusions, he proposed a means 
for including the effeets of some of the more significant higher- 
harmonic components, 

Since that time other papers have appeared which apply this 
general “describing function’? method to specific types of servo- 
mechanism problems. One by V. B. Haas (12) applies this 
method to systems which include significant friction effects. One 
by the discusser (13) applies the method to instances where limit- 
ing and saturation effects are important. This latter, and a paper 
by E.8. Sherrard (14) discuss the difficulties that can arise when 
limiting effects appear in conditionally stable systems and sug- 
gest means for eliminating these difficulties 

It is believed that many further advances employing this gen- 
eral technique can be expected to advance the theory of nonlinear 
The author, for exam- 
ple, calls attention to a number of problems that still await solu- 


control-system design in the near future. 


tion. 
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W. IL. Surser, Jr.* 
method of generalizing the “frequency-response”’ 
analyzing linear systems so that they may be applied approxi- 
mately to nonlinear systems. If valid, this method may be 
used to predict the stability of the system and to locate approxi- 
mately the phase space trajectories or “limit cycles” of unstable 


This paper outlines some aspects of a 
methods of 


systems. This is an attractive possibility, of course, due to 
the well-known difficulties in handling nonlinear differential 
equations of the third order or higher, and it has been studied 
by a number of investigators. 

The method assumes that the linear part of the system com- 
pletely filters out the harmonic wave-form distortion produced 
by the nonlinear element, ie., that these harmonics are not 
transmitted around the loop and do not appear at the input to 
the nonlinear device. This is justified approximately in many 
cases, Fortunately, the more complex the system, the better the 
method usually applies. Since it is potentially so useful, how- 
ever, it would be desirable to place it on a more rigorous founda- 
tion if possible. One paper, by E. C. Johnson (11), has appeared in 
which a method taking these nonlinearly generated harmonics of 
Although the 


calculations are rather complex, it provides a valuable method 


the signal wave form into account is described. 
of checking the applicability of the more approximate approach 


What is now generally known as the 
method, as first applied by Tustin to 


R. 
“deseribing function” 
hereditary nonlinearities in linear servosystems and by Koch- 
enburger to relay-control systems, involves the plotting of a har- 
monie response locus Y(w) for the linear elements of the servo 
loop, together with a locus, or describing function, 

1/f(x), which is the reciprocal of the amplitude-dependent gain 
of the nonlinear elements. Intersections of these loci may rep- 
resent the possibility of sustained oscillation at the amplitude and 


second 


frequency indicated. 

When the amplitude and frequency-dependent elements are 
separable, it is rather easy to see from a sketch whether an inter- 
section of the loci represents a stable or an unstable mode of 
Consider, for example, the loci indicated in Fig. 8, 
herewith, intersecting at A, B, and C. 

If the locus Y(--@ + jw) is plotted, as shown by the dotted 
line, it will lie close to Y(jw) for small values of @ and on the side 
of that locus indicated. Intersections of this curve with the 
describing function locus represent states of positively damped 
oscillation; i.e., the amplitude tends to decrease. 

Suppose now that oscillation is occurring at the point A when 
its amplitude is slightly increased, so moving the operating point 


oscillation. 


* Associate Professor of Electrical Engineering, Princeton Univer- 


sity, Princeton, N. J. 


7 University Lecturer, Cambridge University, Cambridge, England. 
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RECENT ADVANCES IN 


{ESPONSE AND Descrining Loci 


Fig. Harmonte 


along the describing function locus to A’. We have shown that 
the resulting motion at this point is one of decreasing amplitude, 
so that the oscillation tends to return to its equilibrium value at 
A, which is thus a stable point. One can show similarly that 
4 is an unstable point and C isstable. This alternation of stable 
and unstable limit cycles is in accordance with the general theory 
propounded by Poincaré. 

It will be noted that if the system is started oscillating freely 
with amplitude 2, it would appear possible to determine the 
nature of the initial mode of damped oscillation, rye ~@ cos wot, 
from the curve Y(a@ + jwo) on which the point x9 of the de- 
scribing function lies. Such an elementary approach ignores the 
rate of change of damping and frequency and can lead to appre- 
ciable error. When a and w are taken into account, however, rela- 
tively simple analytical expressions can be derived for the tran- 
sient response of nonlinear systems; these are as accurate as 
the results obtainable by the describing function method for 
the sustained oscillation. This work was done by Mr. P. FE. W. 
Grensted at Cambridge University and will be published shortly. 

When the amplitude and frequency-dependent elements are 
not separable, it would be possible to regard the describing func- 
tions as a series of contours for each frequency, the whole being 
plotted so as to form a surface with frequency as a third axis 
normal to both those already used. This surface would have 
upon it lines of constant z. The Y(a@ + jv) lines form a second 
surface with lines of constant a. 
in general, in an “operating line,’’ to every point of which there 
Points of possible 
continuous oscillation are those where @ = 0. A small disturb- 
ance at such a point would move the system along the operating 
line and the sign of @ determines, as formerly, the state of equi- 
librium of the operating conditions considered. This is a graphi- 
cal interpretation of what M. Loeb has done analytically in his 


These two surfaces intersect, 


corresponds a single value of both z and a. 
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paper; analysis is indispensable for any nonseparable system, 
except the very simplest, but the foregoing approach may help 
toward a physical understanding of the equations. 


R. L The author is to be congratulated on his | 


excellent paper. 
discussion of methods for determining the stability of limit cycles, 


Cosorirr.® 
The writer was particularly interested in his — 
a 


systems that the writer has studied and found that the results 
so obtained were reliable in all cases except one. The exception 
occurred in a system whose open-loop frequency response exhib-— 
The difficulty 
arises from the fact that the gain curves are discontinuous and — 
1 point which is point N, Pig. 4 (a) 


ited jump phenomenon or response hysteresis. 


may not pass through the 
of the paper. 

The writer agrees with the author’s conclusion that the fre-— 
queney-response approach can be used in the analysis of many — 
nonlinear systems which cannot be handled by other methods. 
He would like to call attention to the fact that the frequency- 
response approach for nonlinear systems only indicates the system 
stability, while other performance criteria based upon the fre 


a 


having used the method for determining the stability of several y 


quency response of linear systems are not always reliable when 
used for nonlinear systems. 


AutTuor’s CLOSURE 
Tam grateful to the discussers for the great amount of informa. — 
tion they contributed to the subject of the paper 
the discussers to be acknowledged is Prof. R. J 


First among 
ye 
J. Wochenburget 
who gave a careful survey of literature that is not familiar in our 


country. 


I agree fully with Prof. W. Hl. Surber’s statement: ‘“Fortu- 


nately, the more complex the system, the better the method usually 4 


applies.” That is, the more involved are the high-degree transfer 
functions, the more accurate becomes the filtering assumption 


Dr. R. H. Maemi!lan points to an equivalence between my 


However, it is established with the tacit assumption that the de- 
scribing function is analytic. We saw that this is not so, and that 


the analyticity assumption can be considered as a limit assump- 


» 
limit-eyele stability criterion and his graphic example in Fig. 8. 


tion. 
I am in agreement with Prof. R. L. Cosgriff's statements. 


solve stability problems but gives very little information about — 
other requirements such as response speed, 

1 would like to mention that until now one point has escaped 
the attention of various writers; namely, the equations that are 
presented in the paper are true under the assumption that the non- 


linear part gives an output comprising only the fundamental and 


But it alse can give a d-e component that is 
A paper 


upper harmonics. 
not filtered by the linear part of the servomec.:.nism 
concerning this subject will soon be published by the Annales des 
Télécommunications under the signature of J.D. Lebel (Schlum-_ 


berger Well Surveying Company ) and the author, 
* Assistant Professor, Department of Electrical Engineering, Ohio 

State University, Columbus, Ohio, 
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A Statistical Approach 


and Regulators 
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The servo field is developing rapidly in all of its aspects. 
The methods presently used are based upon the theory of 
analytic functions and consist mainly of the study of the 
Re- 


cently it has been proved that, in certain cases, it is pos- 


system subjected to steady sine-wave disturbances. 


sible to compute the system directly from statistical data 
concerning inputs (inputs composed of “orders” and “‘dis- 
reviews the results that 


turbances’”’). The paper first 


were obtained recently by the author in this field. A par- 
ticular servocircuit is computed by statistical methods, 
and the output autocorrelation function of a relay also is 
then 
The 


principal properties of the variable-inertia regulator are 


obtained. Classical and statistical methods are 


used in the analysis of a variable-inertia regulator. 


derived for the cases where the inertia is controlled through 

an external source of power and where the inertia is self- 

adjusted by a passive network. 


( N ENERALLY, servomechanisms are studied for the case ot 


INTRODUCTION 


If the 
system is a linear one, i.e., if the equations which sum- 


steady oscillations, Le., a periodic steady state. 
marize it are linear, the superposition principle is valid and we 
‘an consider the response of the system to a periodic input fune 
tion as the summation of the individual response to the various 
harmonies of the input function. (In this paper we call the in- 
put function either ‘order’ or “message’’; however, the input 
function can be the sum of a message and a noise.) Generally, 
the coefficients of the differential-equation system can be treated 
as constant—for example, an electrical system with lumped co- 
efficients, or a mechanical linkage in which the mass of the springs 
ean be neglected. The response to a periodic disturbance is also 
periodic and can be characterized by the amplitude ratio com- 
posed of the output divided by the input, and the phase lag of the 
sutput relative to the input. We then obtain the amplitucle 
versus frequency, and phase versus frequency. These two dia- 
grams can be summarized in one curve on the complex plan 
This is the transfer locus of the system. As soon as the system is 
no longer linear with constant coefficients these diagrams do 
not fit and the amplitude-phase concept which exists for linear 
systems disappears (1).* 

Linear systems can represent many nonlinear systems, as 4 
We can then deduce from wie associated 
But this work is long 


and superficial because the inputs to which the system will have to 


first approximation. 
diagrams the response to a specific input. 


respond are generally unknown a priori 


oe Engineer, Service Technique Aeronautique. 
2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 29 
December 4, 1953, of Tue American Society of Mecnanticat Enat- 
NEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 

26, 1953. Paper No. 53—A-20. 


It is possible to con 


{o Servomechan 


probable ones 

This paper goes a step further. In many cases the input — 
is a random time function (we shall later define the exact mean-_ 
ing of the mathematical terms used) in which case the system 
will have to respond to statistically equivalent functions. Tow- 7 
identical but the statistical analysis of these records will give the 
sume results. If we obtain the same statistical results whatever — 
the initial instant, the input function is said to be “stationary a" 
We shall consider only such funetions. We must note that a 
system is always fed with noise, which, by definition, is represented 
by a random funetion. 

From such statistical data it is possible to compute a system 
A criterion which — 
leads to relatively simple mathematical results is the “mean-— 


so that it will be optimum for given criteria 


square error.’ The error is computed from the difference be- 


tween the actual output and the “desired’’ output function; it 


is understood that the input funetion is a random function sta-_ 


tistically well defined. The problem consists of making that — 
error a minimum by determining a corrective device (electrical | 
network, mechanical linkage, and so on). Some definitions fol 
low (2,3 

Random Function. Function which cannot be known exactly — 
at any time ¢, but of which each “sample” has the same statistical | 
properties, namely, mean value, quadratic mean value, repar 
tition function and autocorrelation function 

Sample of a random function is a known funetion of time | 
Which is obtained by taking a record of the random funetion dur 
ing ¢ seconds, beginning at the instant 7. Samples of a random 
function cannot be superimposed 
random funetion: 


vis the independent variable, this is the function F CY 


Probalility Distribution Funetion ot a 


where 


The derivative of the repartition function F (XN) is the prob ibility 


that roceurs between X and XY + dX 
= 
AX for Newer 


Characteristic Function. This is the Fourier transform of proba- 


bility distribution function, or the mean value of e™* given by 

ge 

The expansion in powers of u ean be written as iin, 


(iu)™ 
gu) =a > 


m m! 


where M,, is the mth “moment” of x 


| 


+ @ 
= f r™p(xrjdr 


and the summation in Equation [3] is over m = 0,1, 2,.... 


> 


120! 


» 
ceive ot the association of a “probability of oecarrence’’ with cer 
tain iiputs to study in full detail the re potise to the more 
| | 
| 
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Mean Value. ‘Two mean values must be envisaged. If f(t) 


(known or random*) function its algebraic-mean value f(t) 


T 


If ¢ is a random variable which takes the value z with the proba- 
bility p(x), its probability-mean value (mathematical expec- 


tancy) is 2 where 
b 
p(x) de 
a 


By virtue of mayer {1 | this also can be written as 


r- xr dF(2) 


where a and are the lower and upper limits of 

: Auto and Cross-Correlation Function of a random or known 
-funetion f(t). This is the funetion of 7 which is the mean value 
g(r) of the product of f(t) * f(t + 7) where r is a parameter, i.e. 


is given by 


"+1 
1 
G(T) +r) = or S(Of(t + 7) dt. . [8] 


Because of the limitation of the study to stationary random 
functions we can make use of the ergodic theorem‘ (5) and give 
another expression for the autocorrelation function. 

Suppose we can get a great number of samples of the random 
function, either by making a great number of recordings during 
T seconds (7 is a parameter which is kept constant for a number 
of samples) or by cutting off a long record of the random fune- 
tion in samples of 7 seconds duration each, Fig. | 


Sameces (or Seconps Duration) Ostatinep From a 
Recorp or Tur Ranpnom Function 
(Note that samples can be adjacent.) 


Let us call A the vertical axis which is at the origin of each 
sample and B the one which is at the end (A and B are separated 
by 7 seconds, Fig. 2). Term a, denotes the ith segment (sup- 
posed to be very small) on axis A, b; the jth segment on axis B. 
From each set® of samples having the same duration, we can 
compute the following: 

The “probability”? p(a,) that the curve cut the first axis A 
within the ith segment a, 

The “conditional probability’? p(b,/a,, 7) that the second axis 
B be cut within 6, when the first axis is cut within a, 

The probability-mean value of the product of f(t) by f(t + r) 
ean be written as 


ar) = 7) 


* We recall that a random function should be denoted as f (t, F) 
where E is a ‘parameter’ which can be used to define the samples. 
For details see reference (4). 

‘This theorem states that for stationary random functions alge- 
braic and probability means are equal. 

* Each set is supposed to be composed of a great number of samples. 


at 


hic. 2) ENLARGEMENT OF SAMPLE IN 1 
(Axes A and B are divided into small segments.) 


If fi(t) and f,(t) are two random (or known) functions, the- 
“eross-correlation’’ function is 


BAO fal + 7) 


dj 
_ Sf(t) forO0<t<T 
frlt) = {0 elsewhere 


The corresponding Fourier integral is 


+T 
FPr(w) = f fr (t) dt 
The “energy spectrum”’ of f(t) is by definition represented by — 
¥(w) Fr (w)|* 


and the power density spectrum @(w) is 
d(w) = lim |Fr (w)|?.. 


Kintchine pointed out that the two functions gfr) and $(w) 
are a pair of Fourier transforms, given by 


GENERAL CONCERNING LINEAR SERVOMECHANISMS 


The starting point of the theory that we have developed (6) — 
deals with the theory of the “optimum filter’’ by Prof. Norbert 
Wiener and Prof. Y. W. Lee at the Massachusetts Institute of — 
Technology. The problem treated by Professor Lee (2) is the 
following: A known message is to be sent. It is supposed to be — 
a random stationary time function mixed with a noise which — 
also is a random stationary function. The transfer function | 
H(s) of the filter is computed in such a way that the “mean-_ 
square error’ between the actual output and the desired output 
isa minimum. It has been proved that only the autocorrelation 
function of the input and the cross-correlation function between 
the input and the desired output are necessary to solve the prob- 
lem (4, Wiener-Hopf equation). Professor Lee has developed 
a satisfactory method of solving it (2). 

We now consider a servomechanism, the input of which is a 
stationary random function. The servo also is disturbed by a 
noise (stationary random function) which enters the loop at the 
“torque point,’’® Fig. 3. 


* This is a first difference with the optimum filter theory. If noise 
is introduced only at the very input of the servo, the Wiener-Lee _ 
theory can easily be adapted to the servo field. 


— 
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PELEGRIN 


The first block represents the transfer function of the corrective 
network and is the unknown in the problem. The second block 
represents the mechanical component and is generally assigned. 
Thus B(s) may be the transfer function of a radar antenna 
with inertia and damping. The variable 6, may be associated 
with disturbances due, for example, to wind gusts. Moreover, 
we can assume that noise also is superimposed at the input to the 
system, but for the sake of simplicity of computations we shall 
assume that @, is a message without noise. 

We break down the block diagram of Fig. 3 into the one in 
Fig. 4 which is equivalent and no longer looped. We apply to 
each branch a method similar to the Wiener-Lee method and we 
can go straight to the result, but computations are very lengthy 


+ 


CONVENTIONAL Servo Two Inputs 


bia. 3 


Equtvatent Brock Diagram: 


Bin) 
4 


H (s) Represents 


However, in the case in which the desired output function @, 
is identical to the input function (which has been assumed to be 
without noise) computations are very simple and ean be sum- 
marized here. 

By the calculus of variations and a Fourier transformation’ 
the expression for the mean-square error leads to the following 
condition: 

We introduce /’(s), where 


P(s) = + |B(s)!*,,(8) 


os) and @,,(s) are the power spectra of the input and disturb- 
ing functions, respectively, B(s) is the given transfer function, 
H(s) is still the unknown transfer We 
(Q(s) where 


function. introduce 


Q(s) = P(s) [H(s) — 1) 


The condition is that the poles of Q(s) must be located in the right 
half plane only. 

This condition comes from the physical condition h(t = 0 
for t < 0, where h(t) is the impulse response of H(s). By means 
of the operations that define the auxiliary function Q(s) this 
physical condition yields the foregoing condition on the “poles’’ 
of Os 

If we restrict ourselves to rational solutions, the solution of 
this problem for H(s) ix unique (6).* 

Equation [17] shows that P(s) can be assumed to be raticnal 
because spectra which come from autocorrelation functions can 
be approximated by rational expressions. 

We now reach the following solution: 


(a) After having broken down both numerator and denomi 
nator of P(s) into linear factors, we must build H(s) — 1 in such 
a way that its “zeros’’ are equal to the poles of P(s) which are 


7 Expression [14] is similar to a Fourier transform of a Wiener- 
Hopf equation (see reference 6). 
* All the results mentioned here are proved in reference (6). 


LU 


SraTionaky Ranpom FuNcTION @ (0) 


hia. 5 


located in the left half plane, in order to fulfill the foregoing con-— 
, ho poles in the left half plane for Q(s). 

(b) An expression for H(s) 
in the numerator and nothing in the denominator is unaccepta- — 
ble. The function H(s), as any transfer function of a real com-— 
ponent, must tend toward 0 when s tends toward infinity. It is 
lequal tothe 


dition, ie 
1 consisting only of linear factors — 


then necessary to put a number of poles for H(s) 
number of zeros already determined. 

(c) For stability reasons the transfer function H(s) can have 
poles only in the left half plane. The poles of H(s) 1 are the 
same as those of H(s). They should be located in the left half 
plane. They consequently can be taken among the zeros of 
P(s) which are located in the left half plane in order that the 


foregoing condition concerning the poles of the function Q(s) be 


fulfilled. 

(d) The number of such zeros may not be equal to the — 
number of poles already determined 
proved that there can only be the difference of one linear factor) 


In that ense (we have | 


we introduce an arbitrary linear factor either in the denominator 
or numerator of H(s) 
involved in that linear factor by the fact that: 

1 H(s) l 


infinity. 


1 and we determine the two constants 


must tend toward 1 when |s| tends toward — 


(Theory of analytic functions: A(O) = 


f ., H(s)ds must be equal to zero because the impulse re- 


2 And H(s) must tend toward zero at least as 1/r? where am 
is the modulus of s. 


sponse A(t) is equal to zero when t = 0.) 

The following numerical example will show the procedure 
We consider a servo represented by Fig. 3 in which the input is 
the stationary function shown in Fig. 5 and statistically defined 
by a Poisson distribution for the instants of crossing the Caxis 
The probability p(n, t) of having n crossings within time ¢ is: 
given by 

(19) 


p(n, =e 
where & is the average number of crossings per unit of time 


We have chosen numerical values so that the calculations are | 


simple. The spectrum of the random function shown in Fig. 5 —_ 


02 2k 


mw (2k)? 
We choose for the disturbances 4 flat spectrum given by 
/ 
(8) = V6 13 


Finally, we assume that B(s) represents an inertia without damp- 


ing 
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Expression [18) denoted Qs) 


can be written as 


36 13s? + 36 


| 
8? 


| 


13 
that is 


2 


t+ £2)(8 


\ 


from which we ‘build’ 
kK — 


(s + 2) (8 + 3) 


136 (s 
Qs) = 


H(s) 


where K is a constant and s + u is a linear factor, both to be de- 
We see immediately that K = —1 because H(s) must 
tends toward infinity, and we then 


termined. 


tend toward zero when 
deduce 


H(s) 


+ 2) (8 + 3) (.. 


(s + 2) (8 + 3) 


To have |H(s ) 
the highest-power term in the numerator. 


decrease at least as 1/r? (r = |s|) we have to cancel 
This finally leads to 
the expression 


H(s) = = 
(s + 2) (8 + 3) (s + 
We have obtained the same value by the Wiener-Lee method; 


computations, in that general case, are very lengthy. 


STATISTICAL Srupy OF RELAYS 


A relay, essentially composed of a coil, a magnetic cireuit, and 
an armature, is a nonlinear system the output of which can be 
+1 or O aecording to the position of the 
We study the problem of the deter- 
mination of the output spectrum, knowing the statistical prop- 


represented either by 


contact (closed or open). 


erties of the random function that represents the voltage input 
When the of the with 
closed-open and open-closed) are identical it is easy to determine 
the output spectrum. Actually, the two dead times are very 
different, and this is the reason which justifies the study of this 


two dead times relay (associated 


problem. 

The first case to be envisaged concerns « relay which is ener- 
gized by stationary random voltages, much greater than the 
threshold of the relay. Only the instants of crossing the (axis 
, INSTANTS OF CHANGE OF THE INPUT VOLTAGE 


, RESPONSE OF THE RELAY 4 


Response or A Revay or Revay, To Ranoom Input 


bia. 6 
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Let us call p(n, t) the proba- — 


are of interest (sign relay), Fig. 6. 
bility of having n crossings within time ¢; that function is known 
either by computation from the data available on the input fune- 
tion (see the example in the preceding section) or by computa- 
tion from records (samples) of the stationary input function. 
Let p(+) be the probability that the input voltage be positive 
We derive the output autocorrelation 
This function is 


and p(—) the opposite. 


function of the relay from these data (6). 


n 
= pl tydt T + p(n, T — 62) 


even 


op(l, 
: + p(—) p(l, tjdt 
or 0 


0, T 


where 4, and @ denote the two time constants (opening and clo- 


t 4) 


sure). 
We obtain similar results in the case where the relay is sub- 


jected to varying voltages very close to the threshold of the relay 
(balance relay). 


In addition to that theory we measured the departures of the 
dead times @, or 6, which can be very important when the 
relay is attached to a vibrating support (frame of a piston-engine 
airplane). In the space available here it is not possible to com- 
ment on the experiment and the mathematical derivation which 
leads to the results (for details see reference 6). 

For general nonlinear systerns we have not yet obtained sig- 
nifieant results. 


Srupy oF A VARIABLE-INERTIA REGULATOR 


We shall try to indicate how to use this theory for the eomputa- 
tion of a speed regulator composed of a variable-inertia regu- 
lator. Westate the problem as follows: 

A main motor (three-phase motor, for example) is supposed to 
drive a shaft at « constant speed regardless of the output load. 
We assume only that the fluctuations of the required power drawn 
from the electric motor can be represented by a stationary random 
function (with a mean value which generally is not zero but cor- 
responds to the mean power required ). 

In order to avoid the employment of an underloaded electric 
motor, we can imagine the use of a device which will furnish or 
absorb power according to the fluctuations only (the average 
power will be furnished by the electric motor). We suggest the 
use of a Watt governor in which the position of the two balls is — 
controlled by an external source of power or is self-adjusted by 
a passive system (7), Fig. 7. 

The balls, being at a distance r; from the shaft axis, act as a 
flywheel as long as that distance does not change; but if at an- 
at a distance re from the shaft, the kinetic 


other time they are 
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energy will go from mr,? w? to mr,? w? where w is the angular speed 
of the shaft (supposed to be kept constant) and m is the mass of 
each ball. 
The variation of energy appears during the radial motion of the 
balls. 
each other, an energy absorber in the opposite case 


The system is a source of energy if the balls move toward 
We use the 
following notations: 

m = total mass of balls 


r = distance between balls and shaft (variable) 
angular speed of shaft 


dt 


7, = inertia of system without balls 


£ 
i 


C = opposing torque (constant), negative — 
C(t) = opposing torque, function of time 
c(t) = C(t) (1) (see footnote®) 


1/y = efficiency of control device 


3 


We will study the case in which no electric motor is connected to 
the shaft. 
We start from the fundamental equations of the motion of a 
"point in polar co-ordinates (r, ) 


dr dé 
- 


= +2 (20) 
dt? dt ) 


where Py and Ig are the components of the acceleration of the 


point having polar angles respectively equal to @ and 
0+ 
According to these notations, we shall use a more usual form of 


Equation [20] which is 


dr 
+ =a [31 | 
( dt 


(1; + mr?) 


x - here C is the torque with’regard to the origin of co-ordinates. 
P Multiplying both sides by wdt we get 


+ mr?) wdw + 2mw*rdr = Colt... 132] 


The equation now concerns energy quantities. 
To move the balls a distance of dr, work 


dE = mo*rdr.. 


is involved. It is furnished to the system if dr is negative (cen- 
trifugal force). 

Let us assume that w is kept constant when r varies by dr. 
If dr is negative a brake (or an equivalent device) should be used 
This energy to be dissipated is given 
This is 


in order to dissipate energy. 
by Equation [82]in whichdw = 0. 


2mwrdr = 134] 


- 


The second term of the second member represents the torque — 


required to move the balls. 
If we are looking for a constant speed we must have 


dr 


dt 


te 


Equation [36] defines the motion of the balls 


The integral satisfying the initial conditions is 


r? = Rt + 
mado( 2 


The speed regulation vanishes after a time ( given by 
mah? 
= ] 
Cc 2 


If we had used a constant-inertia wheel with inertia equal to — 


as 


the maximum of the last one (7; + mi*), the speed would have 


decreased linearly and would have become equal to zero for t, — 


given by (assuming that C is negative 


ma, 
2 by 


curve corresponds to = O08). 


ANGULAR SPEED ~ 
4 4 


4 

| 0385 
big. 8 or Sprep Versus Time ror Cons 
Unsroken Line; ano Waren -Bro- 
“de | KEN LINE 
Efficiency of mechanism to move balls, » = 0.8.) 

The comparison of slopes at ¢ = 0 for the two wheels when a_ 


particular formula for dr/dt is imposed is of special interest, Let 


us assume that the simplest law is studied 


This assumption applied to Equation or [35] (in which 
1), to which we add J, = 0, leads to the following equation which — 
includes the two cases according to the value of a 


33] and [34] shows that 
the system delivers (or absorbs) an energy 2dF and to do so 
We note that the kinetie energy is de- 


creasing and the process will stop when r reaches zero. 


The comparison between Equations 
requires an energy dE. 
We assume that the initial speed of the system, which will now 


= Oand thatr = R. We assume 
that the energy to move the balls is drawn from the regulator 


be called a regulator, is wo at ¢ 


itself (efficiency n The equation defining the motion is 


dr 


dw 
(1, + mr?) + 2mrw 
dt dt 


C4 dr (35 
= 35 


* C(t) means: “mean value of C().”’ 


At)? aAmwa(R At) =(C... 


the balls is taken from the regulator itself (with » = 1; otherwise — 


a=2 corresponds to the case where that energy is supplied 


to the system by an external source 


The integral of Equation [41] which satisfies the condition 


= wfort = Ois 


R Rw» 
log ifa =] 42 
mACR Af) R Ai 


\ 
e 4) 
an 0.5. 
| 
Fig. shows the spee wo systems Cunbroken 
\ | 4 ij 
| 
— 
a= 
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. {43} 


way t+ if 2 
a=2 
m ) (R — At)? 


¢ 
The slope is (note that C < 0) 
C+ aAmw(R At) 
dt] m(h — 
while the constant inertia flywheel leads to the equation 
Cc 
dt] mh? 
We shall compare the variations of speed, for C' < 
Now 


near t = 
where ¢ is small compared to R/A. 


AwmR 
a 
lc| A 
l 
R ) K 
See Fig. 9 in which N is a parameter defined by 


AwmR 
iol 


Nz=a 


| 


hic. 9 Grarn ror Speep-Controt Prosiem 
We note that for N = 1 and ¢ near 0 the second member of 
Kquation [46] is near zero. 
a constant speed (in so far as the opposing torque is kept con- 
stant) for the regulated case [40]. For N lying between O and 
A the speed regulation is better than the one given by a fly- 


We then have a power generator at 


wheel. For N lying between 1 and 2 we also get a better regu- 
lation which can be considered as an overcompensation because 
For 
— values of N greater than N = 2 the speed of the shaft for the 

regulated case increases with a rate greater than the rate of de- 


the speed of the shaft for the regulated case is increasing. 


creasing speed of a flywheel. 
We now consider the case where the device is supposed to com- 
pensate torque fluctuations due to variations of the load con- 
pee *o an electric motor. We always assume that the mean 
value of the torque is provided by the electric motor. Fig. 10 
— ome a hydraulic control device and Fig. 11 the correspond- 
ing bleck diagram. (Mquations [41] and [43] still give the result.) 
It seems useful to investigate the kind of speed regulation which 
* ean be expected with a passive control device. The simplest one 
consists of springs that attract the balls toward the shaft. We 
choose a linear spring, the characteristic of which is 
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me. 
The general equations of the system (see Equations (24 | 
30]) are 


d 
(1, + mr?) = + 2mwr = 


dt 
dtr 
m ra? 
dt? 


We shall assume that 


wo being the initial speed. Initially the balls are then in relative 
equilibrium and we assume that at ¢ 


equation [50] can be written as 


0 we have 7 


dt? 


@y") = 0 


As before, we assume that 7; = 0(tosimplify the calculations). | 


The system [49] and [50] cannot be directly integrated, although — 
a first integral of [49] can be written as follows 


= Ct + mRw 
Letting 


we have to soive 
C,t + Rw.. 


d*r 


Wo?) = 
2 
dt 


- r(w? 


We make the transformation 


1 
+ — (C, t + Rta)? = 0 


2 
». (s) 
14) 7 
(45) 
a | 
‘du + 
446) 
| = 
‘ J 
= 
"A 
| 
and after eliminatior n the « 
1 
2 
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The solution r = r (t) of this equation has been obtained from an — where wo is the mean value of w(t), and G(r) is the autocorrelation 
electronic-analog computing machine.“ The solution which function of w(t), namely 
corresponds to the following numerical values: 


7.5 rad /sec Or) = + 7) 63] 
se 


C = mC, = 10° ergs = 1 joule bee We can envisage the solution of all the cases already considered 


m= 3kg in the previous section. However, computations are very lengthy 
R= 03m and because of space limitation we can treat only one case; we 


x is represented by Fig. 12. From it we have deduced the curve w(t) shall state the problem and indicate how to solve it (some com- 
| : putations are being made at present on an electronic computer). 


In order to judge whether or not the variable-inertia regulator 
is worth while we must compare it to the constant-inertia wheel, 
whose inertia is equal to the maximum inertia of the regulator. 


rt Let J be the inertia of such a wheel. We have 


r*(t)= z(t) 


From Equation [64] (and the one we can get when fbecomes ¢ + 
_ 7, where 7 is a parameter) we obtain 


Sorution or Equation [58] ror Particunan Numerica p dw (‘dt +f) (65 | 
VALUES dt] dt Jes, 


Taking the mean value of the two members, we get 


(“*) ( 
= 
The left number is related to the autocorrelation funetion! 


@r)of wt). Thisis 
We then have 


o2 06 10 
1 


ie 
Fie. 13) ANGULAR Speep or Secr-Apsustep Inertia 
CONNECTED TO ConsTANT Loap 
We obtain the expression for the power-density spectrum Q(s) of 


ati (t) noting that derivative in the time domain corr nds 
(Equation [48]) by step-by-step computation. The curve 


w(t), plotted in Fig. 13, shows that in a first approximation the 
system leads to an acceptable speed regulation for 1.4 sec. : p= ie ei 68] 
We note that the system must be stabilized because it tends to 
oscillate. Stabilizing devices are being studied. 


multiplying by s in the complex domain 


from which Xs) = (69 
REGULATOR SUBJECTED TO STATISTICAL DISTURBANCES 
We then know the output spectrum (speed spectrum) from the 


We suppose that the opposing torque is no longer constant. _ ‘ 
input spectrum (torque-fluctuation spectrum). If we also as- 


Let c(t) be the torque which is assumed to be a stationary random 


function. If Cis the mean value of that torque we then consider sume that the probability distribution function of ¢() is known, ie. 


e(t) so that c(t) = and = prob c(t) < 


C(t) = c(t) +C.. (where prob means “probability for having’), we can compute 
the probability distribution function of the speed w(t) in the 


We suppose that the autocorrelation funetion of c(t) , 
PI ' Wr) a case of a constant-inertia wheel. From Equation [64] we have 


is known, namely 

y(r) = c(t) c(t + 7) 160 | 


_or its spectrum 


“ee The repartition function Fy (w) of w (t) is [see reference (9)! 

I'(s) = f dr 61] 

= prob w(t) < w.. 
The problem consists of determining the characteristics of the 

regulator in such a way that the angular speed of the shaft w(t) 

is as constant as possible. The mean-square error is “If g(r) = fost +» 


[which is related to F, (¢)}. 


; +7 we have 
fat) — wo]? = lin f 2(t)dt = — wy? [62] 
“Laboratoire de Calcul Electronique” of the ‘Service Technique dt ¢(r) 
” , i. - = + 
_Aéronautique,” Paris. We thank Mr. Decker who authorized us dr 
to put the problem on the computer. See reference (8) 
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We now come back to a controlled-inertia regulator, the con- 
trolling energy coming from an external source. We start with 


the equation 


2mrw 


dw 
(1, + mr?) 
dt 


We set /; = 0. We then have the first integral 


4 mriw = f clujdu + 


The most satisfactory law to be imposed on r(t) would consist 
in relating r(f) to the random torque c(t). The difficulty does 
not arise from the fact that e(f) is a random function but rather 
from the fact that it is dificult to control a quantity from a 


torque. A control device for which r(t) is chosen to satisfy 


ong ¥ mr = ke(t) 
rv 
where k would be a parameter to be determined, should be satis- 
factory because Mquation [49], with its two members multiplied 
by w, shows that the work furnished by the system and the work 
absorbed are equal 
We then try, as a first approximation to the regulation of 
speed, to control the position of the balls from a quantity which 
ean be more easily detected, namely, the actual speed of the 
shaft. We assume that we adjust r(¢) so that 


dt 


is satisfied where a@ is a parameter to be determined. Then 


R = a(w Ww)... 
Iiquations and [77], after eliminating r, give 


0 


which is a third-order equation 


mota® 4+ 2matR )w? + Mwy 


bd 
e(ujdu 
0 


— = 0 ee 
The product of the roots is positive, which means that if there is 


only one real root this one is necessarily positive. The term 
mR%wo is, a8 a matter of fact, always greater than f° c(u)du be- 
cause the left number of Equation [74] is positive. 

It is now easier to solve this equation with numerical values!? 
We compute the root w(t) from Equation [78 | or 


better, the sq ure of that root w? (1). 


than symbols. 
It involves the integral 


e(u) du; itis then of the following form 
w(t) = fla, e(t))... 


We take the mean value of both members of this equation. We 
We now 
The 


then get the mean-quadratie value of the speed w (1). 
come back to Equation [79] and average its members 
system must be such that 


If not, it could not be considered as stable. Consequently, after 
averaging, Equation [79] can be written as 


'? Caleulations are in process. 


wheel. 
ing to Fy, (w) (for the constant-inertia wheel) allows us to judge 
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motwt + 2Zam(R — + marta! 2mRaw, = 0..|82} 


from which we deduce wt). 
We thus obtain the first three coefficients w(t), w(t), and w(t) 
of the expansion in powers of the characteristic function @3 (1) of 


the repartition function [’;(w) for (t) and the variable-inertis 


The comparison of these terms with those correspond- 


the efficiency of the controlled variable inertia and to adjust its 
parameter by choosing a relation such as Equation [76]. 

For that particular problem we note that the comparison be- 
tween the mean-square errors is sufficient to determine the opti- 
mum value of ain tion {76} 

Until now we have aot considered the technical feasibility 
of the problem. It seems to us that two main features should 


be studied carefully: 


1 The balancing of the device because it is not a rigid system. 
We are investigating the possibility of using a passive self-center- 
ingsystem. Such asystem is theoretically possible 

2) In the case of the self-controlled variable inertia the energy 
initially stored in the spring is equal to the total kinetic energy of 
the wheel. We then need one or several springs with very high 
rigidity and also a large stroke. 

On the other hand, 
fluid (mereury) anda pump. The over-all efficieney would proba- 
bly be less than the one with the mechanical device but the 


it seems possible to replace the balls by a 


realization would certainly be easier 
CONCLUSION 


The purpose of this paper has been to call the attention of the 
reader (a) to our recent work on the introduction of the proba- 
bility caleulus into the servomechanisms field; (b) we have 
tried to illustrate these theories by an example. We have not 
introduced a new device, but we feel that we have brought it up 
to date by a new application, namely, the variable-inertia regu- 
lator. 

It should not be concluded that the application of such a device 
is in the distant future. 
auxiliary take-off device for airplanes was constructed by Westing- 


Let us recall that some years ago an 
house. [ft consisted in the use of the kinetic energy of a fly- 
wheel which then was connected to an alternator. Loeal cars or 
buses powered by energy stored in a flywheel have been—-and 


still are —studied and realized. The generation of electric power 
in guided missiles appears to offer the widest field of application. 

As to the use of statistical computation, let us take the follow- 
ing example: A turbine is connected to an alternator and an elee- 
trical network. We can imagine «a variable-inertia wheel locked 
on the common shaft, the purpose of which is to control the fre- 
quency of the output current in such a way that it stays a con- 
stant in spite of the variation of load. In this example the sta- 
tistical properties of the load disturbances are known a priori 
If the network is large enough, the probability distribution of the 
intensity follows a Gaussian law (addition of a great number of 
independent random variables, reference 3) and the instants at 
which changes in values appear follow a Poisson distribution 
(see Equation [19]) because the probability that a change will 
occur in an interval of time dé is kdt where k is the average number 
of changes per second. 

Such examples are rare, but as soon as the stationary property 
of the phenomenon is established it is a simple matter to record 
the phenomenon and to study its statistical properties at leisure 
The need of an automatic computing machine! is unavoidable 

18 Use of punched-card machines is the cheapest way for general 
studies. But for extensive use of these theories special machines 
have to be designed. 
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by M. Pélegrin, 


‘ 
Discussion 
R. OLDENBURGER Phis paper is particularly important in 
that the author is concerned with the direct industrial application 
To make the results of the 


paper available and understandable to the reader wno is not an 


of Wiener’s statistical approach 


expert on Wiener’s theory, parts of the paper need considerable 
clarification. Because his thesis is virtually inaccessible to the 
members of this Society it will be very helpful if the author in 
his closure will explain the introduction of the function /’(s), why 
((s) must have its poles in the right half plane only, why H(s) 
must tend to zero as L/r?, and, in fact, give that part of the argu- 
ment of his thesis that applies to his paper 

equation [32] of the paper comes from the law that the torque 
In his study 


is equal to d([w) /dt for the total moment of inertia J. 


the inertia J may be a variable. As a consequence, we must use 


Iw ) 
dt 


to obtain Equation {32}. 


In view of Equation [33| the rate at which work is done in 
moving the balls is given by 
dr 
85! 
dt 
It is 
now assumed that the energy used to move the balls is drawn from 


Phe Term [83] is the power associated with the movement. 
the rotational energy of the system. An efficiency 9 is assumed 
for this energy conversion, whenee the power drawn from the 
rotating member is 

dr 


st 
dt 


where w= 1/9. [tis tobe recalled that the product of torque and 


angular speed is power. Treating the power given in lixpression 
S4! as one that comes from a torque associated with the rotating 


member, one obtains the equivalent torque by dividing the power 


4 Director of Research, Woodward Governor Company 


Rockford, 
Ill. Mem. ASME ‘ 
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moved it a 


tory series (the exact reference is not at hand) 
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[84] by w. This accounts for the last term in Equation [35] of the 
paper. 

Reference (8) of the paper is not readily accessible to most 
readers of the paper. The author in his closure can furnish the 
reader valuable aid by citing a reference to a book or journal of 
general international circulation or by 
mathematical background for the section of his paper entitled, 
The argu-— 
ment concerning ‘work’ and Equation [75] is not clear to the a 
Does the author assume in Equation [73] and what 


though w cannot be negative 


giving the hecessary 
r 


“Regulator Subjected to Statistical Disturbances.”’ 


writer. 
follows that w is positive? 
physically, the writer does not see why w cannot be negative in the 
solution of the mathematical formulation of the problem. Clarifi- 
cation of this point in the author's closure is needed and it will be— 


most helpful to have the correct, rigorous, though delicate, mathe- 
matical proof that the mean value of 


elu 
0 


vanishes (or a readily accessible reference where the subject. is 
treated in thorough detail). The meaning of Hquation [82] would > . 
be much more easily understood if the author’s closure would — 
cover the expansion of in terms of { in detail soas to 
clarify the sense of the material following Equation [82]. Such 
The author re- 
This 


unfortunate abbreviation of the paper which the author ean 


an explanation was in the original manuscript 
t the suggestion of the reviewers Was an 
rectify in his closure 

The Society is fortunate that the author has made available the 
results of the enormous amount of work he had to undertake in 
the computation of the statistical functions of Wiener’s theory 
This tremendous amount of work is inherent in applying Wiener’s 
theory and is a major obstacle to its use in industry 

W. Pike. The author communicates, with warming 
enthusiasm, the results of his early (and very promising) work on 
servomechanism theory. His paper contains some minor errors, 


however, which should be noted for the benefit of those who 
may make their first contact with the field in this paper 

The response of servomechanisms to statistically defined in- 
puts and disturbances is a well-developed subject with a tre- 
mendous literature. In this writer's opinion, the extreme general- 


ity and power of Wiener’s own very abstract) treatment, and 
the book of James, Nichols, and Phillips in the Radiation Labora- 


should have been 


mentioned in the introduction 


In the general Wiener theory, the optimum: signal-restoring fil- 
ter is defined not only by the autocorrelation functions of the sige — 
nal and the noise or disturbance, but also by the time lag allowed 
in the filtering process. The author's treatment apparently deals 
with zero time lag (his equation [17)) but this is not clear from 
his text. 

That speetra derived trom autocorrelation functions are ap 
proximable by rational functions is not generally true ino prae- 
tice. To give an extreme example, suppose the disturbance fune 
tion #, in his Fig. 3 is a randomly intermittent 60-eyele hum 
This has a well-defined autocorrelation function, its speetrum: os 
i narrow spike at 60 eyeles, and the rational funetion required to 
provide a Safe approximation for design purposes might require 
hundreds of faetors. This whole area of approximating power 
spectra by one or another class of functions can be treacherous 

The whole of the theory of the variable-inertia rotor is greatly 
simplified if one approaches it from the expression for the con 


servation of angular momentum 


Manufacturing Com- 


®* Head, Applied Physies Section, 
pany, Waltham, Mass. : 


\ 
OE 


(mrtw) = C(t) 
it 


as 

SO0TON 
some of the applications of statistical techniques that have been 
The author probably should have empha- 
sized that this was his aim rather than making any significant 


Jn."® This paper is an interesting description of 
undertaken in France 


contribution to the application of statistical techniques. It is 
unfortunate that no numerical results were presented for the 
statistical analysis of the relays and of the variable-inertia regula- 
tor since the casual reader will wonder whether it is possible to 
obtain such results, 


Auruor’s CLosuRE 


In reply to Dr, Oldenburger’s comments I want to go back to 
The eal- 
culations referred to in my paper and developed in my thesis were 
mentioned only to support the conclusions. I doubt that it is 
possible to derive Equation [18] direetly without several pages 
of computation, but as soon as the equation is obtained, its appli- 


general remarks made at the beginning of my paper. 


cation to a particular problem does not need any longer or more 
complicated computations. The solution of a problem can be 
derived directly from Equation [18] and it is not necessary to go 
back to its proof each time a problem occurs. In other words, 
this is the starting point of the derivation of the solution. 

Now, will try to answer Dr. Oldenburger’s comments. A 
Laplace or Fourier transformation transforms a funetion f(¢) into 
If f(t) is submitted to certain conditions it may 
This is the 
case for a Fourier transformation acting upon a function f(t) 
which has a nonzero value only for (> Oort <0. The “trans- 
formation of this condition” is that the function F (@) has ‘no 
poles in the left or right half plane.” The computation leads 
directly to the condition that P(s)- 
poles in the left half plane [QCs) is equal by definition to the fore- 


afunetion 
result in certain corresponding conditions on F(w). 


1} must have no 


going expression and is used for abbreviation |. 

As I have said previously, this is the “transformation” of a 
condition which applies in the time domain to an expression 
I could not develop 
It is a straightforward applica- 


which has a nonzero value only for t > O 
the details of the computation. 
tion of the calculus of variations (see 6). [take this opportunity 
to emphasize that reference 6 is commercially available.” 

As to the expression for P’(s), T cannot establish it here as it 
would take too long a time. Let me say only that it derives 
directly from the Fourier transformation of the time domain 
equations of the system, 

Why must |/(s)) tend to zero as 1/r?? It is to be remem- 
bered that we restricted the solution to rational solutions; this 
means that fractional or irrational powers of s do not appear in 
H(s), Moreover, H(s) is still a transfer function of a physical 
avstem 

Hs) 
1+A-B 


i. 


Its Laplace transform, A(t), which is the response of the system 
to an impulse placed at ¢ = 0, must be so that A(/) tends to zero 


when ¢ tends to infinity, The “final value theorem’ gives 


lim A(t) = lim sH(s).. 
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if sH(s) must tend to zero, this means that H(s) is of the order of 


(r = 


||) or more (1/r* with n 2 2) 

Concerning the point of Equation [32] mentioned by Dr. 
Oldenburger, some additional details are given in the answer to 
Dr. Pike’s comments. 

We come to the sign of w. From the physical considerations 
we can consider only the case where w > 0. The answer from a 
purely mathematical viewpoint makes no sense and, in any 
case, r needs careful definition. The axis along which r is com- 
It is obvious that if w becomes zero 
when r = 0 the device could no longer furnish any energy. 
Moreover, we can restrict our solution to r > 0 because the case 
We can then 
always find an initial value R so that the first member of Equa- 
tion [74] is positive. 


puted must be orientated. 


r < 0 corresponds to a case r > O after half a turn. 


In that case w will always be positive. 
The mathematical proof of the mean value of 


{ 


J 


is very delicate. On the other hand, the engineer's proof is quite 
An inter- 
mediate explanation can be derived as follows. Let us call 


Oa) the mean value with regard to ¢ of 


evident and does not seem to require much emphasis. 


This ts 


Wa) = c(ujdu .. | 
Ja 


The subseript fis put on the bar to specify the variable with re- 


gard to which the mean value is taken. We have 


t 
e(ujdu e(ujdu 
Ja Jo 


t 
°a 


e(ujdu . [88] 
We derive 
Ha) = HO 


We then ean write the 


a 
e(ujdu 
J0 


ake the mean value of @(a) with regard to a we get 


The last integral no longer depends on ¢. 
foregoing equation 


Wa) = HO 


Ha) = 00) — WO)... 


The mean value of the second term on the right of Equation 
{90} is, by definition, 6(0), 

Concerning the last question in Dr. Oldenburger’s comments, 
I wish to reeall that the characteristic funetion @fu) of a re- 
partition funetion is 


du) 


Frem the series expansion of 


Purr? 
1! 2! i n! 
we get, by substituting the foregoing expression in the definition 
of @(v) and integrating each term 


Min Mu? 


I! 2! 


| 
| 
in 
lf we ( 
\ 
m= 
otf 
= 7 
n! 
if 
18 Discussed with Professor Kuntzman, Grenoble, France 
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PELEGRIN— A STATISTICAL 


is the moment of the j-th order of the random 


MN, = f 


The expansion in series of @(x) just written is formal and does 
not necessarily converge. 

\ good available book is the one recently published in France, 
“Théorie des fonctions Aléatoires,’’ Blane-Lapierre et Fortet, 
Masson Editeur, Paris, France. 

In reply to Mr. Booton’s comments, I wish to say that my 
paper is not a ‘description of some of the applications of statistical 
techniques that have been undertaken in France’’ but only one 
of the work that IT have undertaken. 
other workers in this field in France as in any other country. 

Concerning the last point, let me say that I have built a varia- 
ble-inertia regulator (see Fig. 14). 
been preceded by numerical computation, are in process at pres- 


Obviously, there are many 


Experiments, which have 


ent 

In reply to Dr. Pike's the 
question of “time lag” is very important, and I thank Dr. Pike 
In 


the general case (i.e., with time lead or time lag) the Wiener 


comments I emphasize that 


for giving me the opportunity to point out the assumptions. 


theory leads to very long computations (they are developed in 
The present calculations are very simple only 
Such an 
Let us com- 


reference 6), 
because I have assumed there is no lag or lead time. 
assumption is valid because it is in the servo field. 
pare this field to the communications field. 

A time lag in the transmission process of a message does not 
present serious objections and sometimes permits improvement 
in the message (message plus noise). This is a permanent proc- 
ess On the other hand, consider a servo, the purpose of which 
is to drive a gun toward a (corrected future) target. The gun 
must be pointed at the target at any time in order that, if other 
conditions are satisfied, the shell can be fired. This particular 
example covers, in fact, a large number of servos. 

As to the possibility of approximating an autocorrelation func- 
tion by a rational function, I wish to say that it is less difficult 
than it seems at first, 

If there exists a “60-cyele hum” in the signal (noise) with a 
very sharp spectrum, this means that the frequency of the hum 
is well stabilized and does not fluctuate around its mean value. 
In that case a conventional narrow-band-pass filter, with a very 
If the 


frequency of the hum is not well stabilized, this means that the 


high resonant factor, will eliminate the noise quite well. 


hum is rather a noise and as a consequence its spectrum is no 
longer so sharp. The ease with which one can approximate it by 
a set of orthogonal functions is improved. Moreover, however 
sharp the function, there exist expansions in series of functions 
which permit good approximation, 
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The use of automatic computers is necessary; the computation fax! 


of coefficients of an expansion in series (of orthogonal functions, 
for example, as suggested in the text) can be made with an auto-— 
correlator or any analog computer (low-price computer) with an 
automatic curve-follower. 

Concerning Dr. Pike's last comment, and Dr. Oldenburger’s 
comment, T would point out that Equation [29] is exactly the 
Pike at the end of his com- 
The use of the conservation of angular momentum, 


same as the one mentioned by Dr 
ments, 
which is Equation [29], does not tell anything concerning the 
radial forces acting upon the balls. See, for example, equation 


{50}. 
forces I prefer to present the solution in a more logical form in 


Therefore, because I need the expression of the radial 


giving the expression of the two components of the acceleration 
directly. The conservation of the angular momentum is only — 
the “first integral’ of [29] and does not completely 

solve the problem. See text above Equation [53}. 
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ee as a Deviation Ratio 


By J. M. L. 


In order to bridge the gap bet ween process-control prac- 
tice and modern control theory, an attempt is made to 
reduce this theory to its bare essentials. A simple picture 
is drawn of what control does and how it does it, use being 
made of the familiar concepts of resonance and damping. 
Thus a theoretical background is provided for common- 
sense judgments on control quality and controller set- 
tings. The picture given is applicable to both feedback 
and feedforward control. 


INTRODUCTION 


N many branches of engineering there is a gap between theory 
and practice. On the one hand, for instance, theorists feel 

that practical men do not always take advantage of their 
results. On the other hand, practical men consider theory to be 
often unrealistic, and thus are not always receptive of its results 
moreover, in many cases a practical answer has been found long 
before theory has come into play. 

In process control too this situation prevails. Good practical 
results have been achieved without much theoretical support 
When in the related field of servomechanisms elegant theories 
based on frequency-response techniques came into use, quite 
naturally attempts were made to use the same methods in the 
field of process control, and there was the gap and the lack of 
response, 

This paper is intended to contribute toward bridging this gap 
and it is written in the belief that some of the main causes of the 
lack of response are not too difficult to identify, 

One cause is inherent in the theoretical approach, Theory is 
bound to work with a scheme that is an abstraction and a sim- 
plification of reality. A theorist often forgets that reality is 
much more complex and, consequently, he often presents his re 
sults as ‘the’ solution of the problem, when he has solved only 


sometimes feels inclined to think that practice should be made 


that part of it that lends itself to quantitative studies. 


conformable to the simplifications he made for his convenience 
which, however, may be very inconvenient from the practical 
point of view. 

tnother cause is that modern theory of control originates in a 
field that is foreign to people, such as chemical engineers, con- 
cerned with the operation of processes. It does not answer to 
their frame of mind. Frequency-response methods, which come 
quite naturally, for instance, to communication engineers, seem 
rather artificial to their colleagues in the chemical-engineering 
field. 

A third cause consists in theory often not being modest enough 
In process control a novel theory is applied to an already well 
established field. 
be, not to propose revolutionary reforms, but to grasp why things 


Then, the first point on the program should 
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are done as they are, even if from a theoretical angle they seem to 
be done in the wrong way. Only if theory is successful in this 
respect may success In new applications be expected 

In view of the causes mentioned, this paper is concerned with a 
This 


will enable us to give a qualitative over-all picture of control 


“philosophy” of control, rather than with a “theory.” 
system behavior, which seems more useful than a quantitative 
picture of part of its behavior. A distinction is made between 
what control does and how it does it, the first of which is of in 
terest to chemical engineers concerned with process operations, 
and both of which are of interest to people concerned with process — 
control. Accordingly, the first two sections, dealing with what con- 
trol does, are in simple terms, avoiding all mathematics, making 
use only of the concepts of resonance and damping. In particu- — 
lar, the second section analyzes some aspects of common control 
practice. 

A next section deals with how control works, using only graphi- 
cal means. The final section is concerned with the theoretical 
justification of part of the material presented in the earlier see- 
tions. 

The philosophy presented here has its proper field of applica 
tion in the automatic control of plants in continuous operation. 
For automatic start-up, for instance, other methods are more 
suitable. 


Wuart Automatic Contrrot Dors 


One of the problems with which we are faced in technical work 
is how to express in exact figures the quality of some product. A 
similar problem arises if one tries to define a more abstract con 
cept like control quality. Various authors have contributed to 
condensing into concise formulations the yague ideas that are 
Ziegler and Nichols (1),? for 


instance, in their classical paper on “Optimum Settings for 


used more or less unconsciously. 


use speed, stability, and deviation re 
Rutherford (2) uses the 
His method of meas- | 


Automatic Controllers,” 
duction as criteria for control quality. 

same criteria, but in a quantitative way 
uring deviation reduction will be considered in detail, and will be 
made a starting point for further discussions. He introduces a 
reduction factor,” which is the ratio between the — 
potential deviation and the peak value of the measured deviation, 


“deviation 


Fig. | 

By working with potential deviations, all possible disturbances, 
whatever their character, are reduced to directly comparable 
figures. This does not mean that the value of the deviation re- 
duction factor is independent of the character of the disturbances 
For a step change in set point, for instance, the deviation reduce 
tion factor equals unity, since at the moment of applying the 
disturbance the deviation equals the step change. However, if a 
step disturbance is injected somewhere in the plant, then the 
deviation reduction factor will be greater, owing to the smooth 
ing of the disturbance on its way through the plant to the control 
ler; this is shown by the dash line in Fig. | 

Obviously, the solid line in Fig. | depends not only on the ulti- 
mate value of the dash line (potential deviation), but also on its 


entire course. 


? Numbers in parentheses refer to the Bibliography at the end of the 
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TURBANCE 
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Actua, POTENTIAL 


Ge, | DEVIATION 


TIME 


= 


hig. Factor = a/b 


‘This course is determined by plant properties and the charae- 
In other words: the dash line shows what 
It is independent of 
It is not suggested here that control is in- 


ter of the disturbance 
the plant does to a specifie disturbance 
what control does 
dependent of plant properties, but only that the plant also has 
an effect of its own. 

Both elements, “what the plant does” and “what control does,” 
are of interest. ‘The deviation reduction factor combines them, 
which has the advantage of giving direct information about the 
effect of a specific disturbance, including the influence of plant 
dynamics on this effect 

Keeping the elements apart and considering first only what 
control does, has the advantage that no specific information is 
needed about disturbances. Only their effects are of interest: 
the actual deviations, which usually are recorded on the chart of 
the controller. Once a plant is in operation this information is 

Then what 
The same is 


available. In the design stage things are different. 
the plant does has to be considered in addition 
true if steps are to be taken to deal with the causes of the actual 
deviations. 

From what follows, it will appear that this two-step approach — 
what does the plant do—what does control do—enables a sim- 
ple picture of control-system behavior to be drawn, 

In this paper the second step will receive most of the attention. 
The first step is harder to deal with in a general way, and many 
other aspects besides those of control have to be considered 

To determine what control does, the actual deviations when 
the plant is under control can be compared with the actual de- 
viations when the controller is put out of operation. - However, 
the result of this comparison cannot be expressed in a single figure, 
such as, for instance, the ratio of some average value of the devia- 
tions with and without control. If this were attempted, a com- 
bination of properties would be measured, the ratio being depend 
ent on both the behavior of the control system and the time 
pattern of the actual deviations without control. Moreover, it 
would be a disadvantage that by taking averages all information 
concerning time patterns would be forfeited, In some cases this 
does not matter, but in other cases it is useful to know whether 
the remaining deviations, although small, are rapid or slow 

It is possible to split the combination of “time pattern’? and 
“what control does’’ by specifying the time pattern of the devia- 
tions, and it is an obvious course to use sine waves for this pur- 
pose in order to tie in with modern theories of automatic-control 
Then 


does, can be dealt with by frequency-response methods, 


not only how control works, but also what it 
Thus 
for a single sinusoidal deviation a “deviation ratio” can be defined 


systems. 


ns follow 


Deviation with control 
Deviation ratio —— - 
Deviation without control 
the only difference between the two situations “with” and “with 
out” being that in the latter case the controller is disconnected. 
For deviation one may read either ‘‘actual’’ or “‘measured’’ 
deviation, if only the same adjective is used in numerator and 
Replacing actual by measured 


denominator. amounts to 
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changing numerator and denominator in the same proportion, 
and so accounting for the attenuation in the measuring means. 
Thus unlike the deviation reduction factor the devaation ratio has 
no ‘masking effect”’ (3). 

Of late years this deviation ratio has been the central concept 
in our philosophy of automatic process control and of our fairly 
In the meantime, 
1) have been using the 


extensive educational activities in this field. 
we have learned that Ahrendt and Taplin | 
same concept, but it has not been worked out to the same extent 
in their book as it has in our studies on process contro]. They use 
the term “error ratio,’’ which, in recognition of their prior work, 
we would adopt, but that the term “deviation” is in better agree- 
ment with recent proposals for process-control terminology (5). 

As Ahrendt and Taplin 
(6) show, the deviation ratio can be derived in a simple way from 
known properties of the elements constituting the 
system. Yet, in our opinion, even this possibility of simple 
quantitative treatment of control problems, much as it means, is 


Deviation Ratio in Feedback Control. 


control 


only the minor gain. We have found the greatest advance to lie 
in the simple qualitative over-all picture of control-system be- 
havior that develops from the concept of deviation ratio. This is 
particularly useful because this picture clearly reveals one essen- 
tial aspect of control-system behavior that remains somewhat 
obscured if methods based on transient response are used, namely, 
the phenomenon of resonance. 

It is our experience that control engineers seldom realize that 
automatic feedback control must cause amplification of the ef- 
fects of certain types of disturbances instead of the reduction ex- 
pected. They find it especially surprising in cases where tran- 
sients are overdamped. This possibility of amplification, how- 
ever, is at once apparent from Fig. 2 which shows a deviation- 
ratio curve measured for a flow-control circuit. 
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Generalizing this picture, one may state that the entire fre- 
quency range can be subdivided into three zones: 


1 A zone of low frequencies where there is true deviation re- 
duction. 

2 A zone of high frequencies where control is practically in- 
operative, 

3 <A zone of medium frequencies where resonance occurs and 
the effect of disturbances is amplified. 


This “three-zone” picture seems to us the simplest one that 
shows all the essential elements of control-system behavior. 
Moreover, it is simple to explain. In zone 1 the plant re- 
sponds to the regulating valve fast enough to enable proper con- 


trol. In the high-frequency zone the plant is too slow to give any 
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appreciable response. For medium frequencies there is a re- 
sponse, but it is lagging, and near the resonance frequency the 
lag is such that the correction applied has the wrong direction, 
thus amplifying the original deviation. 

To give some idea of the behavior of the deviation ratio in the 
resonance zone: The amplification in the resonance peak is more 
than twofold for controller settings according to Ziegler and 
Nichols’ rules. This is the price that has te be paid for obtaining 
deviation reduction at low frequencies. — It may be asked whether 
this resonance could not be avoided by designing control systems 
more cleverly. It has been shown by Westcott (7) that it is 
basically impossible to obtain any deviation reduction at some 
: frequencies without paying for it by deviation amplification 

at other frequencies. He has found a simple relationship that 

governs the balance of profit and loss. In the next 

‘ Westcott’s theorem will be dealt with in some detail. 
Within the limitations set by Westcott’s theorem, the devia- 


section 


tion-ratio curve can be varied by varying the controller settings. 

In particular, the peak height is sensitive to such variations, The 

e resonance frequency can be shifted, but it is less sensitive, proc- 
a ess time lags being a major determining factor. In some in- 
stances it is possible to change the process time lag in the contro! 
loop by changing the location of the measuring and (or) manipu- 


Deviation Ratio in Feedforward Control. 
feedback control has been considered. 


So far, only automatic 
The deviation ratio is 
also a useful tool for dealing with feedforward control, Fig. 4, for 
instance ratio control, 


The dynamic aspects of this type of con- 
trol often are overlooked, perhaps because there is no pos- 
sibility of hunting. 

Farquhar (8) has given a thorough discussion on various types 
of feedforward control in terms of transient-response curves, and 
has stressed the importance of matching time lags. If these prob- 
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— ° 
of little value, just as in cases where rapid fluctuations are absent 


lating means. 

Fig. 3 gives a characteristic example of the way in which con- 
troller adjustments influence the shape of the deviation-ratio 
curve. 
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lems are dealt with in terms of frequency response, then there 
appears to be a possibility of resonance, just as in feedback sy* 
tems. Again the explanation is simple. If in Fig. 4 the time 
lags in the paths ? and Q are different, then at some frequencies 
the corrections will be applied in the wrong direction, 


However, the deviation-ratio curve does not necessarily satisly 
Westeott’s theorem. It is, for instance, quite possible that a 
high-frequency variation in the measured variable is propagated 
with much less attenuation along path Y than along path 7?’?. In 
that case the deviation with coutrol would be larger than the one 
without and, with increasing frequency, the deviation ratio 
would increase inordinately, 

Often, however, the attenuation for high frequencies along 
path Y is the higher one, owing to the additional time lags in 
measuring means, controller, and valve. Then control is in- 
operative for high frequencies, the deviation ratio approaches 
unity with increasing frequency, and Westeott’s theorem holds. 

Summarizing, it may be stated that in many instances the 
three-zone picture is as adequate in feedforward control as in 
feedback control. In some cases, however, it fails. 
In the case of failure considered, zone 2 and the resonance 
zone have amalgamated. The correspondingly high deviation 
amplification at high frequencies contributes to the debit side of 
the “balance of profit and loss,’’ without there being a compen- 


sating contribution to the credit side. 


REQUIREMENTS FOR DEVIATION Repucrion 


The deviation ratio expresses the capability of a control sys- 
tem to reduce the effect of a sinusoidal disturbance with a given 
frequency. In practice, disturbances are random, but they ean 
be thought of as composed of sine waves, So in principle, for any 
control” the 


sinusoidal component of the “deviation without 


reduction owing to control can be determined, Then the ques- 
tion arises, What is the technical and economic benefit of such a 
reduction? If, for instance, in some applications rapid fluectua- 


tions do not cause any harm, then reduction of high frequencies is 


from the deviation without control, 
But that is not all. 
ments should be taken into consideration. 


To complete the picture the valve move- 
A control system ean- 
not correct the effect of primary disturbances without introducing 
secondary 


disturbances, ‘Take, for instance, furnace tempera- 


ture control in an oil refinery. In order to correct temperature 
deviations in the heated oil stream the valve must manipulate 
the fuel stream. However, the corresponding fluctuations in 
heat supply are often undesirable from many other points of view, 
for instance from the point of view of furnace on-stream time, 
which is a nonlinear function of heat supply. In this example 


secondary disturbances are introduced into the furnace itself, 


but in other examples, owing to the interlinkages in complicated 
installations, they may be introduced into other parts of the 
plant as well. 


So besides the deviation ratio the following factors also are of 


interest: 
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a 
(a) Composition of deviations without control. 


(b) Harm caused by deviations. 


(c) Valve manipulations caused by control. 


If all these factors could be taken into account quantitatively, 
then an optimum setting for the controller could be calculated. 
However, collecting the data and carrying out the calculations 
would require a tremendous effort. This effort itself must be con- 
sidered as a tertiary disturbance, since the manpower involved 
would be withdrawn from other activities. Thus this way of 
tackling the problem might well introduce a diverging process. 

A more practical approach looks more promising than this 
theoretical one. To diminish the number of factors to be taken 
into account some of them should be fixed in advance, If in the 
end the result should not be satisfactory, then these prefixed 
factors could be reconsidered, In literature it is common practice 
to make the first requirement the highest speed of control con- 
sistent with sufficient damping. It may be that in servomech- 
anisms this approach is an excellent one, but it is rather doubt- 
ful whether in view of the various aspects dealt with in the fore- 
going, this is also true in process control. Generally speaking, it 
seems advisable in continuous processes to keep the flow rates 
as smooth as possible for all streams. ‘Therefore it is more 
likely that process control would have to be as slow as compatible 
with sufficient deviation reduction. If control is slow, then the 
manipulation of the valve can be smooth and secondary disturb- 
ances will be small. Moreover, equipment can be simple, thus 
facilitating maintenance and adjustment. 


servative so that they will give satisfactory control under various 


Settings can be con- 
load conditions. If then, under all conditions, deviation reduc 
tion is sufficient, nothing is left to be desired. 

To illustrate this philosophy let us consider the attitude of a 
control man in an oil refinery with respect to flow, pressure, and 
temperature control. Generally speaking, flow and pressure 
control are considered as the easier ones, temperature control as 
the tougher one. Now the deviation-ratio curves for these types 
of control differ only in the realizable values of the resonance 
frequency. Usually flow and pressure respond much faster to 
valve manipulations than temperature does, resonance frequen- 
cies being accordingly higher. Since total plant control incor- 
porates a great many controls with different speeds of response, 
the ultimate deviations in product quality are likely to be depend- 
ent mainly on the slower controls. The faster controls are good 
enough if there is sufficient difference between “slow” and “fast.”’ 
This means, that zone | in Fig. 2 of the faster controls shoul 
cover amply the resonance zone of the slower ones. Much more 
is usually unnecessary, since more rapid fluctuations are likely to 
be averaged out in the more slowly responding parts of the plant. 
In many cases these requirements can be met easily. This is, for 
instance, the reason why slow mercury manometers often do a 
good job in flow control. 

Various manufacturers that, in 


cases like this, simple controllers ean be used, even with non- 


instrument have realized 
adjustable proportional band and reset rate, and there is a tend- 
ency to have these controllers acting with a very wide propor- 
tional band, so that they approximate pure proportional-speed 
floating action (9). 
type of action gives very smooth valve manipulation. 


This seems a sound approach, since this 
Of course 
such instruments are not as flexible as the more complicated 
three-term knowledge is lacking 
about the deviations to be expected and about the deviation re- 


controllers. So if sufficient 
duction required, then to be on the safe side a three-term con- 
troller could be chosen. 

In view of this philosophy, the question arises whether there is 
any use in determining exactly, by measurement or by other 


means, the dynamics of industrial processes. If these dynamics 
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were known, then the deviation ratio could be determined exactly, 
provided also the controller dynamics were known. Although — 
usually the knowledge of controller dynamics is taken for granted, — 
determining them is not as simple as it looks (10, 11). But let it 
be assumed for the moment that all data are available. Then it is 
still of little use to know one factor accurately if other important 
factors are known only roughly. 

Analyzing disturbances, their consequences, and the conse- 
quences of control is just as important as measuring process 
(12). quantitative analysis being 
practicable, commonsense judgment should include all the ele- 
An experienced control man in the plant has 
these things at the back of his mind, and so is able to find better — 
settings by experience, than by the help of rules for optimum set- 
ting that are based on a thorough treatment of a small part of the 
Of course there is no objection to having some 
accurate information on process dynamics. It even can be very 
helpful, in particular in research work, for finding out for which 7 
frequencies deviation reduction is possible, for which not, and 
However, it should 
be kept in mind that this type of information alone is not the key 


dynamics Complete im- 


ments mentioned. 


entire problem, 


how the resonance frequency can be shifted. 


that unlocks the gate to the paradise of process control. 
what control does 
However, also the 


So far it has been tacitly assumed that 
offers sufficient means of deviation reduction. 
plant contributes to deviation reduction, as was shown in the first 
the 
measures taken in the plant for this purpose, and the effort put 
The more stable the plant is in itself, 


section. There should be a reasonable balance between 
into automatic control, 
the more disturbances are eliminated beforehand and the more 
Quite naturally, violent 


disturbances in a resonance zone are very awkward, especially if 


easily control can meet requirements. 


successive stages of the plant have overlapping resonance zones 
If it is impossible to detune them, then interstage storage may 
well prove worth while 


Auromatic Conrrot WorkKs 


In this section some simple graphical relationships between the 
deviation-ratio curve and the Nyquist diagram will be considered. 
rhese relationships will be illustrated by characteristic examples 
(Figs. 6,8, and 9). 


bic. Deviation Ratio anp Nyquist 

Fig. 5 shows how for any frequency the deviation ratio can be 
found from the Nyquist diagram (6). 

Fig. 6 shows how the proportional-band setting affects the 
deviation ratio. ‘The change in the proportional band is repre- 
sented in the diagram by the change in the unit of length (RO). 
Thus when the proportional band varies from infinity to the limit 
of stability, point moves from to A. Accordingly, point B, 
which corresponds to the peak in the deviation-ratio curve, 
moves from C to A. The figure shows also the movement of 
points D and EF, for which the deviation ratio equals unity. 


These points are related to the boundaries between the three 
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=D== NARROWING PROPORTIONAL BAND 


6 Errect or ProportTionaL Banp ON DEVIATION 


=== INCREASING RESET RATE 
hic. 8 Errecr or Reser Rate on Deviation Ratio 
- 
zones, It is not proposed here to identify the points and bound- 
aries. In Fig. 2, for instance, point B would be hard to find. 
The movements of D and EF, however, are similar to those of the 
boundaries, 

Fig. 6 explains Fig. 3(a). 

Adding reset action to proportional action changes the shape 
of the Nyquist diagram. For any frequency the open-loop vee- 
tor for proportional plus reset action can be found by simple con- 
struction from the vector for proportional action, as is shown in 
Fig. 7(a). 

Fig. 8 shows how the deviation ratio changes if for constant 
proportional band the reset rate increases from zero to the limit of 
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INCREASING RATE TIME 
hig. 9 Errect or Rate Time on Deviation Ravrio 
stability. In this figure three Nyquist plots are drawn, one for 
zero reset rate (only proportional action), one for the limit of 
stability (passing through point /), and one for some interme- 
diate value of reset rate. The movement of point B shows how 
the frequency of the peak of the deviation-ratio curve changes, 
Point B’ represents the corresponding travel of the peak value 
Points E and D represent frequencies of unity deviation ratio, 
It is interesting to note that the movement of point D reverses 


ite direction at K. The frequency at which the system starts 
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hunting, represented by point F, 
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can be decreased further by 


In 


proportional band (proportional-speed floating ac- 


widening the proportional band. the extreme case of in- 
wide 
tion) point F reaches point G. 

Fig. 8 explains Fig. 3(b). 

for the addition of rate action to proportional action one can 


action, 


finitely 


use a construction similar to that for the addition of reset 
as is shown in Fig. 7(b) 

Fig. 9 shows how the deviation ratio changes if for constant 
proportional band the rate time increases from zero to the limit of 
This figure is so like Fig. 8 that it does not need much 
The hunting frequency will increase further if the 


stability. 
explanation. 
proportional band is widened, Its extreme value corresponds to 
point HW, Fig. 9 explains Fig. 3(¢). 

If the controller has proportional plus reset plus rate action, 
then the construction of the Nyquist diagram depends upon the 
type of interaction in the controller, If the controller consists of 
the caseade connection of a proportional plus reset unit and a 
proportional plus rate unit, then the two constructions given 
before can be applied in succession, the order of succession being 
If the controller 
construction is somewhat 


as is illustrated in Fig. 7(¢), is of 
then the 


For other controller transfer 


immaterial, 
the pure three-term type, 
different, as is shown in Fig. 7(d). 
functions the constructions are different, but for a mere qualita- 
tive study of deviation-ratio behavior the differences between the 
constructions do not much matter. 

A diagram similar to the Nyquist diagram can be drawn for 
feedforward control, The deviation without control comes from 
the measured variable 
rection. The deviation with control is the difference between 
the deviation the The 
responding vector represents also the deviation ratio if the de- 
viation without control is put equal to unity. The solid line in 
ig. the controlled variable re- 
sponds much more slowly to the manipulated variable than to the 
measured variable, Accordingly, with increasing frequency the 
correction lags behind and decreases with respect to the devia- 


The manipulated variable gives a cor- 


without control and correction, cor- 


10 represents the case where 


tion without control. Here the behavior of the deviation ratio is 


similar to that in feedback control, and the three-zone picture is 


CORRECTION 


quite adequate 


DEVIATION RATIO 
(DEVIATION WITH 
CONTROL) 


FREQUENCY ——= 
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The dash line in Fig. 10 represents the case where conditions 
are just the reverse. With increasing frequency the correction 
has a phase lead here and is increasing relative to the deviation 
without control. 
high frequencies. 
instance, between measuring element and valve, 
could be made (8), 


So there is considerable overcorrection for 
By adding time lags in the faster path, for 
improvements 


Wesrcorr’s THrorem 
Westcott’s theorem when applied to the deviation ratio reads 


0 


log deviation ratio 


the average taken over the frequency from zero to infinity. 

This theorem has been proved for feedback control, under the 
assumption that the open-loop transfer function approaches zero 
for increasing frequency at least as fast as the inverse of the fre- 
quency squared. It is quite easy to construct on paper a control 
system that does not satisfy the foregoing condition. A simple 
example is a first-order process controlled by a proportional con- 
troller. However, a first-order process does not exist in reality 
and neither does a pure proportional controller without any 
time lags. All physical systems are of a very high order, even of 
infinitely high order owing to distributed time lags. So in prac- 
tice Westcott’s theorem always will hold. 

Now the objection could be reformulated. In practice the 
plant could have one major time constant, so that for all prac- 
tical purposes its behavior can be represented by a first-order 
differential equation. 
It does, since even in this case there will be 


Does Westcott’s theorem then make any 
sense? a resonance 
although it will be very high, its value being deter- 
Also, the peak in the devia- 
but that is not necessarily so, 


frequency, 
mined by the minor time constants. 
tion-ratio curve can be very low, 
It depends upon the controller setting. 

Westcott’s theorem sets no limit to the speeding up of control 
by introducing higher and higher derivatives into the controller 
This would shift the resonance frequency to higher 

values, At the same time it would give rise to more violent 
movements of the control valve, and here are practical limitations. 
In this connection reference may be made to Westcott’s com- 
-panion paper (13). However, there seem to be peculiar dif- 
ferences between servomechanisms and process control in this 


equation, 


respect. In servomechanisms the power delivered can be set 
proportional to the square of the signal, whereas in temperature 
there is a constant heat supply in the ab- 


control, for instance, 


sence of any disturbance and, if they occur, the additional heat 
_ supplied is directly proportional to the signal. 
Westcott’s theorem is not directly applicable to 
vontrol, In Fig. 4 the relationship between deviation z and ini- 
tial disturbance y is given by 


feedforward 


z=y(P 


Q) 


where P and Q are the transfer functions along the paths indi- 
cated in Fig. 4 
Without control we have 


Consequently, the deviation ratio equals | -Q iP. 
This expression is of the same form as the inverse of the devia- 
tion ratio for feedback control, which reads (1 + 7'), where 7’ is 
the open-loop transfer function. The important point now is to 
know in what respects Q/P behaves differently from 7’. 
Without detailed information about the plant concerned, there 
pe no reason to suppose that, in general, with increasing frequency 
Q ‘P would approach zero at least as fast as the inverse of the fre- 
= y squared, There are certainly many practical cases 
where the condition is satisfied, for instance if the time lags in 
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the plant, Fig. 4, are equal. Then Q@ comprises in addition the 
time lags of the measuring means, the controller, and the manipu- 
lating means. This situation is not unusual in ratio flow 
control. 

Let us now consider the possible singularities of the function 
1-—-Q/P. It can have both poles and zeros in the right half of the 
complex frequency plane. 1 + T has no zeros there, if control is 
stable. Another reasoning due to Westcott can be followed now.! 
Consider a zero of 1 — Q/P in the right half plane. Replacing 
this zero by its image with respect to the imaginary axes will not 
change the amplitude-frequency relationship of 1 Q/P. But the 
theorem is correct if the singularities lie in the left half plane. 
Consequently, zeros and poles in the right half plane do not affect 
the validity of the theorem. 

Thus a sufficient condition for Westcott’s theorem to hold also 
for feedforward control is that the path containing the control- 
ling means is at least two orders slower than the direct path. 
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J. Wesreorr.* 
introduction. His words should be framed and hung in a promi- 
nent position in every engineering office where frequency-response 


The author performs a public service in his 


ideas are beginning to seep in. 

This story of frequency response really began with the alternat- 
ing-current vector diagrams with which every electrical engineer 
is primed from an early age, but the story has passed on from 
single-frequency vector diagrams to vector loci, being a curve 


traced by the tip of a vector as frequency varies. Finally, the pic- 


* Bibliography (7), p. 64. 
‘Lecturer, Imperial College of Science and Technology, Uni- 
versity of London, London, England. 
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ture is completed and needs no further elaboration, when the 
concept of frequency is extended to include complex values of the 


frequency variable. Thus we come the full journey to funetions 


of a complex variable and here, in the theory built around these — 


functions, reside all the answers to linear-circuit problems, 

Effective use has been made in the paper of 
author attributes to the writer, 
the background. The theorem appears in a paper presented at 
the Cranfield Conference in 1951. Janssen took an active part in 
the discussion of the paper and has pointed out that the theorem 
applies directly to deviation ratio. The theorem follows di 


rectly from the classical theory of functions of a complex variable 


which was invented, if that is not too strong a word, by the : 


French mathematician, Cauchy, in the early part of the nineteenth 
century, 


At that time practical applications were not in mind and it is — 


only recently that it has been relevant to point them out, the 
most famous of these occasions being Harry Nyquist’s develop- 
ment of the stability criterion. Also high on this list is the work 
of that master of function theory as applied to networks, Hendrik 
Bode, to whom the writer is personally indebted for having in- 
terested him in network problems. There is no better introduction 
to this fascinating field than his book “Network Analysis and 
Feedback Amplifier Design.”’ 

A fact which emerges most clearly from the present paper is 
that, abstruse as these theoreris in function theory may seem, it is 
still possible to give them a simple geometric or graphical inter- 
pretation which appeals directly to the imagination of the engi- 
neer and gives him a sound philosophy in terms of which to frame 
his design decisions. 


R. H. Macmin.an.® If the transfer functions of the process and 
the control are, respectively, Yp(w) and ¥(w), then the “devia- 
tion ratio,” as defined by the author in the second section of his 
paper, has the value 1/(1 + Y,¥;). This is true whether the dis- 
turbance is at the set point or acts directly on the load. By 


plotting the Nyquist locus, Y,¥,, for the system, the reciprocal of — 


the deviation ratio can be read directly as the vector from the 
(--1,0) point. Variation in controller gain is easily accounted 
for by a shift of this point along the negative real axis 

Now, for any given process, the locus of V', for varying frequen- 
cies can be determined experimentally; or, with simplifying as- 


sumptions, it may be plotted from an analytical approximation to 


the process-transfer function. This harmonic-response locus for 
the process cannot be altered appreciably at the designer's will, 
whereas the shape of that for the controller can be adjusted to 
some extent at his discretion. There seems, therefore, to be some 
advantage in separating the two loei when determining the quan- 
tity (1+ Y,Y,). 

When the controller setting is such that sustained oscillation 
ean occur for zero input, the deviation ratio is infinite and its re- 


-ciprocal is zero, so that 
i+ Y,Y,=0 


which can be expressed as 


The locus 1/Y), has been called the “potential correction” 


curve and would appear somewhat as in Fig. 11 of this discussion, 
for a typical stable process, with frequency w, graduated along it 
and increasing in the direction shown. The jocus ), for a simple 


proportional controller involving 4 single exponential lag time is a 


® University Lecturer, Cambridge University, Cambridge, England. 


a theorem the | 
The writer would like to fill in— 
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semicircle as shown, with frequency w, increasing toward the ori- 
gin; reducing the time lag leaves the shape of the locus un- 
changed but alters the frequency graduations, shifting them away 
from the origin. Altering the gain (proportional band ) of the eon- 
trol changes the size of the locus in direct proportion; locus B is 
The method 
outlined by the author in his Fig. 7 is suitable for obtaining the 


drawn, for example, for half the controller gain. 


locus. 

Clearly now, if these two curves cut, and the frequency gradua- 
tion is the same on both curves at the intersection, then the con- 
dition for sustained oscillation is satisfied and it will oceur at that 
For the particular gain indicated in the figure, the 
There are thus two values of controller 
time lag for which the system will be on the limit of stability. If 


frequency. 
curves intersect twice 


the gain is reduced, a stage is reached where the curves no longer 
At this controller setting instability cannot occur, no 
In this way 
showing the limit of stability for various controller settings can be 


intersect 


matter what is the controller time lag a curve 


obtained as in Fig. 12, herewith. 


TRANSIENT 
WITH SPECIFIEO 
DAMPING 


™ STABLE — REGION 


TIME LAO OF CONTQOL 


hig. 12) Reaions 


In practice, the designer requires a system which is suitably 
damped, not one on the limit of stability, Le., with zero damping 
The method outlined can be extended readily to obtain a chart 
similar to Pig. 12 for a system with specified damping. By using 
the conformal plotting technique proposed by Campbell® and 
Profos,’ one obtains for the process the characteristic of Fig. 13 of 
this discussion, and by modification of its method of construction 
one also obtains the new control characteristic shown, From the 
intersections of these curves we can obtain the broken line in Fig. 
12. 


The actual construction of charts such as in Fig. 12 would be 


Use of Nyquist Diagram,”’ by W. W. Campbell, Min. of Supply, 
Servo Library, Reference G. 74, 1945 
“A New Method for the Treatment of Regulation Problems," by 
P. Profos, Sulzer Technical Review, No. 2, 1945. 


ASME NOVEMBER, 


A 


< 


hic. 13) Moptrrep Cuaractertstic CurvEs 


facilitated greatly by using logarithmic plots instead of the polar 
form, a8 changes of gain and time lag can be accomplished by 
simply shifting the curves vertically or horizontally. The polar 
form is perhaps clearer for purposes of explanation. 

J. E. Bigetow.® The author has made a valuable contribution 
to the development of a philosophy of control which is con- 
In the 
first instance, the deviation ratio which he explains is deter- 


formable to both the “theorist” and the “practical men.” 


mined from frequency-response information by elementary auto- 
matic-control theory. In the second, it gives a picture of control 
quality in simple language. A third important advantage in the 
use of the deviation ratio is that it applies as well to feedforward 
as to feedback control. 

As the author points out, however, the emphasis in his paper is 
on what the control does apart from what the plant does. He 
recognizes, of course, that analysis of disturbances and its conse- 
quences is as important as measuring process dynamics but. «s- 
signs this task to common-sense judgment which makes quality 
of control with a given system an important function of the ex- 
perience of the control man. For a quantitative measure of over- 
all control quality, one may feel forced to turn back to the “devia- 
tion reduction factor.”’” [It might be more in line with the desired 
ends of his control philosophy to carry further the presentation of 
information as a frequeney function with disturbance data con- 
verted to this form. While such a project might be beyond the 
scope of the paper, it would seem more fitting to recognize the 
problem in this light rather than to go back to the common sense 
of experience as the only practical answer. 

The section discussing how automatic control works would 
have been simpler if a Bode diagram had been inserted as a step 
in the development of the Nyquist diagram. Most readers will 
not be troubled by this. However, the section was included to 
furnish a theoretical background, and those who had not. pre- 
viously acquired it might be troubled 

The points of contention in the foregoing are minor in im- 
The 


philosophy developed spawned a new term of possibly great use- 


portance compared with the main point of the paper. 
fulness and lays a foundation of logie upon which to proceed 


Lees.? 
efforts to bring theorists and their theories to the practical men 


SIDNEY The author is to be congratulated for his 


He should not be allowed to remain alone in his efforts. It seems 
worth while for engineers to re-examine the relationship between 
theory and practice at least once a vear, like visiting the dentist. 
In his introduction the author lists some of the grievances which 
practical men hold against the theorists. 


* Engineer, General Electric Company, Schenectady, N. Y 
® Assistant Professor of Aeronautical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. 
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The body of his paper attempts to explain the frequency- 
Hle has made a 
The first part of 
his paper appeals to the discusser since it is similar to the methods 


response approach to control-system design 
modest attempt to bridge the gap he describes. 


the latter has used to describe simple automatic-control-system 
design theory to students. 

On the other hand, the jump trom the deviation-ratio concept 
to Nyquist’s criterion is too abrupt for a novice in the frequency - 
response method of design. The discussion of Westeott’s theorem 
becomes rather esoteric in the light of the objectives stated in the 
introduction. 


when he planned the paper. 


One suspects that the author had more in mind 
Perhaps he will enlarge upon these 
ideas in the near future. 

The deficiencies of the theoretical approach in system design 
worthy of more discussion 
It would 


deseribed in the introduction are 
What is the purpose of theory in engineering design? 
seem that the answer lies in the value and merit of an engineer. 
The “value” of an engineer may be described in simple terms. It 
is his ability to produce physical equipment which satisfies given 
specifications and requirements. An implication of this deserip- 
tion is the ability to discover the possibility of meeting given 
The engineer should be able to disclose the 


It is im- 


specifications. 
existence of nonfeasible or conflicting specilications. 
portant that he should be able to tell when a given scheme will not 
work. 

The “merit” of an engineer is measured by the speed with 
which he produces the required equipment after being given the 
specifications, Generally, the early history of engineering is a 
description of trial-and-error methods. In many situations it is 
still the easiest and fastest method. 

Difficulties 
specifications and requirements are unusual. 


are encountered in standard situations when the 
For these applica- 
tions one resorts to theory to demonstrate that it is feasible and 
practical to invest money and effort in producing the desired 
equipment. Theory is also useful when new ground is being 
broken and there is no past experience upon which to draw. Some 
guides and signposts are required to tell the designer when he is on 
the main road and when he is in the swamp. 

Theory is most useful to students and young engineers who do 
not have much experience as a guide during the trial-and-error 
stages. For these people it is necessary to organize known ex- 
perience so that they can become effective as quickly as possible 
The theory should be so well developed that it can be applied 
with a minimum of effort. The measure of a successful engineer- 
ing theory is not how completely it describes a complicated situa- 
tion but how simply it can be expressed and still aecount for 
enough of the facets to carry out a practical design. The devia 
tion-ratio curve in Fig. 2 of the paper and the accompanying text 
is an example of the simple but effective approach. 

The danger always exists that the tyro is so beguiled by the 
closed forms of theoretical solutions he loses contact with the 
problems encountered in wrestling with the perversities of inani- 
mate matter. To quote the delightful phrase of Prof. Arnold 
He is transported to that curious world of decibels and 
Tn addition to 


a successful engineering 


Tustin, 
negative frequencies where filter experts live.” 
the conditions mentioned previously, 
theory also should include a description of the pitfalls awaiting 
him who follows too closely . Thetyro must be encouraged to use 
imagination and intuition tempered by judgment 

The author points out in his introduction that theory is an 
abstraction and a simplification of reality. This is most em- 
phatically true. It always should be kept sharply and clearly in 
view. The theory applied in a given situation should produce 

” The Nature of the Load as a Factor in the Design of Electrical 
Servos,” by A. Tustin, Trans. Society of Instrument Technology, vol. 
4, March, 1952, p. 13 
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numerical results as quickly as possible so that the designer may 
acquire the proper components in the most likely combination — 
It isa truism 
but nonetheless a most important condition of design that the real 


and get on with the job of making the system work 


problems are encountered only when the physical equipment is — 
In the final analysis a system design is com-— 
further along the design proceeds, the cruder and simpler is the— 


under construction. 
pleted with a soldering iron, a serew driver, and a wrench, 
theory. The trial-and-error stages become more significant 

In summary then, it appears that the difficulties any prac- 
titioner encounters, according to the author, are due partly to the — 
novelty of the theories but more because the theories are incom-— 
pletely digested. It is necessary to have a firm grasp of the na- 
ture of the physical processes partaking in the system over and 
above the mathematical techniques required to solve differential | 
equations, Solutions in physical terms, including the limitations — 
that exist because real physical equipment is involved, can shorten. 
the mathematical labor. Engineering judgment and intuition 
must be employed to bring the design into practical and useful: 
form. The direction of theory for practicing engineers should be- 
to reduce the mathematics to a minimum and not to the produc-— 


tion of elegant solutions The proof of the theory is alwavs the — 


production of real working equipment. 


AuTHor’s CLosuRE 


Westcott and Sidney Lees. The author is very | 


grateful indeed to them for enlarging upon the subject. 


ments by J. H 


Westcott is certainly too modesc¢ if he transfers the eredit for | 


Since Nyquist’s development — 


finding his theorem to Cauelhy 


of the 
Westcott made the theorem “follow directly from the classical 
Apparently the theo- | 
rem was so obvious that it was easy to overlook it 

The author to 
Westcott However, citing Lees with a slight modi- — 
fication, he should not be allowed to remain alone in his frame 


stability eriterion nineteen years have elapsed before 


theory of functions of a complex variable.” 


does not object framing his words 


sugyests 


First of all, he would like the company of his colleague I. Wieringa, < 
who contributed essentially to the composition of the introduction; — 


statement concerning the measure of a successful engineering: 


both would be very pleased by Lees’ joining the party. 


theory is for the author a source of daily meditation. As a mat- 

ter of fact, the text hangs in his office now, together with a comple- | 
to J. 
“There is no point in using exact methods where there is no- 


mentary one due von Neumann and Morgenstern: 


clarity in the concepts and the issues to which they are to be — 
applied." 
author would like to give more of Lees’ wiseeracks a place on — 


Were it not for the limited size of his office, the — 
its walls. 

Turning to the body of the paper, the author entirely agrees | 
with Lees that in the paper the jump from the deviation-ratio — 
concept to Nyquist’s criterion is too abrupt for a novice in the- 
frequency-response method of design. Accordingly, in the train-— 
ing courses given in the author’s department this hurdle is taken | 
much more smoothly, 


However, the paper was not written for — 


the novice in the field. The author, rather, had in mind showing 

the initiates how the gap between theory and practice can be | 
bridged, and since many belonging to this category know better 

how control works than what it actually does, he judged that the 
“how-it-works” part could be comparatively condensed. Con- 
sequently, for the relationship between the deviation-ratio and the 
open-loop transfer function, Fig. 5, reference was made to litera-- 


ture. For the same reason no need was felt for inserting a Bode — 


"Theory of Games and Economie Behavior,” by J. von Neu- 
mann and O, Morgenstern, Princeton University Press, Princeton, — 
N.J., 1947, p. 4. 


- 
The introduction t rise to extensive com ' 
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| 
. 
a 


diagram in “the deve lopment of the 
Ligelow suggested 
without any reference to either Bode diagrams or complex cal- 
culus. Thus the novice in the field should be able without undue 
effort to digest the graphical treatment of 
when it is offered to him piecemeal in several appetizing courses. 


Nyquist diagram, as J. kb, 


Moreover, polar plots are easy to understand 


how control works 
On the other hand, the discussion of Westcott’s theorem is indeed 
only for those who feel at home in the aceidented terrain of zeros 
and poles 

J. i. Bigelow does not like the author's turning back to com- 
mon sense, Perhaps he will be partly satisfied by Fig. 14, with 
modified text taken from an earlier paper of the author (12). The 


DEVIATIONS 
WITHOUT CONTROL | 


COST OF 
DEVIATIONS 


SPECTRUM OF ' 


dus: 


FREQUENCY 


b —+ 


woes PROP 


PROP INT 


DEVIATION 4 
RATIO 


FREQUENCY 


hie. 14 Main Factors Derermininag Quality 

author agrees that it isin principle possible to present information 
about disturbances as a frequency function, Fig. 14(a). In prae- 
tice, however, this is far from easy. But the main trouble arises 
when one tries to evaluate the effeets of disturbances economi- 
cally. Fig. 14(b) only served the purpose of qualitatively demonu- 
strating the importance of economic factors in the criterion for 
optimum control, Tlowever, at present the author really does 
not know how, on the basis of Fig. 14, 


control criterion superior to common-sense judgment could be 


a quantitative optimum- 


formulated, 
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R. H. Maemillan give s another ex: xample of Westcott’s state- 
ment, that it is possible to give a simple geometric or graphical 
interpretation of what might seem abstruse theorems. In par- 
ticular, the separation of the two loci of process and controller can 
be very useful indeed. 

In order to avoid misunderstanding, the author would like to 
point out that Maemillan’s controller transfer function is quite 
different from the paper. The behavior of a 
controller with pure proportional plus reset’ plus rate action, 
Fig. 7(d), isto be represented in Fig. 11 by a straight line perpen- 
dicular to the horizontal axis. Then it appears from Fig. 11 that 
for every value of controller proportional gain the system can be 
for an infinity and rate 
Moreover, 


one used in the 


of combinations of reset rate 
of 
within limits, independent of the particular settings of reset rate 
Incidentally, the 
from Fig. 8 of the paper 

Maemillan’s approach has also been used by O. Schiifer. 
Figures similar to Fig. 11 and Fig. 13 are found in his book. 
The author wishes to mention this, not only in order to give credit 
to Schafer, 
lecture in Frankfurt,'* but also to show how difficult it is to keep 
abreast of literature. The author himself learned only recently 
that already in 1948 G. A. Philbrick'* had defined a “regulatory 
transmission” which is identical with the deviation ratio. 

The author would also like to give credit to J. Farquhar, who 
“With 
certain exceptions, such as eracking-plant tube stills, it will be 
found that the usual tendency is to adjust the controller sen- 
sitivity settings too tightly (i. e. to give too little damping) in an 
control.” ~Unfor- 
after the author’s 
paper had been submitted, so that no reference could be made to 


unstable 


time the frequency sustained oscillation is 


and rate time! same conclusion can be drawn 


who already in 1950 demonstrated this method in a 


preceded him in advocating smooth and slow control. 


attempt to get unnecessarily ‘straight line’ 


tunately, Farquhar’s paper was published 


it in the text. 
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Response 


'requency- 


\nalvsis and Control- 


lability of a Chemical Plant 


By ALR 


The practical frequency-response analysis of two types 
of chemical-plant units, and the adjustment of the auto- 
matic controllers, are described. Available information on 


the magnitude, form, and location of disturbances is used 


to illustrate the effect of these factors on the quality of 


control actually obtained, and to emphasize that these 
factors are at least as important as the over-all character- 
istics of the plant. Even when all information on the dis- 
turbances is available, their effect on the quality of auto- 
matic control is not always easy to calculate, especially 
if the system has distributed parameters, but a description 
is given of an approximate calculation method which 
yields results of the right order of magnitude in many 
practical cases. 


INTRODUCTION 


N the past few years, a number of papers have been published 
on the application of frequency-response methods to auto- 
matic process-control systems. One of the first was by 
1),? followed later by Farrington (2), with descriptions 

Later, Rutherford 


Tvanoff 

the method applied to specific problems. 
published a paper (3) which showed how the frequeney-response 
methods used so successfully in servomechanism studies may be 
applied to’ any process-control problem. Rutherford’s paper 

illustrated the power of these methods for attacking problems 
of analysis or synthesis and showed how they can be applied 


using entirely graphical methods. The process analyzer de- 
seribed by Aikman and Halsall (4, 5), whieh was designed as a 
“plug-in” unit applicable to any air-operated control system with 
the minimum of practical difficulty, was another stage in the at- 
tempt to make frequeney-response analysis a tool for common 
use by the process-control engineer, 

In 1943, Profos (6) had applied frequeney-response methods to 
the automatic control of temperature in steam superheaters, but 
this work was not generally known until the DSLR. Confer- 
ence in 1951, when it was referred to by Takahashi 

Further papers on frequency response methods by St. Clair, 
‘Coombs, and Owens (7) and others have followed, and some plant 
test results have been published by Higgins and MeKnight (8). 

Methods for caleulating the frequency-response characteristics of 
some types of heat exchanger, with some practical confirmation 
hy experimental tests, have been published by Takahashi (9), 
When work on the application of frequeney-response analysis 

started by the Central Instrument Section of IC. L., Ltd., 
the principal use of the analyzer was in obtaining the over-all 
characteristics of plants so that controllers could be selected and 
adjusted to give their best performance. At the same time, the 
1 Control Engineer, Central Instrument Section, Imperial Chemi- 
eal Industries, Ltd. 
? Numbers in parentheses refer to Bibliography at end of paper. 
Contributed by the Instruments and Regulators Division and pre- 

sented at the Annual Meeting, New York, N. Y., November 29- 

December 4, 1953, of THe American Society oF MeEcHANICAL 

E\NGINEERS 
Nore: Statements and opinions advanced in papers are to be 

understood as individual expressions of their authors and not those 

of the Society. Manuscript received at ASME Headquarters, July 1, 

1953. Paper No. 53—A-22. 
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characteristics of the common types of air-operated controllers- 
were studied and some results were published by Aikman and— 


Rutherford (10) and Janssen (11) It was not long before — 


speed than was possible by using former empirical methods 
Analysis of plants under operating conditions remains a valuable 
aid to an accurate selection of the type of controller and caleu- 
lation of optimum settings, but the main emphasis is now placed 
on the analysis of plants with the object of obtaining their dy- 
namic characteristics. The purposes of this work are: (a) the cor- 
relation of the dynamic characteristics with controllability, and 
(b). the accumulation of information as a basis for accurate pre- 
diction of control-system performance at the design stage 

A Jarge number of papers have been published in the past 20_ 
years which describe the over-all characteristics of various theo- 
retical plants, and the means of calculating stability, but it seems | 
that attention has seldom been directed to the influence of the- 


location of the disturbances in the control loop. This factor may 
be the most important in determining the controllability of = 


system. In this paper the practical frequeney-response analysis 
of the control systems in two chemical-plant units will be de- — 
seribed, and the results will be correlated, in so far as possible, 

with the information available on the disturbances entering the 


systems, and with the actual performance obtained 


‘TERMINOLOGY 


Terminology offers considerable difficulty at the present time, 
because many terms which are useful in describing the phenomena 
of frequency response are not included in the glossaries published — 
by Tue AMeRICAN Soctery of Mecnantcan and the 
British Standards 


vised at the time of writing. It has been decided to use the terms 
defined in British Standard 1523: 1949, with additional terms origi- 


Institution. Both glossaries are being 


nally proposed by Rutherford (3) and defined in the Appendix 
A recent paper by Young (12) which compares ASME, BS, and | 
European glossaries of terms may be of interest in this connection 


Tue Avromatic CONTROL OF A Spray Drier 


Description of System. The material passing through the spray — 
drier is an emulsion. 
Fig. 1. 
tank from a lower floor; 


At intervals, the emulsion is moved up into the head 
it cannot be pumped mechanically or — 
otherwise subjected to high shearing rates because of the risk of 
coagulation. The physicochemical properties which determine — 
the quality of the product are critically dependent on the drying — 
temperature. The control system used had been chosen on the | 
basis of experience as the one most likely to fulfill the require-_ 
ments. The temperature-detecting clement (originally a vapor-- 

pressure bulb) was located in the offtake duct near its junetion | 
with the drying drum. The flow of emulsion is the regulated — 
condition, Alternated filters remove larger coagulated lumps — 
before they reach the regulating unit : 
induction motor, and the steam rate to the air heater is set manu- 

ally. The performance of the system, as indicated by product ; 
quality, was not always satisfactory, and this was attributed — 
It was therefore decided 


The fan is driven by an 


to excessive temperature deviations 


sufficient confidence was gained to enable controllers to be ad- 
justed without analyzing the plant, with greater certainty and 
= 


The system is shown diagrammatically 


\ 

| 

| 

q 
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to investigate the system by frequency-response methods, 

Practical Frequency-Response Analysis. In order to carry 
out the analysis a manifold was inserted into the air line between 
the controller and the valve during a shutdown period, so that 
the analyzer could be connected, and the change could be made 
from controlling to analyzing conditions, without upsetting the 
process operation. The analysis was carried out by generating a 
continuous sinusoid in air pressure and applying it to the valve 
motor. The “loop” was open while the analysis was carried out 
and the controller output (with controller on proportional ac- 
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FILTERS 


Fig. Srray-Drier Line Diagram 


tion) was recorded by the analyzer, on the same chart which re- 
cords the analyzer output. The recorded sinusoids on the chart 
are 4 in. long, hence the quantities required, amplitude ratio 
and phase lag, can be read off with ease at a number of different 
The amplitude of oscillation was as small 


The 
analysis was concluded by applying successively two steady pres- 


periods of oscillation. 
as possible, to avoid nonlinearities and process interference. 


sures to the valve motor and observing the corresponding steady 
values of plant output; ie., the potential values under normal 
operating conditions, For the purpose of calculating controller 
adjustments, it is not necessary to know the potential values, 
but they are always determined when possible, in order to ex- 
press the plant characteristic as a dimensionless quantity, at- 
tenuation. "This is a particular requirement for fundamental 
interpretation of the data, as the attenuation is independent of 
such scalar quantities as valve-characteristic slope, measuring 
range, and proportional band. Full details of the practical pro- 
cedure for carrying out a frequeney-response analysis, and of the 
process analyzer itself, have been published (4, 5). 

Controller Adjustment. The analysis was carried out with con- 
tinuous oscillations; when the plant is controlled automatically 
subsiding oscillations are desired, and therefore to caleulate the 
appropriate controller settings the curves must be modified 
It was decided to adjust the controller for a subsidence ratio of 
e:1. The procedure for obtaining attenuation and phase curves 
for a given subsidence ratio from frequency-response-analysis re- 
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Fic. 2) Frequency Response oF Spray Drier 

sults will be presented in full in another paper (13); the procedure 
for e:1 subsidence ratio is summarized in the Appendix, and the 
modified curves are dotted in Fig. 2. 

The calculation of controller settings and the assessment of the 
value of different control actions can be carried out easily with 
this information available, and with a knowledge of the controller 
characteristics. 
sary because the changes of level in the tank, which would have 
been sufficient to change the flow rate by a factor of 1.6 at a fixed 


For this application, integral action was neces- 


valve setting, would have caused an unacceptably large offset. 
When integral 
action time equal to the operating period is usually suitable. A 


using proportional-plus-integral control, an 
longer integral action time unduly delays the elimination of 
offset, and a shorter requires a wider proportional band and causes 
larger deviations as a consequence. This ratio of integral action 
time to operating period is a practical useful compromise and 
causes a phase change of 9 deg in the controller, additional to the 
180 deg inherent in the proportional action. The phase lag in 
the plant is therefore 180—— 9 = 171 deg, and this fixes the oper- 
ating period at 110 sec. 
give the required subsidence ratio is, from Fig. 2, curve A, 3.7. 


The controller gain at this period, to 


This is a dimensionless quantity and, with the integral-action time 
to period ratio of 1, is equal to the proportional-control factor. 
To convert the proportional-control factor to proportional band, 
the potential values of the plant taken 
count. The potential value was 1.0 psi pressure change applied to 
the valve, equivalent to 21 C change in the controlled eondition 


must be into 


ac- 


g 
FAN 4. 
+ 
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The proportional band required is calculated from the expression 
Band width = 


4 


proportional control factor 


_ where 12 is the full output pressure range (in psi) of the normal 
air-operated controller 
When selecting settings for a three-action controller, the char- 
acteristics of the type of controller used must be taken into ac- 
count. The characteristics of three-action controllers are not 
all alike, indeed they differ considerably. The characteristics 
of the controller available at the time have been described (10), 
where it was referred to as Type V. It is recognized by its pos- 
The opti- 
mum settings in this instance are, to give the narrowest effective 
proportional band, nominal integral action time equal to twice 
the nominal derivative action time, and the former equal to one- 
half the operating period. 
ndvance in the controller is 15 deg. 


* session of two feedback bellows, one within the other. 


Under these conditions the phase 
At a plant phase lag of 195 
deg, corresponding to this controller phase advance, the con- 
troller gain required is 5.0. The controller gain in a three-action 
controller is the product of proportional-control factor (which 
depends on proportional band), the interaction factor (1.8 in this 
instance), and the additional gain due to derivative action (1.11) 

Ilence the proportional control factor = 5/111 = 4.5, and the 
proportional band width required = (21 12/45) 1.8 = 101 
(. This is the proportional band width to which the instru- 
ment would be adjusted. The effective band width is 101/18 = 

As measures of the effectiveness of derivative action, the de- 
crease in proportional band width and reduction in operating 
period may be chosen. In this instance, the effective proportional 
band width could be reduced from 68 deg C to 56 deg C, and the 
operating period could be shortened from 110 to 90 seconds, by 
using derivative action. It was therefore decided to use propor- 
tional, integral, and derivative control actions. 

Results Obtained: of Detecting-Element Lag. The 
controller was put into action with settings adjusted to their 


Influence 
optimum values. The period was 90 see as expected, and the 
subsidence ratio following a major disturbance was satisfactory. 
The temperature was apparently kept within + 1.5 C of the 
desired value, but the product quality was occasionally unsatis- 
factory; further investigation seemed necessary. A thermo- 
couple was inserted into the air stream near the vapor-pressure 
bulb, and the temperature was recorded on a self-balancing po- 
The deviations 
recorded were nearly 3 times larger than those recorded by the 


tentiometer recorder-controller temperature 
vapor-pressure instrument; an independent check of the time lag 
of the vapor-pressure bulb, under identical heat-transfer condi 
tions, showed it to be a single transfer lag of time constant 60 sec 
The original con- 
troller was disconnected, and the controller of the potentiometer 
recorder-controller was now put into action. The over-all fre- 
quency response of the system, with the thermocouple instead of 


whereas that of the thermocouple was 5 see. 


the vapor-pressure bulb, is shown in Fig. 2, curves B. 

Controller adjustments were calculated in the manner illus- 
trated previously, taking into account the characteristics of the 
controller used; this is referred to as Type IV in reference (10) 
In this plant (and in many others) it gives optimum performance 
with nominal integral action time half the operating period, and 
nominal derivative action time half the integral. The phase ad- 
vance is then 30 deg, and the period, Fig. 2 B, is 50 sec. The 
interaction factor is 1.5, and additional gain due to derivative 
action is 1.27. Hence, the proportional band required was (for 
a total controller gain of 2.9) 166.C 

The results obtained are shown in Fig. 3, which is a section of a 


~ 


1315 


typical chart of the potentiometer recorder-controller,  Sinee the 


attenuation in the thermocouple at the operating period is only— 
1.1, it is safe to assume that the temperature in the plant is main-— 
The chart | 


tained within about + 2.0 C of the desired value 
from the vapor-pressure bulb recorder, which was left in place, 
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showed deviations of about 4+ 0.3 © during the same period 
of time. Since the investigation was completed, product quality 
has been consistent and satisfactory 
Assessment of Spray-Drier Controllatility. The frequeney- 
response characteristics of the spray drier alone can be obtained 
by subtracting from the over-all frequency response the known 
frequency response of the detecting element, transmission pipe 
and regulating unit. A laboratory test showed that the latter 
two items made no significant contribution at the periods of os 
cillation used. It was deduced from the frequency response that 
the system, exclusive of the detecting element, behaved as though 
it were composed of three transfer lags all equal to 8.5 see, plus 
A block diagram of the control 
All possible 
disturbances, such as liquid head, filter pressure drop, partial ob-— 


a distance-velocity lag of 2 see, 
loop, with one block per lag, is given in Fig. 4 


struction of valve, and steam and air temperature, enter the eon- 
trol loop at one point; namely, just after the controller, and be- 
fore the plant lags which are all associated with the drying drum 
In their passage through the plant they will become attenuated 
before reaching the detecting element. It has been shown theo 
retically (14) that the deviation reduction factor for a step dis 
turbance applied at any point in a control loop is, for a system 
with lumped parameters, closely related to the attenuation be 
tween disturbance and detecting element at the operating period 
and is approximately equal to it 
not a lumped-constant system, but one with distributed constants; 
but without greater knowledge of the flow pattern and the mecha- 


The drying drum is strictly — 


nism of heat and matter transfer, the analysis cannot be more — 


exact, and the approximation must suffice for this examination, 


| 
| 
| 
| pa 
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When the Type V controller with the vapor-pressure bulb 
was in operation, the calculated attenuation in the drum at 90 
sec period was 1.5. With the Type IV controller and the faster 
detecting element, although the controller gain was less, the 
attenuation in the drum rose to 3.1 as a result of reducing the 


operating period. Since measurements of potential value or ex- 
act form of disturbances could not be made, absolute values of 
deviation reduction factor could not be calculated. While the 
attenuation in the drum was doubled by a reduction in the oper- 
ating period, the maximum deviations in actual temperature were 
reduced from jabout +4C to + 2.0 C, and it is evident that 
there is an approximate proportionality between the deviation 
reduction factor and the attenuation in the appropriate parts of 
the control system 

Alternative Method of Control of Spray Drier. It is of interest 
to assess the relative merits of another method of controlling the 
exit temperature of a spray drier, which was used at one time for 
controlling the same plant. The method was to regulate the 
steam flow to the air heaters, A reasonable figure for the total 
lag in the air heater (from valve to air temperature) would be 
about 200 sec. For simplicity, we will assume it to be two equal 
transfer lags of 100 sec each. An additional distance-velocity 
lag of about 3 sec must be added for the transport of the heated 
air from the heater to the top of the drum. The block diagram 
of this system is shown in Fig. 5. The operating period using 
the thermocouple and the Type IV three-action controller is eal- 
culated to be 230 sec. At this period, the attenuation in the dry- 
ing drum, caleulated from the known lags, is 1.03, and the effect 
of suddenly applied disturbances in liquor flow would be ob- 


STEAM PRESSURE 
DISTURBANCE 


AIR TEMP 
DISTURBANCE 


FEED FLOW 
DISTURBANCE 


1OOsecs 


<+—-AR HEATER 


Brock DiaGRAM oF Spray Drier; ALTERNATIVE ARRANGE- 


MENT 


bia. 5 


served with their potential value almost undiminished. The 
effeet of these disturbances is but little attenuated in the drum 
itself before being detected, while the potential correction applied 
by the controller has to traverse the large lags in the heater be- 
fore becoming effective. Obviously, the flow of liquor would 
have to be controlled closely in order to obtain good quality of 
control with this system; further, it would require capital and 
Many of the mate- 
rials which are processed in spray driers do not lend themselves 


maintenance expenditure on two controllers. 


well to flow control or positive injection, and the first system 
described is then the only one applicable, as experience has 
shown. 


AL TOMATIC Co 4 
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Description of System. In the example of the spray drier, the 
purpose was to illustrate the importance of the point of incidence 
of the disturbance, and of the reduction of amplitude of the dis- 
turbance which takes place in the plant before its effect is de- 
tected. In systems such as the spray drier, which can easily be 
reduced to detailed block diagrams, the points of incidence of 
known disturbances can easily be located, but this may be auch 
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more difficult in the case of indirect-contact heat exchangers, 
many types of which have distributed parameters. 
This performs 
solution by 


Such a heat exchanger is shown in Fig. 6. 

duty in preheating an aqueous 
steam to a desired value of temperature in the region of 110— 
120 C; the temperature is chosen according to the product re- 
quired, 


a critical 


The solution is pumped through the preheater into the 
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reactors. The quality of the product depends on the quality of © 
temperature control in the reactors, which in turn depends 
greatly on the temperature fluctuations at the preheater exit. 


The principal disturbances likely to affect this control system 
are known to be changes in load and variations in steam-supply 
pressure. The investigation was requested because of the poor 
quality of temperature control which was being obtained. 

Frequency-Response Analysis: Original System. The first 
analysis was carried out when the temperature-detecting element 
(inserted in the last preheater tube) was a sheathed vapor-pressure 
bulb. 
and the input was derived from the temperature controller. 
The analysis was carried out without difficulty. under normal 


The analyzer output was connected to the steam valve, 


operating conditions, although the periods of oscillation required 
were of the order of 8-15 min. 
quite low (5.0), which corresponded to a wide proportional band 
(75 deg) using all three control actions of a Type V controller. 
The predicted period of damped oscillation was 11 min. When 
this controller was put into action with the calculated settings, the 
expected period of oscillation and subsidence ratio were obtained, 
but the deviations were as much as +5 C, which did not 
satisfy the requirement for maximum deviation +1 C. It 
was suspected that the temperature-detecting element made a 
significant contribution to the over-all system response, and an 
independent test showed that the total lag of the element as- 
sembly, under equivalent heat-transfer conditions, was about 4 
min, and further that this total was composed of two unequal 
transfer lags. Without attempting to dissect the over-all re- 
sponse into its component equivalent lags, it was decided to in- 
stall a much faster temperature-detecting element and to investi- 
gate the plant more thoroughly after that had been done. The 
detecting element finally chosen was an iron-constantan thermo- 
couple welded into the top of a sheath cut down to !/j.-in. wall 
thickness, The time constant of the transfer lag of this assembly 
was sec. 

Frequency-Response Analysis: Modified System. 
analyses were carried out to elucidate the characteristics of the 
The first analysis was carried out from 


The controller gain required was 
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steam valve to exit temperature at normal load, and the results 
Correcting for the desired sub- 
sidence ratio, the controller gain required on proportional action 
is 60, which means a proportional band width of 3.0 C, since 
the potential values were 1 psi applied to valve equivalent to 
15 C. The predicted period was 54 sec. The performance 
achieved on a 50 per cent load change, Fig. 8, with a steady 
steam-supply pressure is shown in Fig. 9; the deviation is about 
0.6 ©, accompanied by an offset of the same order of magni- 


are shown in Fig. 7, curves A. 
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Integral action was 
neither desired nor necessary under these conditions. If the 
steam valve had remained in the original position while the load 
change was applied, the exit temperature would have dropped 
37 C. The deviation reduction factor is therefore about 60. 

A further analysis was carried out by oscillating the steam valve 
and detecting the temperature at a tube further toward the inlet, 
(the 22nd) to discover the effect of tube length on the frequency 
response. The attenuation was not significantly different at any 
period, but the phase lag was appreciably less (Fig. 7, curve B). 

Cascade-Control System. Up to this point, the effect of load 
disturbances only had been considered. It was known, of course, 
that the steam-supply pressure was liable to fluctuate widely; 
the effect of the maximum probable pressure fluctuation on the 
output temperature, when on control, was measured. The maxi- 
The merits of cascade control there- 


tude, since integral action was not used. 


mum deviation was 3 C, 
fore were investigated; the obvious method was to arrange the 
output of the temperature controller to reset the desired value 
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pointer of an instrument which measured and controlled the 
steam pressure in the jacket. 

To investigate this possibility, the analyzer output was con- 
nected to the steam valve as before, and the analyzer input was 
derived from a steam-pressure transmitter, The data are shown 
in Fig. 10, curves A. In this range of periods, the contribution of © 
valve motor and pressure detecting element to the frequency re- , 
sponse is negligible. 
duced from the limiting value, which caused continuous oscilla- 
tions of the pressure control loop, to 20, so that the pressure would | 
follow a sudden pointer movement without overshooting. Pro- 
portional control action was used, 

The precise effect of introducing this cascaded loop into the 
temperature-control system was evaluated by drawing up a@ series 
of veetor diagrams for a number of selected periods of oscillation, 
The example in Fig. 11 refers to a period of 30 sec, The vectors 
are 0, pressure controller output (potential 
correction); 
controller output (potential correction) applied to index pointer 


deviation; 4, 
measured steam pressure; 4, temperature 
of pressure controller, 

The ratio 6,/0, equals the gain of the pressure controller, and 
6./0; is the attenuation in that part of the plant involved in the 
pressure control loop. The vector diagram is constructed by 
drawing 6, of unit length and calculating the length of @,. The 
angle @ is that which was measured in the steam-valve/steam- 
6, is the vector difference between deviation 
and measured variable, The difference between the angles @ and 
B is the phase angle to be subtracted from the over-all phase lag 
(steam valve/liquor temperature) previously determined; and 
the ratio 0/0, is divided into the attenuation of the over-all 
system to find the frequency-response diagram relative to the 
The latter is shown in Fig. 10, curves 


pressure analysis. 


temperature controller 
B. This predicts a period of oscillation reduced from 54 to 39 


The gain of the pressure controller was re- 
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sec; the proportional band width required in the temperature 
controller depends on pressure-controller range, reset-mechanism 
range, the potential values of the plant, and the pressure-controller 
It worked out at 4C 


The practical value of the caseade control system was found to 


gain, 
be considerable, Sustained disturbances in steam-supply pres- 
sure were reduced by the fast-acting pressure controller to short- 
duration impulses in steam-jacket pressure, before the liquor 
temperature was affeeted and the temperature controller came 
into action, The liquor temperature is now kept within the re- 
quired limits at all times and, as a result of the shortened period, 
the effect of liquor-flow variations on the outlet temperature is 
less than it was when the simple control loop was used. 

This method of assessing cascade control systems may appear 
to be rather ponderous, compared with the usual method of set- 
ting up the system and observing results, but it can be claimed 
to have very useful application in design work when the char- 
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acteristics of the system are known from experience or calculation. 

Controllahility of Steam-Heated Heat Exchangers. It is perti- 
nent to consider how far the practical data obtained in these ex- 
periments are in accord with theoretical calculations, and how use- 
ful these may be in predicting the performance of similar types 
of heat exchangers in the future. 

A method is given in the Appendix for calculating the fre- 
queney response of the heat exchanger, which follows the work 
of Profos and Takahashi, and for which the author is indebted 
to a colleague (14). It is based on the simplifying assumptions 
that the tube-wall thermal capacity is negligible compared with 
the thermal capacity of the liquor in the tube, that the steam 
pressure is at all times equivalent to the saturated-steam tem- 
perature, and that the thermal capacity of the jscket wall is 
negligible compared with the effective thermal capacity of the 
steam and water. 

It. is further assumed that the conductances inside and outside 
the tube are the same for every tube. 

The caleulated frequency response was identical for tempera- 
tures at the 22nd tube and liquor exit. Individual measured 
values for the 22nd tube agreed with the ecaleulated curve to 
within + 10 deg phase and + 30 per cent in attenuation over 
the limited range of periods considered (after subtracting the re- 
The 


measured phase lag for exit temperature is greater than the cal- 


sponse of the detecting element from the measured values ) 


culated, by an amount which could be attributed to a distance- 
velocity lag of about 4 see, but the measured attenuation agreed 
with ealeulated values within + 30 per cent. 

The cause of this extra phase lag is thought to be the initial 
superheat of the steam when it is let down through the control 
valve, and where it impinges at various points on the last tubes 
under normal conditions, 
which would be sufficient to create unwetted segments on the 
last few tubes (to which heat transfer from steam would be very 
low) and thus cause the effect of a distance-velocity lag to ap- 


The superheat amounts to 20 © 


pear in the control loop. 

The heat exchanger was, in the usual sense, overdesigned, as 
the temperature difference at the liquor outlet was quite small. 
From the point of view of automatic control, however, this over- 
design is not a disadvantage. It has been found in experiments 
on smaller-seale heat exchangers of this type (i.e., isothermal 
on the supply side) that for a constant supply-side capacity the 
factor for both and inlet- 
temperature disturbances increases with increasing tube length. 
At one limit, as the tube length tends to zero, the deviation- 
reduction factor tends toward unity, for the effeet of the dis- 


deviation reduction demand-flow 


turbance passes out of the plant before its initial amplitude can 
be reduced. At the other limit, as the tubes become longer and 
the final temperature difference tends to zero, the deviation re- 
duction factor for flow disturbances tends toward a limiting 
value, although the factor for temperature disturbances seems 
to increase indefinitely with tube length. 

In this type of plant, the conventional block diagram with 
blocks labeled “supply side’? and “demand side’’ 
factory representation, because the path followed by demand- 
fluid disturbances through the plant is not coincident with the 
path followed by potential correction, although closely related 
to it. 
about 60 for a demand-flow step disturbance; the calculated at- 


is not a satis- 


In this plant a measured deviation reduction factor was 


tenuation at the operating period of 54 see is 44 (see Appendix 
This method of estimation, although it cannot be claimed to be 
accurate, gives results of the right order of magnitude as a basis 
for exact calculations, but obviously there is a need for methods 
which are more exact and preferably no more complicated than 
the one used here. 
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CONCLUSION 


The author has attempted to show, by describing two examples 
taken from practical experience of frequency-response methods, 
the value of these methods in the examination of process-control 
problems. 
systematic collection and publication of frequency-response data, 


Numerous authors of papers have advocated the 


and it is hoped that the exposition of the two plant investigations 
in this paper, however fragmentary and incomplete the data may 
be, will encourage further practical work and interpretation 
It ean be claimed that the plant 
data obtained by the frequeney-response method are very easy 


of data taken from actual plants. 


to manipulate, and that the practical technique is now firmly 
established and applicable without difficulty. 

Three procedures are commonly used in the design of process- 
control systems to give adequate controllability. They are the 
investigation of the following: 


(a) Alternative routes or paths for the potential correction to 
follow, in its progress through the plant. 

(b) Or the application of individual control loops to every 
source of disturbance before these ean enter the principal control 
loop. 

(c) Or the adjustment of the plant design itself 


It is considered that procedure (c) has not been as fully ex- 
ploited as it deserves, 

The developments of improved methods for the calculation of 
controllability, and the correlation of these calculations with 
practical results, will in time enable process-control-system de- 
signers to predict the performance of these systems with an ac- 
curacy much higher than can now be attained. In a more posi- 
tive sense, the system designer eventually will be able to influence 
the design of the plant itself so as to take the fullest advantage of 
the potentialities of automatic control 
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Appendix 


TERMINOLOGY 
The following terms used in the text are not defined in British 
Standard 1525: 1049. 


these terms will possibly be 


This Standard is now under revision, and — 
the revised edition. 
They are presented in the order in which they occur in the text, 
Amplitude Ratio. a signal that must be 
applied to the regulating unit to give rise to a measured oscilla- v1. 


included in 
The amplitude of 


tion of unit amplitude at any particular period. This may be — 
expressed in any convenient units (e.g., psi/deg C) 
The amplitude of potential value that must be 


applied to the plant to give rise to a measured oscillation of unit 


Attenuation 
amplitude at any particular period, (‘This is dimensionless 
Subsidence Ratio. The ratio of the amplitudes of the first two 
direction) from the meai about which the oscillation is taking 
place 

Operating Period, The period of any oscillations of the con-— 
trolled condition at which the system operates, following a dis 
turbance. 

Controller Gain. The amplitude of the potential correetion 
that the controller applies to the process per unit amplitude of : 
deviation measured at any particular period (dimensionless ) 

Nominal Action Times. The values of derivative action time _ 
and integral action time corresponding to the time constants 
of the instrument, and which manifest themselves when either — 
integral or derivative action (but not both) is used with propor- 
tional action. 

Proportional Control Factor. Present definition 2505 may be 
amended to read, “That part of the controller gain due to pro- 
portional control action only.” 

Interaction Factors, The factors which relate any parameter in 
the transfer function of a controller to the nominal values of ae- 
tion times and proportional band 

Disturbance. Any condition or alteration of condition im- 
posed on the system which tends to affeet the value of the eon- 
trolled condition 

Deviation Reduction Factor. The factor by which the ampli 
tude of measured deviation is less than the amplitude of poten- 
tial deviation applied, due to the operation of the controller 
(This factor depends on the form and point of occurrence of the 
disturbance which gives rise to the potential deviation. ) 


CORRECTION OF FREQUENCY RESPONSE FOR SUBSIDING 
OSCILLATIONS 


A method of correcting the frequency-response characteristic 
of a plant, in order to ascertain the controller settings for sub- 
siding oscillations, has been derived from fundamental consider- — 
ations (13) 
ratio. 


The method can be used for any desired subsidence 
For very many cases of automatic process control a sub 
A simple practical method 
ix to measure the slope of the attenuation and phase curves with 


sidence ratio of e: 1 is satisfactory. 


a protractor and then make the corrections according to Table 1 
The correction to the phase curve is always positive, and the 
correction to the attenuation curve always negative. 
The values given in this table apply to the standard graph 
paper which is in use in L.C.1,, Ltd., and has the following seales: 
Log period: lecyecle = 3 in, 


Log attenuation: 1 cycle = 3 in 
Phase lag: 40 deg = 1 in. ¥? 
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PHASE AND ATTENUATION CORRECTIONS 


Slope of attenuation 


Phase correction, deg 
Slope of phase curve, 
deg 10 20 
Attenuation correction, 


in 0 0% ~ 0.07 


CALCULATION OF Frequency Response or Heat 
The theoretical analysis has been based on the following equa- 


tions 


e+ marie ” ou ow 


ane 
= qh 4 f 
0 


Ar, t) = fluid temperature, deg C 
o(t) = steam temperature in jacket, deg C - 
fluid velocity, em /see 
q(t) steam flow, kg/em 
C' = equivalent heat capacity of steam space, cal/deg C 
latent heat of steam, cal/kg 
= over-all heat-transfer coefficient, cal/em? deg C 
= total tube length, em 


where 


‘= tube circumference, em 
= heat capacity of fluid flow per unit length, cal/deg C em 
= distance along tube, em 
time, sec 


Mquation [1] is the partial differential equation, given by Profos 
(6), expressing the heat exchange between a flow and a solid sur- 
face, and Equation [2] is a natural development from this. The 
derivation of these equations is based on considerations of heat 
balance, and the reader is referred to Profos for further details. 
However, the following basic assumptions which have been made 
should be noted: 


| Heat flow in the region consisting of the tube and fluid con- 
tent takes place in the radial direction only, except for trans- 
port; ie, there is no heat flow by conduction in the direction of 
the axis of the tube, either within the fluid or in the tube wall 
itself 

2 The fluid temperature @ is isothermal over any cross sec- 
tion of the flow. 

3 The steam temperature @ is uniform throughout the 

{1 The rate of increase of steam temperature, ignoring any 
heat losses, is equal to the latent-heat input divided by the equiva- 
lent heat capacity of the jacket contents. Sensible heat is 
neglected, 

5 All solid heat capacities are neglected. 

§ System parameters are constant, including the heat-transfer 
coefficient a, and in the first instance, the fluid velocity v. 


7 There are no heat losses 


In view of the nature of the assumptions made, particularly 
3, 4, and 6, the analysis must at the best be considered as only 
giving a rough guide to the behavior of the system, It is possible 
to take into account the effects of the solid heat capacities (in the 
tube wall, and so on), but the refinement is probably not justified 
in this particular case; the uncertainties in the assumptions 
made concerning the distribution of steam temperature and its 
dependence on steam flow will still cast considerable doubt on the 


aecuracy of the results. However, until such time as these mat- 


curve, deg 10 30 


11 - 016 


40 —50 60 >. 
s ll 16 
—40 —50 — 60 


— 0.20 — 0.33 —052 —106 

ters have been investigated fully, the following type of analysis 
should indicate the nature and order of magnitude of the effects 
to be observed: 

Response to Oscillations in Steam Flow. YV.quations [1] and [2] 
may be rewritten in more convenient form in the following man- 
ner: 

Put 
y=z/l 
= aUl/wo 


} 


dimensionless 


- L 


The equations become 


oT oy 


-v+f - 
0 


> 

» dd 
dT 

From these two equations, @ may be eliminated, and the fol- 

lowing response in @ corresponding to a sinusoidal oscillation in 


alo 


steam flow may be derived: 
Ay, T) = a; (a, + (L-—e~"%e (real part) .. [5] 


where 
§ dimensionless frequency = wl/v 
frequency of oscillation of steam flow 
/ = 
and 


= (a, + JQ)? (ay + GQ) - 
+ 


aala, + 72) 


To caleulate the response in @ at any point along the tube, nu- 

merical values for a;, a2, and y are inserted, and the attenuation 

and phase lag calculated for a range of frequency Q, by determin- 

ing the modulus and argument of the frequency Function [5]. 
Taking the following values: : 


v = 17.2 cm/sec 
C = 2 X eal/deg C 
= 0.0246 cal/em deg C se 
= 5500 cm 
= 12.3 cm 
= 12.1 cal/em deg C 
= 1 = 5500 cm. 
that is 


> = 26.6 


8.0 


l 
the following values for attenuation and phase lag were caleu- 


lated: 


! 
— 
od and 
af 
4a! 
J 
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of oscillation, see 2% 31.4 
O4 
175 


151 


12.5 
160 
394 
168 


Aten 
Phs ase lag, deg 


which becomes unity at infinite period, Q = 0.) 
Response to Oscillations in Fluid Velocity. 
fluid velocity + 


For changes in 
However, a 
simple approximate solution ean be obtained if only small changes 
Put 


a 
' The attenuation given here is the dimensionless attenuation 
Equation [1] becomes nonlinear. 


in v are considered 


v(t) 
t) 


vo + 
O(x) — t) 
po 

q qo 


where ro is the steady velocity about which small variations y; are 
taking place, and @,, @ are corresponding small fluctuations in 
temperature about means 4) and @p. 


to be held constant at the steady value qo. 


The steam flow is supposed 


Substituting the expressions given by 
quations [1 and [2] gives 
14, 


+ (ry + ry 


dx 


Equations [7] into 


of, 
or 


‘and 


| 
= gol. al (0, — dy + Ode... 
0 


Hquating quantities of like order in Equations [8] and [9], and 


ignoring the second-order product v;(00,/Or) gives rise to the 


equations 


+ 


- 


and 


L 4 fi al (A 
0 
Equations [12] and [13] represent the steady-state heat bal- 
ance, from which an expression for (d@))/(dz) may be derived for 
substitution in Equation [10]. Again, the equations may be 


made nondimensional 


= 

o7 dy 


gi dy 
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where 


r/l 

tro l 

al l/wre 

r = v,/vo 


De 
= gill. /Cuy deg C 


dimensionless 


and 


and by initio ¢; from Equations [14] and [15], the response 
in 0, to oscillations in vy, (that is, 7) may be derived 


Wo 


(a, + jQ) (az + JQ) (1 


as, 


all 


whe re ®(GQ) and Q are as in (A). 
to = 17.2 cm/sec, the following values of attenuation and phase 
lag were calculated: 

Period of oscillation, sec 62.8 

Atte *nuation A. 36 7 

Phase lag, deg 03 


(Again A is the dimensionless attenuation which becomes unity _ 
at infinite period. ) 


Discussion 


PS. Buck.ey.' 
the growing number of process-control studies which have been 
Like 
many of its recent predecessors, it is based on what is known as 
the “frequeney-response”’ 
taken 
practical process-control engineer who is confronted with prob- 


This paper represents a valuable addition to 
appearing in the technical literature in the past few years, 
method of analysis. ‘The point of view 
by the author is not that of a theorist, but rather that of a | 
lems in an existing chemical plant. 

Of the two examples chosen by the author, one, the automatic — 
control of a heat exchanger, is of very broad interest as it is a fre-— 
quently encountered problem in chemical and petroleum plants. | 
The approach taken is partly empirical, partly theoretical. The - 
of the 
results partially by theory, 


process and instrumentation experimentally, 
and calculated necessary controller 
settings to give desired controllability 


to work out st: ee ons ition 


J. M. L In his introduction the author states that 


one of the main purposes of dynamic plant analysis is the ac- 


JANSSEN. 


curate prediction of control-system performance at the design — 
I wonder how far that can go. As the author has empha- | 
form, 
ances is at least as important as that on the over-all characteris-_ 
Although the step disturbance is very popular a 
for characterizing control-system performance, actual disturb- ‘ 
Fig. 3, for instance, gives — 
a pattern of deviations that does not appear to be caused by iso-— 

The accurate prediction would require 
a priori knowledge of the actual disturbances, and without that I 


stage. 
and location of disturb- 


sized, information on magnitude, 
ties of the plant. 


ances may be somewhat different. 


lated step disturbances 


* Engineer, bE. I. du Pont de Nemours & Co., Orange, Texas, 
* Research Engineer Royal-Dutch/Shell-Laboratory 
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must confess I am rather pessimistic as to the possibility of a 
really accurate prediction. Perhaps the difficulty lies in the 
terminology, and I should ask what is meant here by the term 
“aecurate.”’ 

Misewhere in the paper the author deals with the difficulty of 
the path followed by the potential correction being different from 
the one followed by the demand disturbances. Out of many 
alternatives the block diagram in Fig. 12 of this discussion 
may be suggested for those cases oo 7 


DISTURBANCE 


ROLLER<—_—! 


Pig 120 Broek Diagram ror Heat Excuancer 

For the example of the heat exchanger, G, represents the 
transfer function of the heat exchanger for potential corrections. 
The product G,G, represents the transfer function for demand 
disturbances. Both can be measured or perhaps be calculated. 
If G, and the product G\G, are known, then G, is easily found. 
Block G, has no physical reality but for the purpose of analysis 
that does not matter 

G, modifies the shape of the disturbances and when G, is ap- 
proximately equal to unity over a sufficiently wide frequency 
range, then block G, can be omitted and the deviation reduction 
But if, for in- 
stance, the response of the heat exchanger to demand changes 


factor can be calculated along the regular lines. 


is much slower than to changes in valve position, then Gy, is a 
block with time lags and the deviation reduction factor must be 
expected to have a higher value. This was probably the case in 
the author’s example 
matter whether or not the system has distributed parameters. 


In so far as T can see, it does not really 


A similar difference in path can exist in a system with lumped 
parameters 

G. Hotzmann.® Control engineers are well aware that proe- 
ess-control loops, in general, are a class of regulating systems 
rather than of servomechanisms. The author illustrates the dis- 
tinction by stressing the fact that the proper measure for quality 
of control in a chemical plant is the ability of the control system 
to reduce the effeets of disturbances. He rightly emphasizes 
the influence of the location of the disturbances in the loop. 

One would like to add that, where possible, the time pattern 
of the disturbances should be taken into account tapid, but 
stall, fluetuations of the controlled quality often can be tolerated 
although they may spoil the appearance of a control record. 
Sometimes good plant operation requires that the controlled re- 
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sponse in one control loop be slowed down deliberately in order to 
minimize undesirable effects on some other part of the process. 
These effects may be due to variations in mass or energy flow dic- 
tated by the sensitive control action of a control loop adjusted for 
Where control is effected through 
the set point of a controller, as, for example, in a cascade system, 
high speed of response is undoubtedly desirable. But in the 
majority of applications the set point is held constant. It would 
seem that in many such cases tuning to a subsidence ratio of é is 


maximum speed of response. 


unnecessary and possibly undesirable. 

The author’s mastery of the techniques of analysis employed in 
his paper tends to obscure the over-all pattern of the analysis. 
four major steps are involved, viz.: 


1 Determination of frequency response of plant. 

2) Modification for chosen subsidence ratio. 
” 3 Calculation of controller phase angle for chosen ratios of 
integral and derivative action times to operating period. 

4 Determination of operating period and of the corresponding 
plant attenuation. 


The analysis insures that the system is stable, with a certain 
amount of damping, and gives (a) the required proportional 
band, and (4) the period of damped oscillation of the control loop. 

Comparing the procedure with the more familiar approach 
based on the phase-margin criterion, one sees that essentially the 
same results may be obtained, but that the second step, that of 
modifying the frequency-response curves, is saved. Perhaps 
more significant than the saving in labor is the perspicuity of the 
phase-margin approach which permits one not only to obtain the 
answer for a single predetermined mode of operation, but also to 
get an insight into the behavior under nonideal conditions of 
controller adjustment. 


AuTHoR’s CLOSURE 


The author, like Mr. Buckley, has been struck by the differ- 
ences between European and American terminology. It is cer- 
tainly hoped that a larger area of agreement between rival termi- 
nologies can be reached in the near future, and that the present 
anomalous position, in which there are different terms in the same 
language for the same basic concepts, will be rectified. 

The graphical representation used in this paper is indicative 
only of the practice in the author’s company and is not to be 
taken as representative of the European practice as a whole; — if 
terminology could be unified the interpretation of graphs would 
present little difficulty. 

It. is the case, as Mr. Janssen points out, that prediction of sys- 
tem performance requires a priori knowledge of the pattern of 
the actual disturbances, as well as their points of entry. The ac- 
euracy of prediction will be no greater than the accuracy with 
which disturbance patterns are known. In existing plant, it is 
sometimes possible to measure disturbances at their points of 
entry: this was the case in the second example chosen by the 
author, but not in the first. If a system is at the design stage, 
disturbance patterns must be estimated either from knowledge of 
the operation of the plant or from previous experience on similar 
plants; the assumption of step disturbances in every case can lead 
to very conservative design. There is no doubt that much re- 
mains to be done in the S\ stematie collection and analysis of dis- 
turbance patterns and their correlation with system performance, 

Block-diagram systems, such as Mr. Janssen suggests, are help- 
ful abstractions provided that the use of them does not induce 
the unwary to aseribe the blocks to particular seetions of the 
physical plant 

Adjustment of the controller to give a subsidence ratio of e:1 
(corresponding to a maximum value of deviation ratio of about 
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3) was not suggested by the author as being the optimum condi- 
tion in every application; it is better regarded as a limiting condi- 
tion which may have to be modified in some cases by such practi- 
cal considerations as Mr. Holzmann suggests with much less labor than it may appear. 
The approach to controller adjustment based on phase-mar- The author is indebted to Dr. R. Oldenburger for the invitation 


gin, and similar techniques, does allow a deeper insight into con- to contribute to the Symposium, and to his head of department, 
trol-system behavior than the complementary approach used by = Mr. A. J. Young, without whose leadership this work would not 
the author in this paper, but if the objective is limited to the ad- have been possible. 
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This paper describes principles worked out for the de- 
sign of frequency-power regulation in a power system. 
The method of analysis is based upon general ideas of 
frequency-response methods and offers new possibilities 
for evaluating the regulation properties of power stations. 
It is aimed to give efficient regulation with the least pos- 
sible effort. This is attained by matching the feedback 
data for the governors to the characteristics of the ma- 
chines and the actual disturbances in the network. This 
method has been worked out for the Swedish power system. 
The power system is described briefly, the characteristics 
of the elements in the regulation loop are given, and the 
measurements of the frequency-response curve of the 
power system are reviewed. 


NOMENCLATURE 


Phe following nomenclature is used in the paper: 


Time Variables. The following quantities refer to sinusoidal 
variations superimposed on the mean value. They are vector 
quantities but since they are not used with any other significance 
in this paper the vector signs are omitted: 


a’ = position of auxiliary servomotor : 


a = relative gate opening 

f = frequency of power syste po 

Py = turbine output oo 

= power disturbance 
P, = residual disturbance (after regulation ) 

a Transfer Functions. These are complex, frequency-dependent 

functions relating the vector expressions for the time variables: 


= power 


F = transfer function for element in regulation system 
IF, = absolute value of F 


¢ = phase angle of F - 
®, = transfer function for open-loop with damping - 
x ®, = transfer function for open-loop without damping , 
Other Quantities: 
= mean gate opening 
= time constant of regulator 
T, = starting time of water 
= time constant of stabilizing feedback 
6, = permanent speed droop Jet Som 
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Frequency-Response Methods Applied to 
- Study of Turbine Regulation 1 in the 
Swedish Power Sv stem 


By V. OJA,' NEW YORK, 


N. Y. 


6, transient speed droop 

n, = regulation efficiency 

B, = relative regulating effort 

w = angular frequency of disturbance 

p = rigidity of network, mw//cycles/sec 
Swepisn NerTwork 


The whole of Sweden is covered by a jointly operated network, 
ite geographical extent being some 900 miles North to South and 
300 miles East to West. The generating capacity of the system 
3500 (1949). Water power predominates pro-_ 
ducing 07 to 9S per cent of the total energy during normal years 
About 85 per cent of the hydroelectric power is generated in the 
northern half of the country, 


Is Some mw 


where there is only one sixth of the 
~ population, while the greatest consumer centers are located in the 

South. The power is transmitted by a system of 380 and 220- 
kv lines forming the backbone of the network, 


as shown in hig 1. 


hie. |) Scuematric View or Swepisnu 


Wirn Principat 


380 220-Kyv Networe 
Power STATIONS 


The consumption can be divided roughly into 65 per cent in- 
dustry, 25 per cent domestic, and 10 per cent railroad load. 
The planning of frequency-power regulation is effected in 


Sweden by the State Power Board. With the given configuration 
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of the network, the following scheme is under development (1): 

One large plant, the master station, with an adequate water 
reserve, is assigned to take care of big and slow load variations 
It operates astatically (flat frequency control) with very heavy 
damping. The response thus being slowed down, it is possible 
to operate the correct number of units in this station, maintain- 
ing good over-all efficiency and limiting wear. 

Numerous supporting stations are assigned to operate with 
speed droop and low damping. The speed droop in these sta- 
tions should be combined against the output power, the water 
flow or its mean value, water level, steam pressure in’ thermal 
power plants or other quantities according to local conditions. 
These stations should take care of rapid load variations, working 
within a narrow band around their designated operating point. 

As this scheme calls for great flexibility of the governors in 
order to combine different quantities in different proportions and 
permit a flexible damping adjustment, a brief description of the 
more recently designer! governor will be given before a general 
analysis is undertaken 


(JOVERNOR OPERATION 


In all recently erected stations of the network, electrically 
operated turbine governors are used (2, 6). 
The mode of operation is described briefly with reference to 


Fig. 2. The electron-tube regulator A is designed to analyze, 


control mechanism; ©, main servo- 
auxiliary a-c generator 


regulator B, 
1), gate mechanism; E, 


A, Electronic valve 
motor, 


Scnematic Diagram or Tornine 


(JOVERNOR 


Fic. 2 


combine, and to some extent amplify the control quantities and 
to convert them to direct current. The frequency sensitivity is ob- 
tained by the use of a tuned LC circuit Al. Several circuits A2 
are used for the different quantities Y employed for regulation, 
An RC cireuit AS provides adequate damping. The proportions 
of these different quantities ean be adjusted readily by means of 
simple electrical rheostats at the control desk. The output 
current of the regulator actuates the coil in the electrohydraulic 
control unit B, which converts the signals from electric current 
to mechanical movement. The functions of the main servo C, 
the gate mechanism D, and the auxiliary generator [are self- 


explanatory 
CLosep-Loop SysteM 


Assuming that only one machine in the network is regulating, the 
actuation of the governor being by the frequency and the gate 
opening only, the block diagram in Fig. 3 can be computed. A 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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loed 


hic. 4 Scnematic Prerortat View or REGULATING SysTeM 
schematic view of the regulating system is shown in Fig. 4. 

The first link in Fig. 3 describes the electrohydraulie turbine 
F, being the transfer function of the regulator, com- 
bining frequency deviation f with the mechanical output a’, can 
be expressed by 


governor. 


[2] 


The output of this link, for reasons of convenience, has been 
expressed in terms of frequency deviation. 

The transient speed droop or damping circuit is characterized 
by 


T, being the time constant of the RC circuit, 

The link F represents the properties of the main servomotors 
as well as the turbine itself under normal water pressure (3). 
Thus @ represents an equivalent gate opening which is propor- 
This 


function in some cases can be expressed by analytical relation- 


tional to the turbine power P;, at normal water pressure. 


ship or can be evaluated point by point. 
The influence of the water inertia /’; for moderate heads and 
small deviations from a mean value, can be expressed by 


jw 


1 + jw 0.5 a, 


where T» = starting time of water, and @, = mean value of gate 
opening. 
The quantity P thus is the real power output of the machine. 
The last link F’,, represents the power system, 7 
PRANSFER FUNCTION OF THE NETWORK —_ 


This function (4) is defined as the relationship between the 
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variations of the supply frequency f when the input power P to the 
system is varied. In order to obtain information about this rela- 
tionship the transfer function actually was measured. During 
these measurements, the governors of all the turbines in the net- 
work were locked firmly and the frequency was held by manual 
regulation. 
sinusoidally at different frequencies. 


The output of one 50-mw machine was then varied 
The resulting frequency 
variations were measured and compared as to amplitude and 
phase to the varied input power in a specially designed measuring 
In order to separate the foreed variations from the much 
greater random variations of the frequency, resulting from nor- 


circuit 


mal load disturbances, the measured quantities were multiplied 
by a sinus function with a frequency of the foreed power varia- 
The results of this multiplication were integrated over a 
, thus eliminating the effect 


tions. 

sufficiently long time (up to 10 min 
_ of the random variations, 

The results are shown as Nyquist plots in Figs. 5(a, b, ¢) for 


different load conditions in the network at different times of the 
day. 
equation 


In the same figures a curve is drawn corresponding to 


lia. 5) Nyquist Curves or Network in Cyc ies Per Sec /Mw 


(a, Sunday, noon to 3 pm; 6, weekday, midnight to 4 am; 
10 am to 11 am.) 


c, weekday 
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F, = 
p 


equation [5] gives fairly good values at lower frequencies, The 
discrepancy at higher frequencies is mainly because of the react- 
ances in the transformers and the high-voltage lines at the point 
of measurement However, as the gain is low at these higher 
frequencies, the simple expression ean be used for preliminary 


analysis at all significant parts of the network 
Merion or ANALYsts 


Having thus defined all the elements in the closed-loop system 
a method of analysis now can be worked out giving the data 
needed to make the units in the different stations work according 
to the preseribed scheme. 

Following the general idea of frequeney-response analysis, the 
disturbance is assumed to be a sine wave. Knowing the trans 
fer functions of the elements, the response of the whole systein 
can be computed readily. On the other hand, as the regulation 
is connected with wear and sometimes with eflicieney drop, the 
analysis should serve to indicate a way of using given machines 
for regulation in an advantageous and economical manner 

On the basis of these concepts, the regulation will be charac- 
terized by two quantities, the efficiency of the regulation and the 
associated regulating effort. 

The efficiency is defined as the ratio of the reduction in the 
amplitude of the disturbance to the original amplitude of the dis- 
turbance, ie., as the actual improvement obtained expressed as 


aratio. Fig. 6 shows a turbine with its governor and servos hav- 


Po f 


bic.6 Broek Diagram 
One Reaunating 


ing an over-all transfer function fp, connected toa network F,,. 
The obvious relation 


= P, Py 
isobtamed, and the actual improvement is 


P, P, 


According to definition, the regulating effierency is 


«mat « 
By insertion of the transfer funetion of the open loop 
Py 
ny 
= ] - 


isobtained, 
It ix thus possible to derive a curve 9, (w) which shows the effi- 
ciency of the arrangement with a sinusoidal disturbance of differ- 


ent frequencies w. The regulation efficiency becomes 


on, = Lif entire disturbance is eliminated 


~~ ie 0 if amplitude of disturbance is unchanged 
0 if regulation increases disturbance 


\ 
| 
(a 
| 
> = 
if 
= 


The two latter cases obtain if the turbine power Py is out of 
phase in relation to the disturbance 

The second characteristic is the regulating effort which must 
be expended to obtain the regulation efficiency derived in the 
foregoing. ‘The regulating effort is defined as the ratio of the 
absolute values of the change in gate opening and the amplitude 
of the disturbance. In Fig. 6 the change in gate opening is ex- 
pressed as the static power Py,. 

Aceording to the definition, the regulating effort is obtained 

Pr, 


B, 

If substitution is made of the transfer function for the water 

pressure and the open-loop transfer function is introduced, the 
following equation is obtained 


It is thus possible to derive a curve B, (w) which gives the 
amplitude of the gate movement under a sinusoidal disturbance 
of unit amplitude. 

An example will help to show the application of these quanti- 
ties. The machine used in the ealceulation is a 50-mw Kaplan 
turbine with a head of about 100 ft which has been investigated 
experimentally, The water-starting time is 7, = 1.5 sec, and the 
loud on the network corresponds to that of the Sunday curve. 


EVALUATION OF FEEDBACK CONSTANTS 


We will assume that only one machine is regulating and, re- 
ferring to Fig. 3, that the connection F, is opened and astatic 


regulation is obtained, The transfer function of the main branch 


without feedback Fx then willbe 
Fi Pa Py 
becoming with the damping feedback Fi. connected 


DP, 
Fi Fea 


Pp, = 


where, with reference to Equations [1] and [3] 


6,7, 


F, Pa 
JWT, 


T 1 


In these equations, all the quantities are known except the 


Efficiency ond Effort 


Frequency w rod /sec. 
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damping constants 6, and 7,. We will assume values for these 

constants taken from an actua! test, giving fairly good but “‘lively”’ 
regulation. We take 6, = 1 per cent and rT, = 6.5 sec. 

The frequeney-response curve of the open loop ®, then is de- 

With this curve as a basis, curves for efficiency and regu- 

Results 


fined. 
lating effort are derived using Equations [Sa] and [10). 
are shown as curves | in Fig. 7. 

It will be noted that the regulation efficiency becomes negative 
for w > 0.17, i.e., for a disturbance-frequency of about 1.7 cycles 
per min and reaches «a value of approximately —1 for w = 0.3 
while the regulation effort is still high. 

According to the scheme described, the astatically regulated 
master station should be damped quite heavily. A method will be 
described which gives the damping constants starting from some 
predetermined conditions for the efficiency curve 9, (@). As 
an example, the simple condition of fixing the minimum value of 
the efficiency to —0.2 will be treated. This means according to 


Equation [8a| 


and thus 
il + ?, > O83 

Further calculation is made graphically and is shown in Fig. 8 
The ®, curve with feedback, according to Equation [14a], must 
l at adistance not less than 0.83 and thus must lie 
outside a circle having as its center the point —1 and radius 
0.83; the ®, curve being obtained from the Equation [12]. 

At any point on the known &-curve, for example, w; = 0.2, it is 
possible to define certain conditions which the function 1 + F; F.. 
must fulfill at this frequency. If the vector 1 + F, Fa atw = 0.2 
has a phase angle of 0 deg then the vector ®, will have the same 
angle as Py (in this case 168 deg) and an amplitude which is de- 
cided by the absolute value of 1 + F, FP. In order that the cor- 
responding point on the ®,-curve shall not appear within the 
circle drawn, the absolute value of 1 + F, F.. may not lie between 
1.34 and 13.4; these limits are obtained from the ratios AO/BO 
and 4O/CO. Uf, instead, the veetor1 + F, = 0.2 hasan 
angle of, say, 40 deg, the amplitude may not lie within an area 
limited in one direction by 6.2 (AO/EO). In this way the points 
B’, C’, and #’ are obtained through which a circle may be con- 
structed to encompass those values which the function 1 + F; Fa 
0.2 if it is to fulfill the original 


pass the point 


may not assume at a frequency @ = 
requirements as specified. 
It can be shown easily that the diameter of the circle thus ob- 


tamed is 


where Y radius of the original circle (0.83 in this case). 
The center of this circle lies on the prolongation of OA at a 


distance from the origin equal to ‘ 


AO D 


FO 


oo’ {16} 


This example construction for w = 0.2 is repeated for a number 
of frequencies to give a hos of circles with different frequency 
designations. The feedback function 1 + F; Fs should be chosen 
so that the point for a frequency w, shall lie outside its corre- 
sponding circle. In the present case the feedback function 1 +- 
’, F.. is represented according to Equation [13], by a semicircie 


1 & 
| 
vl 
a 
= 
| 
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©, by the point +1. 
The radius of the semicircle is chosen in such a way that it is the 
smallest possible which will comply with the requirements men- 
tioned. This semicircle in Fig. 8 should pass in the immediate 
vicinity of the point of intersection of the circles w = 0.25 and 
w = 0.2. 


with its center on the real axis and, for w = 


The actual semicircle has been drawn with some mar- 
gin of safety. The frequency scale for a point on the semicircle 
then is chosen, in this case for w = 0.25. The following is ob- 
tained for the function F; F.2 reckoned from the point +1 for 
w = 0.25 

F, = 63 
and 
¢ = 49.5 deg 


By substitution in Equation [13], 6, = 5 per cent and tT, = 4.7 
sec are obtained. 

The calculated ®,-curve obtained with this feedback is shown 
in Fig. 8. The corresponding efficiency curves together with 
curves of regulating effort are shown in Fig. 7 (curves 2). 

For the sake of comparison, a corresponding calculation has 
been made with even greater damping by taking 7, min = —-0.04 
asa starting point. The feedback constants obtained were 6, = 
16.5 per cent and tr, = 6 sec. The corresponding curves for 
n, and B, are shown in Fig. 7 (curves 3). 

In the preceding construction only the minimum value of 9, 
wus assumed. More complicated conditions may be given and 
the problem solved in a similar manner. 

A machine with permanent speed droop can be treated simi- 
larly by including the feedback F, in the first link F,. With 
reference to Fig. 3, the following relationship will then be ob- 


tained 


tm 
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a 
nu = 1+ F, Fa 


The open-loop characteristic becomes 
= Fy Fo Fe F, 


and when the transient speed droop is connected 


= 
where, referring to Equations [3] and [17] 


jw 


To ToT, 
1+jwi- + (yw)? 
jo? 


The corresponding curves for the efficiency and the regulating 
effort are shown in Fig. 9 for a permanent droop of 2 per cent 
and the following damping: Curves 1, 6, = 0; curves 2, 6, = 
3.2 percentand 7, = 10sec, 


Nerwork ReGutation 


In practice, several machines will share the regulation in the 
It will be 
realized that the open-loop transfer function will become 


network, as shown by the block diagram in Fig. 10. 


>, = F, + F, Fro + F, Pr t+... . ete 


the summation being vectorial 


Feeppack CONSTANTS 


ENCY-RESPONSE METHODS, TURBINE REGULATION, SWEDISH POWER SYSTEM 


21 


: 


1330 


TT 
HH 


~ 


Efficiency ond Ar 


Frequency w rod /sec 


Kericiency AND Errort ror One Macuine 


Having 2 Per Cent Permanent Speep Droop 


bic. 10) Buoek Diagram 
REGULATING 


MacuHines 


Fre 


The efliciency for the whole system may be computed as shown 


previously. Fig. 11 shows the result with a master station with 


two 50-mw machines and a supporting station with three ma- 
chines of the same kind. The feedback constants were, respec- 
tively 

6, = O per cent 


6 2 per cent 6, 


= 16 5 per cent T, = 6 sec 


1 25 percent 7, = 4 see 


It should be noted here that the master station, to conform with 
the original scheme, should have much heavier damping. 

It is also possible to calculate the contribution of each machine 
toward the total regulating effort. It follows from the block 
diagram in Fig. 12 that the frequency response of the open loop 
‘P,, for the solitary machine, with all the other machines in cir- 
eurt, 


Pon F Ir, 
Pe 14+ >,,—F,F 


The regulating effort being defined as the relationship between 
the static power (change in gate opening) and the disturbance, 
the following is obtained 


Ba = 


[23] 


r By evaluation of these equations, the curves n,, B,, (unit of a 


master station), and B,, (unit of a supporting station), as shown 
in Fig. 11, are obtained. 

These over-all curves have been obtained in this example by 
using only one kind of machine for all stations, It will be real- 
ized that the actual frequency range could have been covered more 
efficiently and with less regulating effort if stations with appro- 
priate characteristics were used for the different ranges of fre 
quency, "Thus steam-power stations could be used for quick dis- 
turbances of short duration and water-power stations with long 
water-starting times for slow but sustained changes in the load. 


Nerwork DisturRBANCES 


The next step is to characterize the actual disturbances occur 
ing in the system by resolving them into their component fre- 
quencies, and thus to obtain a direct connection between the dis- 
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turbances and the regulating properties. 
be performed by observing the frequency variations in the net- 


In practice, this will 
work which are caused by the disturbances. A characteristic 
recording is shown in Fig. 13 

In most cases it will not be necessary to carry out a complete 
analysis of the curve, but will be sufficient to evaluate the ampli- 
tudes and frequencies of the predominant disturbances. 

Any such evaluation can be made if the relationship is known 
between the recorded frequency variations and the magnitude of 
the power disturbances causing them. It is assumed for the sake 
of discussion that the recording shown holds for a system such 
as the one chosen as an example. The relationship between the 

amplitude of the disturbance P, and the frequency disturbance f 
it causes is obtained as follows: 
r According to Fig. 6, for a disturbance of frequency w, we have 


« 
P.| |F,| = 


— by definition, Equations [7] and [8] 


thus 


[26] 


The curve for P, against w is shown in Fig. 14 for f = 0.1 ¢/s. 

The procedure for estimating the size of the supporting station 
thus would be as follows: 

The amplitude and frequency of the predominating disturbance 
rig 
14 then is used as an aid in determining the amplitude of the 
corresponding power disturbance. 


is estimated from the recording of the frequency variations. 


The alditional station must 
be capable of regulating at the actual frequency of the disturb- 
ance (i.e., efficieney positive and sufficiently large), and it must 
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be capable of supplying sufficient power to eliminate the dis- 
turbance. After this estimate, the calculation must be repeated 
with the new station connected in parallel with the others. 


CONCLUSION 

It will appear from the foregoing that the regulating activity of 
each power station in the network should be brought into accord 
with its ability to be regulated by the use of appropriate damping. 
An exaggeratedly low damping will give greater activity without 
improving-the regulation in the same degree. 
ber and characteristics of stations to be used for regulation will 
depend on the amount of disturbances in the network. 


Finally, the num- 


It also can be seen that the sensitivity of the governors has a 
minor influence, as long as their action is linear and the gain 
sufficiently high to make the feedback predominant. Other feed- 
back characteristics than the classical, i.e., proportional to the 
gate speed, have not been considered in this paper. 

Admittedly, the described calculation involves many approxi- 
mations. However, as the regulation is either slowed down or 
else carried out with small amplitudes around a mean value, 
these errors will be kept within reasonable limits. Because of 
the variation of the network characteristics with the time, a rigor- 
ous precision cannot be expected in any case, 

Even though the described method of calculation has not 
been used in the Swedish network to an extent that would give 
practical experience data, it is expected to give good data for 
planning the system regulation that will result in an adequate 
effort. The 
makes it possible to adapt regulation to changes in the working 


over-all performance at minimum method also 
conditions of the power system. 
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Discussion 


H. M. Paynrer.’ The writer is gratified to see this paper in- 
cluded among those of the Frequency Response Symposium 
especially since his own “baptism of fire,’ so to speak, was in this 
particular battleground of the regulation and control craft 

The problem of power-system governing and load-frequency 
control is marked by several features sharply in contrast with 
typical industrial process-control situations or servomechanism 
problems; some of these perhaps might be summarized in the 
following: 


1 The problem is characterized by an inherent complexity as 
a result of the great number of generally disparate machines 
operating with a multiplicity of parallel feedback paths and inter- 
connected by many flexible, electrical links, with numerous es- 
sential nonlinear features occurring throughout the problem 

2 The stability and optimum performance of individual ma- 
chines often must be distinguished clearly from the stability and 
optimum performance of the entire operating network, both for 
economic and for technical reasons. 

3 The techniques required for successful analysis in this area 
span many fields of engineering -hydraulic, mechanical, cleetri- 
cal, and so on—and embrace most physical media, including fluid, 
thermal, electromagnetic, elastic, and the like, thus calling for a 
combination of sound logical rationale together with practical 
insight. 

4 Significant experiments on the coupled system under nor- 
mal operating conditions can only be carried to a limited extent 

5 For the reasons just cited, as well as others, practical 
analytical accomplishment in this area must employ to the 
maximum extent ‘model’ approaches and other approximation 
procedures, together with fullest utilization of the improved com- 
puting tools developed largely within the past decade. 


The author has demonstrated many of the foregoing points in 
an exemplary fashion. The writer, however, wishes to call 
attention to signal contributions which have been made by other 
writers in this field. For the dynamics of hydroelectric plants, 
particularly with regard to the frequency-response characteris- 
ties, the work of Gaden (7),4 Evangelisti (8), Cuenod (9), and 
Daniel (10) is of particular note, in addition to many other sources 
listed in the ATER “Bibliography on Feedback Control’? (11) 
The writer has discussed specifically some of the hydraulic and 
governing problems treating frequency-response aspects as well 
as some of the more important nonlinear elements (12, 13) 

Related analytical work dealing with the transient performance 
of interconnected power systems is now in progress both in this 
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country and abroad; specific attention may be called to the re- 

cent papers of Concordia and Kirchmayer together with ac- 

companying discussions by the writer and others (14, 15). 

These last cited references feature the use of analog computing 
equipment for such studies. 

Perhaps the motive for the writer's remarks here may be at- 
tributed to the long time it has taken to arouse the various re- 
sponsible parts of the engineering profession to the point where 
joint and sustained attacks on these problems can be made. He 
believes that the present paper is another rallying post in this 
CAUSE, 
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FR. Scurere.® The author has made a valuable and signifi- 
eant contribution to the technical literature in the somewhat 
slighted field of power system frequency regulation. His analysis 
by the method of frequeney response has evaluated the important 
factors to bring large power system frequency regulation within 
engineering science. It marks considerable contrast with the all 
too recent appraisal that only two requirements must be met; 
the system must be stable and deviations must not be so bad as to 
cause customer complaint. His analysis is further an advance 
over the experimental tailoring of regulating characteristics of 
large generating units to the system into which they feed by 
means of Léauté diagrams relating frequency deviations with gate 
movement 

It is particularly significant that, in the analysis the author de- 
scribes, the regulating efficieney of individual units under various 
frequencies of disturbance is determined, and useless regulating 
activity, Wherein the response is out of phase with the disturbance, 
may be limited. The desirable combination of steam units for 
regulating the small fast variations and hydrounits for the larger 
slow variations becomes evident. 

In the experimental determination of the system transfer fune- 
tion /’, it is not stated, but we assume that the change in the 
function with change in load conditions has been influenced by 
the change in system inertia by removal of generating units as the 
load drops. Is this correct? Since some change of inertia must 
accompany change of load, it seems appropriate also to include 
whatever change due to dispatching of generation would be typical 
of operation of this particular system. 

Drake.® The recent published work of the Swedish en- 
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gineers in the field of turbine regulation has been followed with 
Southern California Edison Company 
and Woodward Governor Companies 


considerable interest by 
The 


are embarking on a co-operative program which has the following 


engineers. Edison 
major aspects: 

1 Development of suitable instrumentation and test equip- 
ment for the routine adjustment of governors, as well as the de- 
velopment of governor test methods. 

2 Determination of optimum governor settings based on the 
dynamic behavior of the primary elements of the over-all feed- 
back loop. 

The program is in the beginning stages and is now pending de- 
velopment of system instrumentation. 

We would appreciate it if the author would answer and expand 
on the following: 

plot, particularly at low values of the forcing-function frequency. 
It would appear that this expression, which is equivalent to the 
admittance of a series R, L electric circuit, could be obtained by 
subjecting a power system to an impact load and making an 


It is stated that Equation [5] closely follows the Nyquist 


analysis of a high-speed frequency record. 

Did the author find that it was important to know the manner 
in which the Nyquist plot departs from a semicircle at higher 
foreing-function frequencies theoretically to determine optimum 
governing effort? 

2 Were Nyquist plots obtained at more than one point in the 
Swedish network to verify the validity of assuming that “the 
simple expression [5] may be used for preliminary analysis at all 
significant parts of the network?” 

3 
the slow system-frequency variation in Fig. 13 to be determined 
by the frequency of the predominating power disturbance. Has 
it been determined which load or loads cause the predominating 


The author apparently attributes the dominant period of 


power disturbance? 

Unless all governors were in a blocked condition for the time 
period represented in Fig. 13, it would appear that the dominant 
single low-frequency variation is possibly caused by the combined 
oscillation of all machines and their governors in response to load 
variations of a random nature, rather than by load variation of a 
evelical nature. 

The author and the other Swedish engineers who contributed to 
material presented in the paper are to be commended for the 
original analysis displayed in attacking a complex problem which 
eut-and-try”” procedures. 


heretofore has been approached with 
The engineers of the Southern California Edison and Woodward 
Governor Companies are anticipating that after system tests are 
performed a theoretical analysis of power-svstem regulation can be 
made and subjected to verification in actual practice. 


R. OLrpensurcer.? The Swedish power system is probably 
the largest physical system on which frequeney-response runs 
have been made. This is particularly significant in view of the 
tremendous number of pieces of equipment that make up such a 
system. The fact that the simple transfer function of Equation 
[5] of the paper fits the experimental data so well implies that the 
entire svstem behaves as if it were a single machine with a first- 
order lag. 

The writer’s company is working with the Southern California 
Edison Company in collaboration with the General Electrie Com- 
pany on making such runs on the Southern California Edison 
power system. From the distribution of generating units and 
loads it appears that this system must be treated as a three-ma- 
chine system, one at Hoover Dam, another at Big Creek, and 
a third at Los Angeles. 

? Director of Research, Woodward Governor Company, Rockford, 
Ill. Mem, ASME. 
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The question of the general validity of Equation [5] is an im- 
portant and serious one. The value of frequency-response runs 
is much enhanced if the differential equations of the system on 
which the runs are made are worked out in advance, and these 
runs are made to verify the theory. The problem of working out 
such equations for a power system is one of major proportions, 

To properly design governors and other controls for power svs- 
tems the analyst must have the differential equations for these 
systems or equivalent information. The controls obviously should 
fit the specific system to give optimum regulation at minimum 
cost. 

In place of the efficiency introduced by the author in terms of 
power, one might use the deviation ratio, discussed by Janssen in 
his Frequency Response Symposium paper No. 53-—-A-21, and ap- 
ply it to the frequency of the power system; that is, use the devia- 
tion of the frequency with governing divided by this deviation 
without governing After all, one is interested in controlling 
this frequency. 


P. S. Creacer. The author has written a very interesting 
paper. The writer was especially impressed by the ingenious 
scheme of integrating power output to eliminate random load 
effects, 

The technique used here appears to be quite novel and to have 
a large number of applications. The writer would suggest that 
the author present this method in detail in a future paper. If 
this does not appear practicable, the writer would ask him to in- 
clude such a discussion in his format closure, so that it will appear 
in permanent form. 

The writer is not clear about a few points. Under the heading, 
Transfer Function of the Network, in the first paragraph, we 
find ‘The output of one 50-mw machine was varied sinusoidally 
at various frequencies.” From the presentation of the paper, the 
writer understood that the sine variation actually was impressed 
on the electronic portion of the governor device. 

Does this mean then (a) that the ratio of power as measured by 
the integrating scheme to the voltage impressed on the governor 
will give the transfer functionof boxes Fa, and Fs, of Pig.3,and 
(b) that the ratio of the resultant frequeney deviation to this 
power gives the data plotted in Fig. 5? 

Was this frequency deviation taken from a record such as Fig. 
13°) What was the amplitude of the sinusoidal power variation? 


Avutuor’s CLOSURE 


a” order to give in a limited space an over-all picture of the de- 
velopment of frequency regulation in the Swedish network, some 
concentration was necessary and treatment: of the more general 
application of the described calculations was not undertaken. 
This question has been brought up through the discussions and 
will be very shortly dealt with here. In order to give more com- 
plete answers, some of the questions have been referred to the Bib- 

liography 
First, the derivation of I:quation [4], the influence of water in- 
ertia, including a list of assumptions, will be found in reference (3) 
of the Bibliography. The most significant limitation to more 
general use in similar calculations is the assumption of nonelas- 
ticity of water and pipe line. This assumption has been adequate 
for conditions in Sweden, where the significant stations have prac- 
tically vertical penstocks located in the dam or taken through 
rock. Subsequently, similar equations have been developed even 


* Associate Professor of Electrical Engineering, Rutgers Uni- 
versity, New Brunswick, J. Mer. ASMI 
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for other conditions in the work mentioned as referenee (15) in 
Professor Paynter’s Bibliography. 

Second, the question of a more general validity of the network 
Equation [5] has been brought up in several discussions. This 
takes us back to the question of whether the inertia effects of the 
more or less rigidly interconnected machines (both synchronous 
and asynchronous) in a power system can be lumped together into 
one group, or whether they would have to be divided into two, 
three, or even more rigid groups interconnected by flexible links. 
In general terms, the number of groups to be used for a study of 
governor behavior will depend on the maximum frequency appear- 
ing with appreciable amplitude in the disturbing function and for 
which governor action is really obtained— for which, consequently, 
ressonable accuracy of the equation is needed —as compared to the 
natural oscillation frequencies pertinent to the system of several 
rigid groups with flexible ties. If the natural frequencies of os- 
cillation are high as compared to the maximum frequency for 
which governor action is obtained, the adopted network model can 
be further simplified. This very general and known criterion 
seems to be the most practical since the frequency of oscillations, 
that are caused by distributed inertias (not by governor action) 
are, in general, approximately known. In the Swedish network 
the observed oscillations are of the order of 1 eps which makes it 
reasonable to assume validity for the simple equation [5] up to 
0.1 eps and even somewhat higher, giving sufficient: accuracy for 
governor studies at normal conditions in the network, 

The description of the network measurements including meth- 
ods employed, results obtained, interpretation of the constants, 
and their variations at different load conditions will be found in 
reference (4) of the Bibliography 

The transfer function of the network could most likely also be 
obtained by subjecting the system to a step-function disturbance 
and recording the frequency variations. To eliminate the ran- 
dom frequency variations, this recording must be repeated a suf- 
ficient number of times and the results superimposed. This 
method would also have the effect of revealing in a more direct 
manner the natural frequencies of oscillation inherent to the sys- 
tem 

The frequency recording on Fig. 13 represents frequency varia- 
tions obtained by the combined action of disturbance and gover- 
nor movement. The possible accentuation of certain frequencies 
by the governors is reflected by the curve in Fig. 14 that is used 
for interpretation of the reeorded frequency variations 

Finally, appreciating the constructive discussions, the writer 
would like to conclude with a general comparison of trends in some 
more modern interpretations of network problems. The exis- 
tence of weak tie lines combined with the prevalence of steam 
power have in this country led to a treatment of power systems 
as several group structures with special emphasis on tie-line regu- 
lation and without differentiating between the various character- 
istics of the stations within the different groups, the damping 
being no problem for steam plants and being tied to disconnected 
no-load operation in hydro plants. In Sweden, the lack of tie- 
line problems and the early development of the electrohydraulie 
governor for hydro stations have led the trend toward the organ- 
ization of co-operation between the different plants in the group 
itself, leading to single-group treatment with emphasis on the dif- 
ferent characteristies of the individual stations. The increasing 
complexity of power systems through new interconnections, to- 
gether with the inereased use of modern computing machines and 
a growing insight into the economical advantages of co-ordinated 
regulation in power systems, is likely to result in a development 
where both aspects of the general problem will be considered, — 


- 
1 
| 
| 
| 
» 


i 


oe 


ay 


= 


er 
‘of 


sir 


» 4 — 


Use 


+ 
- 


atl 


a 


of Zeros and Poles tor Frequency 


Response or Transient Response 


By W. 


The characteristic equation of a control system is often 
of the form 1/AG(s) + 1= 0, in which G(s) is (¢ — a) (s — 
pi) (¢ — pr) .... Each factor of G(s), such as 
pi), is a complex variable which can be plotted as a 


The 


is itself a vector whose magnitude is 


vector in the s-plane from the pole p,; to the point vs. 
complex product G(s) 
the product of magnitudes and whose angle is the sum of 
the angles of its factors. 
directly for » points along the ;w-axis. 
roots of 1/AG(«) = —1, the locus of » is sketched, where for 
each point on this locus the total angle of G(s) is equal to 


Frequency response is computed 
In order to find the 


180 deg; a point on this locus is then a root if A = 1/ G(s)|. 
For given initial conditions the Laplace transform permits 
the transient response of the system to be written directly. 


FREQUENCY Response From Zeros PoLes 
HE servo shown in Fig. 1 is used to illustrate all of the 
calculations involving zeros and poles for frequency re- 
sponse or transient response. The system is simplified by 


UXILIARY DamMPING 


Fic. 1 Servo A 
letting D, = 0, and then the equation for torques on the output 
shaft is 


K,0, = D, — 


The torque K,9, is the stall torque of the motor produced by the 
amplifier voltage which is directly proportional to the error angle, 
6, = 0; — %. The torque D,d@/dt is the decrease in motor torque 
in proportion to speed; J, is the total inertia directly connected 
to the outpait shaft. 

For the frequency response of the system only sinusoidal signals 
As is well known, a sine wave ean be repre- 
sented as the imaginary part or the projection on the vertical 
axis of a rotating vector 2, Let 0, = 0,2, in which O,, in 
general, is a vector |O,'e% with an initial phase angle @,. Sub- 
stituting for and gives 


DijwOe?* + 1)(jw)? Ove? 


need be considered. 


K,0,2* = 


1 Systems Group Leader, Electro-Mechanical Engineering Depart- 
ment, North American Aviation, Inc. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 29- 
December 4, 1953, of Tue American Society or Mev HANICAL ENaI- 
NEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 11, 
1953. Paper No. 53—A-24. 
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Note that the factor jw arises for each differentiation, and that 
the unit rotating vector e@ remains in all terms. Dividing 
through by e?“ and solving for the ratio of the O, and Oy vectors 
gives 

Dy jw 1,(jw)? 

Ky 


jw(jw + Di/h) 


Kl, [3] 


This ratio can be calculated for various values of w from the 
vector plot in Fig. 2(a) as the heads of both vectors move up the 
For a given choice of the von- 


jw-axis and i is shown in Fig. 2(b). 


CALCULATION OF = + From 
Vectors IN (a) AND PLovrep IN (b) 


Fie. 2 


stant A, the scale of the drawing is fixed, and the ratio of O,/Gg 
is equal to (Op + 0/)/Oo, or 1 + O,/Oo. This vector sum is 
thereby obtained as a vector to the same curve with the base at 
the point. 

In the more general case of the transient plus steady-state solu- 
tion of the differential Equation [1], damped sine waves are in- 
The damping factor e®, in which o is a negative number 
can be combined with e? 


volved. 
for a decay, , asin 
[4] 
Thus s is, in general, a complex variable which would appear in 
place of jw in Equation [2] or [3} 
the input to output ratio is then 
The characteristic equation of the system is equation [5] for 
the special case of the input O, being zero, The roots of this 
equation are the values of s which make 0,/O) = 1. This 
function can be calculated by a slight modification of Fig. 2(a) in 
which s is a complex number rather than simply jw, as in Fig 
3(a). The complex product of the vectors must have a total 
phase angle of 180 deg. The product locus is a line perpendicular 
to the real axis bisecting the line segment between the zeros. "This 
result can be checked by observing that the quadratic formula 
| kK, 


( 


If the root is desired at the point s; shown, then the magnitude 
K,/I; must equal the complex product of the vector lengths, in 


0, = = Ove = Ove" 


The general expression for 


0, 
Oy 


0, 
Oy 


gives as the two roots 


dD, 
2/; 


dD, 


=o +t) 
21, ) 
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Knowing the roots permits the 
function in equation [5] to be rewritten as 


order to make = 1. 


Kia. 3 
+ = 
[1 — 


(a, Root locus versus K; for 
response of [1 


Dyas? / Ky 
a s/s) (1 — (8 + 


“Fra. 4 Roor Locus or 
= 0.4 Roors ror = 


The frequency response can Ix calculated directly from Equa- 
tion [7] using the vectors in Fig. 3(b). Note thet each term such as 
(1 8:)/(—a). 
The minimum value of this ratio would occur for @ = @, and be 
equal to o/s. This ratio is the damping ratio of the root ¢ 
which also can be specified as cosine of Yo. Note that the mini- 
mum value of Equation [7] is determined strictly by the damping 


8/8) is the complex vatio of two vectors, (jw 


ratio of the root. 


Similarly, the decay of a transient per cycle of — 


oscillation e depends only on the damping ratio. 


Loapv-DAMPED SERVO 


In many servos the required torque per unit error angle A, is 7 
sufficiently great so that the damping ratio which wouldresult from 
motor characteristics alone is insufficient. 
be achieved by addition of a dashpot between the output shaft | 
and a fixed base, but this would have the undesirable effect of in-— 
creasing the error required to drive the output at a fixed velocity. > - 

If a dashpot is connected to an auxiliary mass, however, the mass 


Greater damping can 


_ eventually would get up to the same speed as the output shaft and 
thereby no longe> apply a drag torque. The equation for torques 
on the output sha!t o 


‘the complete system is therefore 


K, (0, — ©.) = Dis Op + 11s? Oy + — O,)... [8] 


The dashpot torque (0) — 94) is equal to 
Q,, substituting into Equation [8], and solving for the ratio of O,, 


(: ) 
+ 


The first term in this funetion had its zeros s; and s2 already de- 
termined; the quantity in parentheses can be simplified further — f 


to give 
(, T 


The characteristic equation is Equation [10] for 0, 
the equation is satisfied if the ratio of the second term to the first — 
termis 


“aa A 


For J, a very large simplified root-locus plot results. In it at 
least one root is always close to the origin. Therefore the tran- 
sient response would have a term with a long decay time. This — 
result would be expected physically because the drag torque on — 
the output shaft for a change in input velocity would not be | 
eliminated until J, was accelerated. 

The root close to the origin can be avoided by moving the pole 
(—-D,/Iy) out along the real axis as in Fig. 4. The initial direc- 
tion of the locus from s; will be found to be nearly @: below the — 
horizontal by finding the total angle of all vectors at s; except — 
(s —- 8,;) in Equation [11] and then solving for the angle of (s 
8) needed to bring the total angle to 180 deg. The rest of the 
locus is sketched to approach the zeros at the origin along the — 
The locus at rm; is checked by adding all of the vector | 
angles at this point. Note that any angle such as @» is present | 
at the point m being checked. A transparent sheet pivoted at 
~, could be rotated successively through each of the angles in 


Solving for 


Op gives 


1. »b, Frequency 


0, 
Oo 


kK, + Ds + 


Dus 


Dis 


s/s) (1 
8/38) K, 


~ 8/8) + 


Dy K 


8/8) a 


jpaxis. 


order to obtain the sum. One or two trials are usually sufficient to— 
locate the locus in the region of interest. In this case, r, is then © 
selected for maximum damping. The vector lengths to the point 4 
r, are multiplied as indicated in Equation [11] and D,/A, assigned 
the value such as to make the magnitude of the function in Equa- 
tion [11] equal to 1, 
pivoted at the r,-point and marked with the logarithm of the dis- 
tance from the pivot point. Addition of logarithms then gives — 
the logarithm of the product. For the given plot in which D2)/I_ 
0.4 D./ ky r, With value of D./K, 

selected, the root rs would, in general, have to be located by trial | 
and error, but in this ease it can be calculated directly by com-— 
parison of the coefficient of the s* term in Equation [10] with the 


This calculation can be aided by a scale — 


| 
= = 1/|s, for s = 


0, = (I s/s) (A 8/8) = 
OND 
\ 
4* \ 
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EVANS—ZEROS AND POLES, FREQUENCY RESPONSE OR TRANSIENT RESPONSE 


s* term for the same function written in terms of the roots 


— s/n) (1 — (1 — 8/r5) 
(1 + Ins/Dz) 


The function in Equation [10] would have to be put over a 
common denominator. Then equating coefficients of the s*-term 
permits direct solution for rs. It is (—Dz/I2) (|s,|8/|r:|*). Inei- 
dentally, comparison of coefficients reveals that any system hav- 
ing two or more poles than zeros has a constant sum of roots. The 
frequency response of Equation [12] can be caleulated from vec- 
tors, as indicated in Fig. 5(a). At s = jw. the minimum intro- 
duced by the pair of complex zeros is 0.90. The terms involving 


4 


(a, Vector for frequency response. 6, Vectors for amplitude of transient 


term.) 


the zero and pole along the real axis, however, have a value of 
0.70 at s = joe, which makes the approximate minimum of the 
complete function be 0.9 X 0.7, or 0.63. The corresponding res- 
onant peak of 05/0; would be 1.6, corresponding to a damping 
ratio for a simple quadratic system of 0.33, compared to 0.50 for 
the roots themselves. 
damping ratio of a simple quadratic from the resonant peak of the 
frequency response is not always valid in estimating the transient 


This example shows that the estimate of 


response of the system. 


TRANSIENT RESPONSE 


The algebraic equations used thus far could have been obtained 
The transform has the 
advantage of permitting direct solution for the amplitude of 


formally by use of the Laplace transform. 


transient terms, thus avoiding the classical method of setting up a 
general expression for the transient and then specifying the initial 
conditions which determine amplitudes from the solution of simul- 
taneous equations. For a step-velocity input the “transform”’ 
of 6,is 6,/s?. The transform of the error is equal to the transform 
of the input times the transfer function (0,/0;) for the special 
case of all initial conditions being zero 


0, | 


s/r 


The error as a function of time is the sum of exponential terms 


0, 
0,(s) = O05) (s) = Ofs)} 1 


l + I ‘De 


[13] 
(1 — 8/ri) (1 — 8/rs) (1 


of the form A,e**, in which one term arises for each pole of Equa- 
tion [13]. The case of duplicate poles, such as exist in the origin 
in this case, can be handled by assuming a slight separation of the 
poles, expressing the function of time, and then letting the sepa- 
In this case, however, the constant 
and velocity term which normally would arise due to s? are zero 
if the constant DP, = 0 and equal to D,6,/K, otherwise. The 


ration of poles approach zero. 
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amplitude A; is found by canceling the factor (s — r;) in the 
denominator and letting s = r; in Equation [13] 


| 
1 1.6 /85° 


120° 1.73 /30° 


/—115° 
0.70 


0.95 


The root ry sets up a term A,e™, which is at all times the con- 
jugate of Aye™, and therefore the sum of these two terms has the 
j-part canceled and a real part of twice the magnitude of either. 
With the vectors in Equation [14] measured from Fig. 5(b) the 


. 
transient response for 6, = 1, |s,| = lis given by 


0, 2.8 cos (0.60 — 115°) + [15] 


' The plot of this function in Fig. Gis sketched from a few signifi- 


eant points. Thus the time constant of decay of the sine wave 

+1/0.35 permits the envelope to be sketched, the initial phase 
angle and frequency determine the points where the cosine wave 
goes through zero, and the wave is sketched to be tangent to the 
envelope at the mid-point between zero points. In this case the 
simple exponential e °™ dies out rapidly and has little net effect. 
Frequently a transient can be sketched by establishing only a 
single damped sine wave and then sketching the first part such 
astosatisfy initialeonditions, 


6 Prior or 2.8 cos (0.601 — 115°) + 1.1 


TRANSFER FUNCTION BY INSPECTION 


One of the advantages of the concept of zeros and poles is the 
ease of setting up an equation to study the effect of a new param- 
Thus, if the effect of a spring A, added between the output 
shaft and the inertia is to be studied, the characteristic equation 
of the system can be written in the general form 


K| 1.. [16] 
Bs s/p) 8/pr)... 


This equation corresponds to setting up a complete block dia- 
gram and then treating the entire system as seen from the Ky 
loop as a single transfer function, as expressed in the brackets, 
For Ky very small, the equation can be satisfied only by « nearly 
equal to the poles of the function in the brackets. In the limit 
for K, = 0, the roots must be the poles, Similarly, for A. = @, 
But physically, K, = 0 makes the 
system identical with that just solved for which the roots are 7m, 
and rs. Also, for A, = © the auxiliary inertia is directly added 
to the output inertia, so that the roots s, in Fig. 4 would be 


eter. 


the roots must be the zeros, 
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brought to a lower natural frequency, as shown by q; and g in 
Fig. 7. Specifically, q: can be shown to lie along a circular aré 
which passes through s, and the origin. Note that all terms thus 
far discussed are equal to 1 when s = 0. The function in the 
brackets has the significance of being the compliance of the rest 
of the system as seen from the spring. Thus if a constant 
torque were impressed between the output shaft and the inertia 
I,, the steady relative motion which would result would be 
limited only by the dashpot, The 
general function first expressed in Equation [16] thus becomes 


whose compliance is 1/Ds. 


completely specific 


a 8/91) — 8/93) 
8/r;) (L — 8/rz) —s/n) 


— 


Kx(1 — s/n) (1 — 
Roots at K3/D: = 0.2 


Fico. 7 Roor Locus or 


The corresponding plot with K, variable in Fig. 7 shows that 
the root originating at r; has increased damping as the first effect 
of the spring. As the spring constant is increased, however, new 
low-frequency roots develop from poles on the real axis. A choice 
of K,/D, = 0.20 |s,| would result in the roots being at the points 
shown by the dots in which adequate damping is present in both 
modes. 

A summary of numerical values may be of interest. The mag- 
nitude || was specified as 1 for Equation [15]; but |s,| = K/h, 
and therefore let both K; = 1 and J; = 1. The damping ratio 
of s, is 0.05; therefore D, = 0.1. The amplification D,/K, in 
Fig. 5 is 1/|s,| making D, = 1; and D,/I; is 0.4 |s;|, making /; = 
2.5. Finally, K2/D, = 0.2 |s;|, making Ky = 0.2. 

The same technique can be used for any system in which the 
parameter of interest occurs at only one point in the block diagram 
or determinant of the system. ‘Thus, for the common problem of 
selecting the value of the condenser in a Jead network of a servo, 
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the special case of C = 0 corresponds to an open circuit and C; = _ 
© to a short circuit being present in place of the condenser. 
These extreme cases correspond merely to a change in amplifica- 


tion around the loop and the roots thus can be located along pal 
locus versus amplification. The characteristic equation is ZUs =_ 
—1, in which the zeros and poles of the impedance Z are therefore 
known. The locus is then sketched versus C and the roots lo- 


cated for maximum damping or maximum damping ratio. 4 


Comp icaTep Systems 


The foregoing techniques are recommended for comparatively | 
simple systems for which a physical picture can be easily main- 
tained. 
minants. Thus consider a system described by three equations 
and three variables, for which the characteristic determinant is 
third order, as shown in 


F3(s) 


A = |F2(s) F'»{s) 
KuGals) Fs(s) 


For complicated systems it is convenient to use deter-_ 


[18] 

The F-functions are given, whereas the AG(s)-functions are to 
be selected. Expansion by minors about the third row then 


gives 


A = KuGu(s) Mu(s) Mao(s) + Fas(s) [19] 


Assume at first that all minors such as M3,(s) are quadratic — 
functions of s whose zeros may be determined by the quad-— 
ratic formula. If Ay. were first then the — 
sum of the two remaining terms could be made zero by making 


assumed to be zero, 


the ratio of the terms equal —1, as expressed in 


F'y3(s) M;;(s) 


If the roots of this equation are denoted as rm, 73. . 

complete determinant in Equation [19] can now be expressed as_ 

a 8/ri) (1 —8/rs)... Mus) 
— s/p,) (1 —8/po)... 

The poles, such as p;, are the poles of G(s), F’'sa(s), and 
M,(s). The value of K and B are determined by comparing 
Equations [19] and [21] for the special case of s nearly zero. 
The roots of Equation [21] are then found by a second plot which — 
makes the ratio of the remaining terms equal to +1. Note that — 
this form of expansion of the determinant keeps the adjustable — 
functions isolated, so that their effect may be determined con-_ 
veniently. 


(22) 


The zeros of the two functions in parentheses can be found by — 
the quadratic formula. 
then made zero by making the ratio of the terms equal to —1, 


CONCLUSIONS 
The concept of zeros and poles of transfer functions permits — 
quick estimates of the frequency response of a system in which ' 
the entire picture is based upon vector lengths and angles. The 
roots of a characteristic equation of the form 1/AG(s) + 1 = 0 
can be sketched readily in the s-plane as a function of K, if the 
zeros and poles of G(s) are known. The characteristic equation 


~~ 


, then the 


The sum of the remaining two terms is 


| 
| 


If the system is more complicated, then the minors which arise 
will be of higher than second order. One way of finding roots of 
a higher-order equation using a root-locus plot is permitted by 
grouping terms as in 


+ ags* + ass* + + as + ao 


= s3(ags? + ags + a3) + + ays + a) = 0 


| | 
AK 
\ re 
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can be obtained in the required form directly, if the roots of the 
equation are known for two specific values of K with the cases 
of K = Oand K = © frequently being most easily solved. Root- 
locus plots are a convenient way to keep track of the zeros or poles 
of a complete system as additional terms or loops are added; the 
rest of the advantages of zeros or poles are independent of the 
means by which these points are located, 
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Discussion 
In the analysis of control problems the 
Because of the 


Yaouan Cuvu.? 
transient-response method was first employed. 
difficulty encountered in the synthesis of control systems by the 
transient-response method for systems with higher-order ordinary 
linear differential equations with constant coefficients, the fre- 
quency-response method has been developed? and widely used 
Since the development of the root-locus method by the author, the 
transient-response method becomes again a useful tool in the 
synthesis of control problems. Furthermore, this method brings 
about another way of viewing the correlation between the 
transient and frequency responses. Both these 
clearly shown in this paper. The author is to be commended for 
his contribution. He is now introducing this method to the 
mechanical engineers. 

The root-locus method has its uniqueness in at least two re- 


two points are 


spects: 
(a) The concept of plotting all possible roots of the character- 

istic equation of « feedback-control system on the complex plane. 
(b) The graphical method to construct the locus. 

for the of 

interprets to mean multiloop, 


However, “complicated systems” which the 
writer feedback-control 
systems, it is generally difficult to apply this graphical method. 
An example is used to illustrate this point. Fig. 8 of this discus- 
sion shows a control system with three feedback “ay The char- 
acteristic determinant* A of this system! is 


case 


linear, 


Gs; 
GH 
GHa 


+ + + G:GyGs + 


teristic equation is 


] + + CG Hy GGG, = 0. 

? Scientific Laboratory, Ford Motor Company, Dearborn, Mich. 

‘The Analysis and Synthesis of Linear Servomechanisms,"’ by 
A.C. Hall Technology Press, Massachusetts Institute of Technology, 
May, 1943 

‘G, F, and H represent, respectively, direct, feedforward, and feed- 
back transfer functions, all of which are functions of the complex 
variable s, 

5A Generalized Theory of Multi-Loop Linear Automatic Control 
by Yaohan Chu, doctorate thesis, Massachusetts Institute 
of Technology, 1953, 


Systems,” 
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The root-locus of this system for a certain gain parameter is, in 
general, not feasible to be constructed by the author's graphical 
method because there is more than one complex term excluding 


or a ConTrou System Wirn Ture & 


Loops 


Fie. S Brock Diagram 


the term unity in the Equation [26]. It may be feasible to con- 
struct the locus for certain special cases where the transfer func- 
tions G,, G:, ete., are simple enough so that the relation may be 
combined into the following form without losing the identity of 


the original gain parameter (as outlined in the paper) 


1+G<=0 {27] 


whick is the form from which the root-locus method of single-loop 
systems is developed. In general, the original gain parameter 
loses its identity when the characteristic equation is combined in 
the form of Equation [27]. 

The method indicated by the author for the complicated sys- 
tems is similar to solving the problem loop by loop. By means of 
loop-by-loop approach it first determines the gain of the loop con- 
sisting of the blocks with the transfer functions G; and Hy from 
its equivalent transfer function G;/(1_ + Gsl.,) which is then 
combined with the blocks with the transfer functions G, and Hay. 
The gain of this second loop is then determined from the second 
equivalent transfer function. It is further proceeded. to the 
third loop. With this approach there may not exist sufficient 
justification for the determination of the gain of the first loop be- 
fore the subsequent determination of those second and third loops 
in the light of the performance of the over-all system. 

Additional difficulties arise for the general application to multi- 
loop systems. There is only one gain parameter being associated 
with the root locus, while there are usually several gain parameters 
that may be simultaneously selected in the multiloop system, 
Furthermore, the locus has to be replotted in case there are any 
changes in the time parameters in either single-loop or multiloop 
systems, 

Although the original graphical method for constructing the 
locus for the case of multiloop systems is, in general, impracticable, 
yet the concept of presenting all possible roots of the characteris- 
tic equation on the complex plane is still plausible. [t seems then 
that simple methods may be developed to compute the roots by 
means of existing calculating or eomputing machines and then 
Another method has been 
suggested® which is te plot a This is 
developed by making use of the situation that only favorable 
sets of the roots are plotted from the combinations of adjustable 
gain and time parameters, without the necessity of the previous 
determinations of any gain of inner or first loops. 

In conclusion, there may still exist a desirability to further ad- 
vance the root-locus method for multiloop feedback-control sys- 


to plot them on the complex plane. 
“constrained root locus,” 


tems. 
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Rh. H. Macmituan.* The author is to be congratulated upon 
the brevity, conciseness, and clarity which always mark his con- 
tributions to control theory. His name has been associated with 
so many fundamental advances in the theoretical field that it is 
becoming something of a byword and we are indeed fortunate in 
having him contribute to the Frequency Response Symposium. 
Perhaps the use of the root-locus method can be extracted from 
the realms of art and reduced more to a science by the use of the 
“‘phase-angle loci” introduced by Chu.”* It is not denied that 
their use is more cumbersome than the intuitive application of 
experience, where this is possible, but it does make the root-locus 
approach more readily available to use by less skilled persons. 

With regard to Mr. vans’ remarks concerning a desirable con- 
figuration for the roots, it is interesting to note that Dr. Whiteley 
in a paper published in 1946° found a satisfactory response was 
obtainable if the poles were distributed in arithmetical progression 
along the negative real axis. 

It must always be remembered that the root-locus approach is 
applicable only to linear systems, though it is possible* to treat 
systems involving a finite time lag or a standard form of dis- 
tributed time lag. 


Grorce Biernson.'®? The author’s development of the root- 
locus method has been a great advance in feedback-control theory 
A knowledge of the closed-loop poles enables one to understand cer- 
tain effects of the system transient response which are not evident 
from the frequency response. It is helpful in explaining such 
effects as tails and multiple oscillations in the transients. Par- 
ticularly, the writer has found that the behavior of certain com- 
plex multiloop control systems is much more understandable if 
the closed-loop poles are investigated. 

On the other hand, the frequency-response approach still re- 
mains a very effective synthesis tool. The calculation of the 
closed-loop poles should supplement the frequency-response ap- 
proach rather than replace it. This is not only because the fre- 
queney-response approach is much easier to apply, but also be- 
cause the two major characteristics of the transient response, 
build-up time and peak overshoot, can generally be estimated 
better from the frequency response than from the values of the 
closed-loop poles. 

To illustrate this conclusion, consider the load-damped servo 
which the author discusses. In practice, the damper is generally 
adjusted to have an attenuation ratio of roughly 9 (or slightly 
less), which corresponds to an 8-to-1 inertia ratio between the 
floating slug and the combined motor and load. To make the 
numbers easy, assume that the time constant of the damper is | 
sec. The complete open-loop transfer function, designated G(s), 


would be approximately as follows = 


3(s + 
= G(s) = - : 
sis +9) 


The particular gain setting shown yields an M, (peak magnitude 
of 0,(jw)/0,(jw) of 1.30. For the best response one would proba- 
bly raise the gain by about 50 per cent to yield the minimum 1 ,, 


® University Lecturer, University of Cambridge, Cambridge, Eng- 
land. 

“Study of Process Control by Phase-Angle Loci Method,"’ by Y. 
Chu, Instrument Society of America, 1953, not yet published. 

5*Peedback Control Systems With Dead Time or Distributed 
Lag,”” by Y. Chu, Trans. AIEE, Applications and Industry, vol. 71, 
1952, pp. 291-206 

* “Theory of Servo Systems,"’ by A. L. Whiteley, Journal of the In 
stitution of Electrical Engineers, London, England, vol. 93, part 2, 1946, 
pp. 353-367. 

1 Research Engineer, Servomechanisms Laboratory, 
chusetts Institute of Technology, Cambridge, Mass. 
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but the setting shown is still quite reasonable. 


The closed-loop 
transfer function is 


6, G 3(s +1)9 


140 


The closed loop thus has a triple-order real pole. Since there is’ 
no quadratic pole, one might expect that the system has no — 
overshoot; but this is not so. In reference" the step response — 
of this system is plotted in Fig. 3 of the discussion. Fig. 3 com> 
pares the response of this system to that of a second-order system 
having the same M, (1.30) and the same band width, as defined — 
by the frequency where the phase lag of 0/6; is 90 deg. Both 
transients have essentially the same amount of overshoot (25 per 
cent) and the same build-up time (the initial time for the transient — 
to rise to unity). 7 

The principle of the root locus can be applied in a much more | 
convenient manner than that used by the author, by employing 
generalized frequency-response plots of log magnitude versus log 
frequency, as described in the reference. It is particularly con- 
venient to recognize that the low-frequency closed-loop poles are 
approximately equal to the low-frequency open-loop zeros of G(s). 
Consequently, it is the low-frequency zeros of G(s) which cause 
tails in the transient response. 


R. The author's well-known and excellent. 
approach to control problems, discussed on the first two pages of | 
the paper, concentrates on the roots of the characteristic equa- 
This is well founded since such equations exist for a very _ 
wide variety of control problems, and for these problems the — 
nature of the transients can be seen readily from a glance at the — 
roots of these equations (also frequency response follows readily 
from such roots and those of 0/0, = 0). Quick design thus de-— 
pends on the rapid solution for these roots. The writer has tried — 
all of the methods that he could locate in the literature. Syn- 
His 
perience as an algebraist is that it simply takes too long to draw 
Apparently, by the time an engineer gets to automatic- 
Otherwise, 


tions. 


thetic division is by far the most rapid he found. ex- 

curves. 

control problems he has forgotten synthetic division. 

more engineers would certainly use this approach. 

will illustrate his technique for solving algebraic equations. 
Consider the algebraic equation 


+ + +... + agit +a, = 0 {28} 


Write the equation 


formed from the first two terms. This gives the trial root 
x =--a,.. We use the method of synthetic division introduced 
in the writer’s June-July American Mathematical Monthly paper, — 


referred to in the Frequency Response Symposium paper No. 


53-——A-11. This goes as follows 


rom right to left. 


Here we divide f 
left-to-right procedure in ordinary synthetic division. 


This is the opposite of the 
We as- 


1 “Quiek Methods for Evaluating the Closed-Loop Poles of Feed- 
back Control Systems,”’ by G. Biernson Trans. AIEE, Applications 
and Industry, vol. 72, 1953, pp. 53-70 

12 Director of Research, Woodward Governor Company, Rockford, 
Ii. Mem, ASME, 
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EVANS 
sume that —qa, is a root and that the final remainder is 0 as shown. 
In practice we do not write this zero. This zero is the result of 
subtracting the entry a, above it from the a, at the head of the 
last column. 
We divide the a, above the zero by the divisor a, to obtain the 
next to the last remainder a,/a; shown. We subtract this re- 
mainder from the next to the last coefficient a, _, to obtain 


We divide this entry 


In practice we do not write the a, above the zero. 


as shown. 


Continuing this process, we finally arrive at the remainder 
R. If the division were exact this remainder plus the divisor a; 
would equal the entry a; in the second column. Naturally, it does 
not, and we try the divisor a, R instead of a, repeating the 
division process; that is, we assume that there is a root R ~— a). 
R yields a remainder 2, (in place of R), we can 
This method quickly 


If division by a, 
take R, as the next divisor, ete. 
yields the numerically large real roots, because after we have 
determined a root we use the remainders corresponding to an 
equation of one lower order and repeat the process, The first 
remainder is 1 and is not normally written. 

To illustrate, consider the equation 


x? + 1217? + 2030z + 1010 = 0 


From the first two coefficients we get —-121 as the trial root. We 


divide as follows 


The number 8 is obtained by dividing 1010 by 121. Subtracting 
8 from 2030 we obtain the entry 2022. Dividing 2022 by 121 we 
secure the entry 17. If the division were exact the sum 138 of 
the divisor 121 and the remainder 17 would be the entry 121 in the 
Clearly, the divisor 121 is too large by 17. 
17, i.e., 104. 


1010 


2030 1010 
2022 


17 


second column. 
Therefore, for the next trial try 121 
(rounding off some numbers) 


We now have 


2030 104 


2020 


121 


19 10 


Since 19 + 104, i.e., 123, is too large by the number 2, we try 
104 -— 2, i.e., 102 next. We then have 


121 2030 
2020 


20 10 


{102 


However, 20 + 102 is 122, which is 1 too large. 
102 -—— 1, i.e., 101, and obtain 

2030 

2020 

10 


We therefore try 


1010 101 


Since the remainder 20 plus the divisor 101 equal the entry 121, 
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the quantity —-101 is a root of the given equation. From the re- 


mainders we form the equation 
z? + 2r +10 =0 


which must now be solved. 

We remark that in practice the foregoing synthetic division 
would be reduced considerably. Thus, since there is more than 
one root, one knows that 121 is too large asa first guess and 100 is 
the obvious first try. The first try should be an easy number to 


work with and should be well rounded off. Then we have 
2030 

2020 

10 


1010 100 


100, i.e., 120, is short by bk we try 100 + 1, Le, 101 
This is the way the writer 


Since 20 4+ 
next and find that this is the solution. 
solved this problem when it came up in the study of a locomotive 
governor, 

From the first two terms of the quadratic equation given we 
have the tentative root - 20, ie., the tentative divisor 20. We 
divide as shown 

20 10 20 
O5 


Here 10 divided by 20 gives the remainder 0.5. Now the re- 
mainder 0.5 plus the divisor 20 is too large by 0.5, which is not 
In practice the writer would stop here and use ~-20 and 
W5and- O54, 


By removing the numerically large real roots the problem gen- 


much, 
0.5 as the remaining roots, or more accurately - 


erally can be cut down rapidly to a reasonable equation of low 
degree with smaller coefficients. That such roots generally exist 
follows from probability theory. 

Numerically small real roots are found as follows: From the 


last two terms of the given equation we form the equation =— aU 


203027 + 1010 = 0. 


Solving this gives the trial root --40.5. Ordinary left-to-right 
synthetic division yields 

2030 1010 

O85 


l 2 1070 25 


10.5 


Since the remainder 25 is small we know that —0.5 is a root. In 
practice we would not solve for the numerically small real roots 
until the numerically large real roots had been removed. 

After all real roots have been obtained we solve for the complex 
roots as deseribed in the writer's Mathematical 
Monthly paper on the subject. The division is done with pairs 
It is more difficult than solving for real roots but 
Of course, we 


American 


of numbers 
can be done very rapidly by a skillful operator 
ordinarily use only one or two digits because any more would be 
absurd in view of the errors involved in the fitting of the mathemat- 
ics to the physical system. 

Solving the equation formed by the first three coefficients, i.e. 


re 


+ ar + a, = 0 
will often yield the numerically largest real root more accurately. 
It also may yield complex roots approximately. 

Consider the equation 
+ 22825 + 6000r' + 370002" 4 2100002? 4- 320000, 


+ 274000 0 
Solution of 


2282 


- 
ES 
| 
a = ae 
_ by a, to obtain the third from the last remainder - 
. * 4 a, 
6 
= 
| 
= Gi 
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gives the tentative root ——198. Right-to-left division yields (2? + 4.72 + 34)(x* + 1.77 + 1.8) 


1 228 6000 37000 210000 320000 274000 (198 Further division yields the correct factorization 
5800 =36000 208000 319000 (2? + 4.32 4 32.5)(z2 17 18 
29 182 1050 1610 1380 


The sum of 29 and 198 is 227. We should have 228. This sug- 
gests the divisor 199. We have 


but the previous factorization is good enough for ordinary practi- 
cal purposes. 

For his initial division in this problem an intelligent analyst 

1 228 6000 37000 210000 320000 274000 1199 would try coefficients less than 6 and 43, such as 5 and 30. 

5800 36000 208000 319000 As in Lin’s method" the factor (x? + 1.7z + 1.8) could have 

29 ‘181 1050 1600 1330 been obtained from the last three terms of the polynomial in Equa- 

tion [29], and left-to-right division. From the last three terms we 

Thus--199isaroot. The coefficients of reduced equation follow — can factor 43 to obtain the trial divisor (zc? + 1.52 + 1.4). The 

with the division by 23 shown division is (see the writer’s American Mathematical Monthly 


yaper 
1 29 181 1050 1600 1380 es 


4 140 980 1500 
15 65 60 


Clearly --23 is a root. The next reduced equation is 


x’ + 6x" + 4327? + 65r +60 = 0 


+ 62 + 43 
We divide from right to left as shown 
The remainders are both sinaiinie. This shows that we did not 

subtract enough, and should increase the “divisors” 1.5 and 1.4. 
We summarize the writer’s synthetic division method of solving 
an algebraic Equation [28]. It is assumed that the equation is 
associated with an automatic control problem. If the equation is 
of high degree we first apply Routh’s criterion to insure that the 
- equation represents a stable system (roots have negative real 

parts). 
i We write Equation [28] as 


The entries are obtained as follows: Assuming that the final + + ag at? + = 0.... [30] 

remainder is zero, we divide the 43 of the divisor into fhe last 

entry 60 of the dividend to yield the “quotient” 1.4. We multiply and as 

14 by the 1 and 6 of the divisor to yield the entries 1.4 and 8 : dy 2Q2 = 0... [31] 

written beneath 43 and 65, respectively. We subtract and obtain 

the 42 and 57 in the third row. Division of 57 by 43 yields the Where 

quotient 1.3. We multiply 1.3 by the | and 6 of the divisor to 

obtain the entries 1.3 and 8 in the fourth row. Subtracting these 

entries from 6 and 42 we have the remainders 4.7 and 34, respec- 

tively. The next division is the last, and the quotient should be 1. 

We therefore write 6 and 43 beneath the 4.7 and 34 as shown 

Subtracting, we get the remainders —1.3 and-—9. If the division x? + az + a2 

were exact these remainders would be zeros. We have sub- P o 

tracted off too much. We therefore decrease the 6 and 43 by 1.3 Q =2?+—- = 

and 9, respectively, and obtain x2? + 4.77 + 34 as the next trial 

divisor, We have the division 1 Use the linear expression L, asa trial factor, or better, z + a 
where @ is a conveniently chosen number less than a,. Employ | 


right-to-left synthetic division. Correct @ on the basis of the 


An 2 An 2 


q 


mainder. When a root has been found, work with the reduced 
41 ‘ equation (one lower degree). In this way solve for the numerically 
es... large real roots and obtain a reduced equation Fe. 
K 33 Are 7 2 Write the reduced equation in the form of Equation [30]. 
. 34 Use the linear expression L, for the reduced equation FE, as a trial 
factor, or better, + 8 where is greater than @,/a,-1. Use ordi- 
nary left-to-right synthetic division. In this way solve for the 
Since the remainders are numerically small, the factor ; rest of the real roots (the numerically small real roots). 
z?+4.72 + 34 3 When all of the factors corresponding to real roots are re- 


moved, write the reduced equation as in Equation [31]. With Q, 
of he le ft side of Equation [29] is very nearly correct. The quo- Denner, W.. and 6. 
tient obtained is z* + 1.7z + 1.880 that the left member of Equa- — pees MeGraw-Ilill Book Company, Inc., New York, N. Y¥., 1953, p. 
tion [29] factors approximately into 427. 


a! a} ae 
1342 
i 
| 15 42 
The first thr s of Equation [29] yield the trial factor 
7 
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as a trial divisor, or better, r? + yz + 6 where y and é are less than 
a, and a2, respectively, and right-to-left synthetic division, remove 
a quadratic factor, correcting trial divisors on the basis of remain- 
ders. Quadratic factors with relatively “large” coefficients are 
readily found by this procedure. 

4 Ifa quadratic factor is not easily found by step 3 suppose 
that Equation [31] is the reduced equation obtained after the 
foregoing steps. With Qe as a trial divisor, or better, 2? + Ar + yu 
where A and uw are greater than a,-;/d,-2 and a@,/an-2, respectively, 
and left-to-right synthetic division, remove a quadratic factor, 
correcting trial divisors on the basis of remainders. Quadratic 
factors with relatively ‘‘small”’ coefficients are readily found by 
left-to-right synthetic division. 

Thus right-to-left synthetic division is to be used to remove 
linear and quadratic factors corresponding to L; and Q, obtained 
from the high-order terms of the equation, and left-to-right syn- 
thetic division for removing linear and quadratic factors Le. and 
(J. corresponding to low-order terms of the equation. 

A big advantage of right-to-left synthetic division is that 
the correction to be made in a trial divisor is immediately evident. 
At the end of a division one knows how far one is away from the 
actual roots. There is probably no one best method for solving all 
algebraie equations. It is the writer's experience that intelligent 
cut and try is better than one definite procedure, such as that of 
Lin for finding complex roots, wherein each step is prescribed and 
one can withour the use of Judgment proceed mechanically from 
start to conclusion. 

One cannot judge the value of a method, such as that of the 
author’s or the writer's, on the basis of one problem. To judge a 
method one must work several problems, as they occur in indus- 
try, so that one becomes adept at using the method and acquires 
the “feel” of it. Only in this way can the efficacy of one method 
be compared correctly with another. 


Autuor’s CLosuRE 


The author appreciates the discussions because they point out 
the broader problem and the appropriate methods of attack. In 
particular, it is worth while to note the manner in which simphifi- 
cations of the problem itself are exploited in the various methods, 
For the convenience of the reader, the comments will follow the 
pattern of the individual discussions. 

Yaohan Chu’s discussion gives root-locus undue credit in that 
item (a), the plotting of all roots on a complex plane, is given in 
Bode’s book.4* The characteristic equation AG(s) = —1 arises 
naturally for a single loop system in which the zeros and poles of 
G(s) are known and K is the variable of interest. The frequency- 
response method first exploited knowing the factors of G(s) by 
treating each factor as a vector so that the product G(s) has a 
magnitude equal to the product of the magnitudes and a phase 
angle equal to the sum of the phase angles of the individual fae- 
tors. Root-locus uses this same simplification for complex values 
of s by plotting vectors in the s-plane. 

The organization of the solution of a complex system in the 
simplest form benefits either a frequency-response or 4 root-locus 
solution. If the problem is as stated in Mquation [18], for ex- 
ample, then the adjustable functions Gy(s) and G;,(s) are isolated 
in the expansion given in Equation [19]. The effect of the func- 
tions can then be studied in individual root-locus plots or the 
frequency-response curves could be added separately to the curve 
of Fx(s) My(s). If, however, the problem is as given in Equation 

“Network Analysis and Feedback Amplifier Design,”” by H. W. 
Bode, D. Van Nostrand Company, Inc., New York, N. Y., 1945, p. 
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[26] with G, and G, adjustable, then the term involving the prod- 
uct G,G, complicates either method of solution. Fortunately, 
Equation [18] arises often in that the pitch system of an airplane, 
for example, involves moment, lift, and control equations with 
only the control elements adjustable. A roll-yaw system can be 
solved as roll and yaw separately with the effects of intercoupling 
added, These intercoupling calculations are benefited by Chu’s 
suggestion that only critical roots be considered. Analog com- 
puters are used widely for getting many such numerical results 
quickly, but a need still exists for 4 way of picturing a system 
which will permit organizing the analog study and provide a 
rough check on the results. This problem is sufficiently different 
from the original single-loop problem so that the best solution 
may not involve root-locus at all. 

Mr. Maemillan’s kind remarks about several fundamental ad- 
vances suggest that a reference be given to the paper which ex- 
pounds Dr. Profos’ idea of conformal mapping from a Nyquist 
curve to obtain the dominant roots. This procedure, in the 
author’s opinion, still seems to be the logical one for a person who 
thinks in terms of frequency response but wants a rough check on 
transient response. The references to Chu’s papers are welcome, 
particularly since an extension is given to the dead-time problem* 
not covered elsewhere in the literature. The limitation of root- 
locus to linear systems certainly should be emphasized because 
linearity is essential to describing the system by an algebraic 
equation in s 

George Biernson’s example points out several reasons for cau- 
tion in using zeros and poles, The zeros and poles completely 
define either frequency or transient response, but perhaps the 
emphasis on poles alone could cause many engineers to expect no 
transient overshoot without the complex poles. The closed-loop 
transfer function given is, however, equivalent to a criticaliy 
damped system 1/(1 + 8/3)? followed by a lead network (1 + s)/ 
(1 + 8/3). The lead-network function can be expressed as 1 4 
2/1 1/(1 + 7's)]} which shows that the actual transient rises 
above that of the critically damped system by twice the effect of 
an additional lag 1/11 + 7's). Another caution is that roots, or 
closed-loop poles, shift very rapidly for a small change in a 
parameter when the roots are nearly equal. Specifically, the rate 
of change of s with respect to gain is infinite for two equal roots, 
and even the second derivative of is infinite for three equal roots. 
A six per cent change in gain in the given system shifts a pair of 
roots to an undamped natural frequency of 4.3 with a damping 
ratio of 0.8 and shifts a real root to--1.5. The transient can now 
be plotted as a simple quadratic with the effect of the equivalent 
lead network cut roughly to '/,. The rapid shift of roots when 
they are nearly equal makes their numerical value hard to find, 
but the value is also not critical for either frequency response or 
transient response. 

R. Oldenburger’s synthetic division method deals with the classic 
problem of finding the roots of an nth degree polynomial equation. 
It is noted in Equation [19] that the minors of the determinant 
have all been expanded to polynomials. The advantage is even 
greater for a fourth order in which, in general, twenty-four terms 
would arise in the expansion. Substitution of numerical values 
permits cutting down the number of plots to the number of fune- 
tions of interest. From having spent more time than the author 
cares to realize on graphical methods, however, he cannot help but 
accept the challenge of presenting an alternative to an algebraic 


solution. Thus in the first example the magnitude of each term 


18“Graphical Analysis of Control Systems,"” by W. R. Evans, 


Trans. AIEE, vol. 67, 1948, pp. 547-551. aye ; 


~ 


> 


> 
| 
= 
= 
aif 
; 


1344 TRANSACTIONS OF THE ASME 


ha 


can be plotted vertically on log-log co-ordinates versus the mag- 
nitude of z horizontally by straight lines, as shown in Fig. 9, here- 
with. 
It is noted that at | z| = 0.5 the z* and z* terms are both small 
so that the characteristic function is nearly zero by making z = 
0.5 so that the constant and the z-term cancel. Similar inter- 
sections give z = —17 and z = —120 as the first approximation 
to the other roots. In plotting these lines it was convenient to use 
regular squared paper with a logarithmic scale marked on a 
separate card. This card can then be used at |z| = 17 to note 
that the z* term is '/, of the z and z* terms at this point. The 
root should be increased by '/, to make the 2? term be equal to the 
sum of the z and z* terms, making the root approximately —19. 
Complex roots would arise if the z? term had been 122? rather 
than 1202? which leaves the a and z* terms the largest and equal at 
|r| = 45.. As a first approximation z would equal j45 to make 
these two terms cancel. Treating the magnitude of z and z* as 
unity, the logarithmic scale shows the 122? term to be 0.25. A 
separate vector diagram will show that z should have a damping yy o 
ratio of 0.25/2 in order that the vector sum of the three terms be am p 
zero. A further approximation would involve noting that an in- = yak 
crease in ¢ would make the z and z* terms overcompensate for the 
z* term by twice Vi ¢? times dz. The derivative of the 
quadratic function thus obtained can be divided into the remain- 
ing constant term of 1000 to get the additional increment in s 


needed to cancel the constant term. 

R, Oldenburger’s conclusions are certainly shared that one 
cannot judge a methed on the basis of one problem and that one 
must become adept at all of them to compare them. In spite of 
our difference in preference between algebraic and graphical solu- 
tions, the author shares his preference on a more basic point that 
some judgment in a trial-and-error solution saves a lot of routine 
calculation. Fie. 9 SoLution or z* + 120z? 4+ 2000z + 1000 = 0 
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Approximate Frequency-R Methods | 


for Representing Saturation and Dead Band _ 


& 


This paper indicates there are numerous nonlinear ele- 
ments having saturation or dead-band characteristics for 
which an “equivalent linear coefficient’? may be used as > a 
the describing function. The equivalent gain factors for + OUTPUT 
saturation and dead band are shown to have a somewhat 


complementary nature and to be of relatively simple 


form. Although the results of using this approximate 


method of analyzing backlash and saturation do not pro- ot a 
vide an exact solution, they do permit the designer to ob- 


tain useful qualitative results. As such, this method is T . . LIMITING 
particularly helpful for use in the more complex systems * * "VALUE 


such as are generally encountered in practice, but that do - ys + INPUT 


not lend themselves to more exact analytical treatment. | i 


INTRODUCTION 
—O., SATURATED VALUE 
iii Hk works of Kochenburger (1)? and Johnson (2) on apply- OF — OUTPUT 


ing frequency-response methods to nonlinear control 


> 


systems can be applied in an approximate form to the prob- 
lems of saturation and dead band. Each of these forms of non- ACTUAL CURVE = 
linearity can be shown to be capable of representation by an IDEALIZED CURVE === 
“equivalent linear coefficient” for its describing function. Typi- pig. 1) Saruration CHARACTERISTIC FOR REPRESENTATIVE CON- 
cal examples of saturation and dead band are used to illustrate TROL ELEMENT 
this physical approach to the problem. 
The equivalent gain change for these nonlinear effects is evalu- 
ated for sinusoidal inputs. A complementary relationship be- 
tween the saturation and dead-band gain-factor changes is indi- 


the input function. For inputs greater than some limiting value, 
the output fails to continue to increase proportionally to the 
input and the effective output/input ratio is reduced. This 


cated, The performance obtained while synchronizing to a step- phenomenon is known as saturation. The solid curve in Fig. 1 


position input for a servomechanism system having either satu- 
ration or dead band present will be compared with the results 
predicted by the use of the equivalent linear-coefficient form of 


shows a form which the saturation characteristic may take. The 
input and the output may be in any appropriate units provided 
the singular valued relationship between output and input exists, 


describing function. Both exact and approximate analysis To illustrate the effect of such a saturation characteristic on the | 


methods show that sustained oscillations can be maintained 
under certain conditions when saturation or backlash is present. 
In addition to providing qualitative information on system 
performance with saturation or backlash present, the method 
outlined in this paper can be used to provide approximate results 
in handling nonlinear effects in more complicated, multiple-loop 


describing function of an element, the case of voltage saturation 
in an electronic amplifier and of torque saturation in a d-c motor | 
will be deseribed. 

Voltage Saturation in Electronic Amplifier. To provide a means ; 
for simplifying the analysis of the saturation problem in an elec- — 
tronic amplifier, it is assumed that the actual input-output curve ry 
symoms. is symmetrical and can be approximated over the region of oper- | 


ating interest by an “idealized”’ saturation characteristic, as shown 
¢ in Fig. 1, by the dotted intersecting straight lines. One line 


a To provide a physical basis for the treatment of saturation and passes through the origin and has the same slope, A, as does the 
dead band that follows, a description of a few representative actual gain characteristic in this region. The other two lines 
problems of each will be presented. have zero slope and their values, +0, and ——O,, are approxi- 

Saturation, The linear relationship between the output andthe — mately equal to the saturated value of the output, respectively, — 
input of an amplifying device whether it be mechanical, electrical, for large positive and large negative values of the input. /,, the 
or hydraulic is at best valid only over a limited range of values of — jimiting value of the input is that input value where the lines of — 


— slope K and of zero slope intersect and beyond which the output 
Engines r, General ElectricCompany. can be considered no longer to increase. Thus 
? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
Contributed by the Instruments and Regulators Division and 
presented at the Annual Meeting, New York, N. Y., November 
29-December 4, 1953, of Toe American Society or MecHanicaL 
ENGINEERS Symmetry has been assumed so that the limiting input for 
Note: Statements and opinions advanced in papers are to be hositive and negative inputs is the same and the correspond- 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May * ; 


ing positive and negative saturated values of output are equal | 
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If, to an amplifier having the idealized input-output charac- 
teristic of Fig. 1, a sinusoidal input 


ig(t) = sin 


is impressed, in which Ty > /,, the output O,(¢) will have the 
form shown in Fig. 2. 

For values of —-J;, < ig < + /,, the output O,(t) will be pro- 
portional to i,(t) the proportionality factor being K. For values 
of i, > /,, the output will be constant and equal to O, the satu- 
rated value of O,; likewise, for values of i, << —J/,, the output will 
be constant and equal to--9),. The angle @ at which O,(t) is no 
longer linearly proportional to 7,(t) is 


LINPUT, :a(t)* sint 
OUTPUT, O« ‘t) 


sir 


Fia, O4(t) as Function or Time For Input ig(f) = 
Iu t TO A E.ement Wirn Jy > THe Limitine 
Va.ue or Input 


M, 


3) Moror-Generator Controu Having Moror-Torque 
SATURATION 


CONTROL 


AMPUFIER 


GENERATOR MOTOR 


the curves in Fig. 2 and the value of @ are independent of the 
frequency of the input sinusoid for the range of frequencies that 
are of interest. For such sinusoidal inputs, the fundamental of 
the output, Oa, is in phase with the fundamental of the input, /y,, 
and the ratio between them is a numeric that is a function of the 
magnitude of a, Thus 


where G'(a) is the describing function of the saturated amplifier 
Since a and /;/iy are related by Equation [3] it is apparent 
that Oa:/ly of Equation [4] also could be expressed in terms of a 
function of /,,// 4 rather than of a, 

Motor-Torque Saturation. The effect of motor-torque saturation 


A. 


MOTOR 
ARM ATURE 
CURRENT 


Ipeatizep Moror Torque-ARMATURE CURRENT-SaTu- 
RATION CHARACTERISTIC 


ARMATURE CURRENT, Iw sint 


Fie. 5 Moror Torque ann ARMATURE CURRENT AS A FUNCTION 
or Time FoR SINUSOIDAL VARIATION IN ARMATURE CURRENT WITH 
TORQUE SATURATION PRESENT 


on a d-c motor-generator control of the sort shown in Fig. 3, may 
produce sluggish and otherwise objectionable control-system per- 
formance. Owing to demagnetization effects caused by incom- 
plete compensating windings and by maguetic saturation, the 
motor torque obtainable as a function of armature current may 
have the idealized saturation characteristic shown in Fig. 4, 
Fig. 5 shows 
the armature current and corresponding motor torque as a func- 
tion of time for a sinusoidal variation in armature current of so 
large a magnitude as to produce torque saturation. The funda- 
mental of the torque is in phase with the armature current and is 
of a magnitude that is a function of Jy, the maximum of the 
Thus the fundamental motor torque can be 


where 7’, is the saturated value of torque available. 


armature current. 
expressed as 


torque = K,' I. 


where Ky’ is the effective torque constant and has a value of 
Kr for - I, < Iy < +1, and Kr > Ky’ > 0 for ly > I, and 

Referring to Fig. 3, the control, voltage, and torque equations 
can be expressed as 


KM, =(T;s+1)E 
EB = RI +K,80 


~ 
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where linearity that is commonplace in control systems, Although 
M, = volts input to control amplifier dead band is generally present to some degree because of the limi- 
K control-amplifier output volts per unit of input tations of the manufacturing process, there also are instances 
T, time constant of control amplifier ~ where an effect similar to dead band is introduced for purposes 
‘ of providing limiting action. The characteristics of dead band are 
From Equations [6] to [8] ‘ 
illustrated graphically in Fig. 6, where the dotted line shows an 

K/K, 

M, s8(T,8 +1)(Ty’s + 1) 


idealized plot of the output of an element with dead band as a 


eree++ (9! function of the element input. The solid line shows more nearly 
« : an actual output-input characteristic in which the output/input 
where r Po slope changes gradually about tly 2 rather than changing 
, 7 abruptly at the point of discontinuity +/,/2, as is indicated by | 


Ty’ Be the idealized “dotted” lines. For inputs J > /,/2, the ratio of 
the effective motor time constant. 
output 


output to input is linear with the proportionality factor A being 
From this expression for the motor time constant it appears K = : {10} 
that 7'y’ increases with increasing amounts of torque satu- ! In? 
ration; i.e., lower values of Ky’. The undesirable effects that If to an element having the idealized dead-band characteristic 
may result from increasing the time constant of a motor are well — of Fig. 6, a sinusoidal input 
known and may prove objectionable from a control point of 
view. ig(t) = Ty sin ¢ 
Dead Band. Dead band or backlash is another form of non- 


is impressed in which Jy, > /,/2, the output O,(¢) will have the 

OUTPUT form shown in Fig. 7. For values of —T/, 

+ Le., in the dead-band region, the output O,(¢) will be zero. For 
J) a values of i, > +/,/2 the output will be proportional to i, 

: 1,/2 with K from Equation [10] being the proportionality factor; 


],/2 the output is proportional to i, + J,/2 again with 


oe : X as the factor for proportionality. The angle a at which O,(t) 
— no longer is zero is 
I, 
= sin™! 


mas of, 


From Fig. 7, it will be noted that @ is independent of the fre- 
quency of the input sinusoid and that the fundamental of the 
output is in phase with that of the input. The magnitude of the 
output isa function of the y ratio. 

It should be noted that the input quantity refers to the input 
ACTUAL CURVE <__ to the particular element and in some cases may represent a dif- 
IDEALIZED CURVE -—=- ference quantity or error rather than the entire input to the con- 
Ig’ TOTAL DEAD BAND ANGLE trol system. This is the case in the instance of mechanical back- 
lash as illustrated in the following example ; 

Spring-Load Backlash Including Drive Motor Effects. Fig. 8 — 


hic. 6 Ovreur Versus Input CHARACTERISTIC FOR AN ELEMENT 
Wirn Deap or Backiasu VISCOUS 
INPUT, ia(t)* sint 


Iu 


OUTPUT, O a(t) 


-! 


8 Direct-Current Moror Connecteo 
AND A Sprinoy To aN Inertia Loap Havine Viscous Damp 


ING 


shows schematically a d-c motor connected through backlash and 
] ~ Kily-lg } OUTPUT aspringy shaft to an inertia load having viscous damping present. 
The describing function for these elements can be developed 
-Iy 4 with the aid of Figs. 9 and 10. As shown in Fig. 9, the difference 


S. in position between the motor Oy and the load 6, determines the 


torque exerted by the spring. For values of —0,/2 < (Oy - 


Fic. 7 Ovurpur Oe(t) as a Function or Time ror Input ie(t) = 92) < +4e/2 there is no spring torque transmitted from motor 


la TO AN Evement Witu Deap Banv, SHown > to load. If the angle Oy 4, is considered to be sinusoidal in 
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9 Torque Devetorep Across Spring kia. 8, a8 FuNe- 
TION OF Dirrerence Moror aNd Loap Postrion 

Tovar 6g 


8) 
(a, 9, ) 
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85 


MAX 


—@y- 
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Kia, 10) Spring Torqur anp Movor Loap-Posirion Dirre rence 
ANGLE A FuNnetion oF Time ror SINUSOIDAL VARIATION IN 
Moror-Loap Dirrerence ANGLE Wirn Totat Backiasn, 


nature, the spring torque transmitted will have the form shown 
in Fig. 10. From this it can be seen that the fundamental of the 
spring torque is in phase with the input angular difference (Oy 

9,), the proportionality factor K,’ being a function of the ratio 


On 
9 61) max 


In essence K,' is an effective linear spring constant; the value of 
which is a function of the amplitude ratio noted. 

Using an equivalent linear spring coefficient K,’, the equation 
for the torques acting on the load is 


J, 8* 0, + Dis 0, = K,' (Oy — 6,).. 
The torques acting on the motor are 
Kyl — (04 — = Jy 8? Oy 
and the motor-voltage equation is 


EK = RI + Ky Oy 
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Combining Equations [14] and [15] 


kK, K T 
R 


-K,' (Oy - 


-O0,) = Jy Oy sO, ..{16) 


quations [13] and [16] are shown in block-diagram form in 
Fig. 11, where K,’ is shown by the schematic feedback symbol. 
For purposes of analytical work, K,’ may be considered to have — 
an effective linear value that is dependent on the 


9% 
2( max 
ratio, 

Current Limiting Action. A somewhat different form of the 
dead-band problem is illustrated in Fig. 12, where is shown a 
motor-generator control in which a current-limit feedback is pro- 
vided to prevent excessive motor current. The output of the 
limiter amplifier is supplied degeneratively to the control ampli- 
fier thereby limiting the generator voltage and consequently the 
motor current. This example of limiting action is similar in its 
method of treatment to that for velocity, acceleration, pressure, 
or other parameter limiting that may be employed with the ap- 
propriate quantity being fed back through the limit amplifier. 

The voltage-output characteristic of the limiter amplifier as a 
For 
positive values of current less than /,, the value of current at 
For 


function of the motor-armature current is shown in Fig. 13. 


which limiting action starts, there is no voltage feedback. 
values of current greater than 7,, the feedback voltage increases 
sroportionally to current, Ay being the proportionality faetor, 
For a sinusoidal variation in motor-armature current greater 
in magnitude than /,, the voltage from the limiter amplifier is as 
The fundamental component of the limiter- 
amplifier voltage is in phase with the motor-armature current 


shown in Fig. 14. 


The magnitude of the fundamental component of limiter voltage 
is a function of the maximum of the magnitude of the motor- 
armature current, the proportionality factor being Ky’, where 
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MOTOR ARMATURE 
AMPERES 


hic. 13 
TION OF 


LIMITER-AMPLIFIER VOLTAGE CHARACTERISTIC AS A 
Current ror Current-Limir Action 


MOTOR ARMATURE CURRENT 
VOLTAGE FROM LIMITER AMPLIFIER 


Q* sin 
Im 


hig. 14. Meror-ArMatTure CURRENT AND From LIMITER 
AMPLIFIER AS A FuNcTION oF TIME POR SINUSOIDAL VARIATION IN 
Moror-ARMATURE CURRENT; Limit Action Takes Piace at Iz 


O < Ky’ Ky. 
pressed as 
Referring to Fig. 


Thus the limiter-voltage output can be ex- 
12, the following equations may be written: 
Ky’l... {17} 


K(M, 
Generator voltage, = 
(Ty s + 


Signal to amplifier = M, 


1 + K,s 0... 


Motor torque, K7l = J [19] 


Combining these equations, the transfer function from input- 
signal voitage to motor position is 


6 


K,s | (1 


where 


With Ky’ = 0, this transfer function takes on the usual value 
it has with no limiting action. With limiting action present and 
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Ky’ => Ku, 


caused by the 


the transfer function has a more sluggish response 


KKy' J 
K.Kr 


term in the denominator. a . 


EVALUATION OF GAIN-CHANGE Facror 


The preceding examples of typical saturation and dead-band 


problems have served to point out two common types of nonlinear 
characteristics for which it is desirable to relate the magnitude 
of the fundamental of the output to the magnitude of a sinusoidal 
input. 
it indicates the factor by which the gain of a linear element must 


This ratio can be considered as a gain-change factor for 


he modified to account for the effect of the nonlinearity present. 
By multiplying the linear coefficient for the element by the gain- 
change factor, the value for the “equivalent linear coefficient” of 
the element having a given input amplitude and region of non- 
Thus if A is the gain-change factor, and 
nt for the element, the equivalent linear co 


linearity can be found 


efficient K’ 


where A is a function of the input amplitude, 

Factor, A, Although the saturation-gain 
factor has been developed by Kochenburger (3), it will be re- 
peated here to help point the complementary nature of the satu- 
ration and dead-band gain factors, Fig. 2 shows the output of a 
symmetrically saturated element as a function of time for a 
From this it is evident that there is no phase 


Saturation-Gain 


sinusoidal input. 
shift between the fundamental of the output with respect to the 
input fundamental. With 
linear region, 7, the value of input at which limiting action takes 
place, and Jy the maximum value of the input, the output for 


K as the gain of the element in the 


a half eyele can be expressed as follows 


= 


K sint O< 
K ly sin @ a « 
= kK ly sin t 

where 


: 


ly {22} 


Taking advantage of symmetry O,,, the fundamental of the 
output can be expressed 


2K I fey 
(2 / sin? ¢dt +4- sin sin iat) 
Ja 
2a 
Og = K ly ( } 


Defining the saturation gain factor A 
mental of the element with saturation to the fundamental of the 
same element with linear operation throughout 


[23] 


» a8 the ratio of the funda- 


2a ' sin 2a@ 


A,= [24] 


T 
15 is plot of A, (left ordinate) as a function of 1, // and 
shows the gain factor to fall off from 1.0 slowly for 1, /ly > 0.8, 
while for small values of 1,/ly (< 0.3) the gain factor is approxi- 
mately proportional to 7,/Iy. As indicated by the title of the 
right ordinates in Fig. 15, and as will be shown in the material 
that follows, the saturation and de ad- band gain factors are 


somewhat complementary in nature, é 
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Dead-Band Gain Factor, Ap. Fig. 7 shows the output of an ele- 
ment with a symmetrical dead-band characteristic as a function of 
time for a sinusoidal input. Again the fundamental of the out- 
put is in phase with the fundamental of the input as was the 
case with saturation. With K as the gain of the element in the 
linear region, /,/2 the value of input at which linear operation 
begins, and Jy the maximum value of the input, the output for 
half a cycle can be expressed as follows 


Ot) = K Ty (sin t sina) a 


. [25] 


Ip 


= 


O,(t) = 0 for the remaining interval; Og, the fundamental of the 
output, can be expressed as 


2KIy 
Oa = = / (sin ¢ —- sin @) sin ¢ dt 
Sa 


6) 


us 


Defining the dead-band gain factor as the ratio of the funda- 
mental of the element with the dead band to the fundamental 
of the same element with linear operation throughout 


2a sin 2a@ 


us 


with proper interpretation being placed on the definition for a 
‘in the two cases, 

Equation [28] indicates the complementary relationship be- 
tween the saturation and dead-band gain factors mentioned pre- 
viously. It is of significance to note that the “at-rest’’ condition 
for the two types of elements is likewise complementary. Whereas 
at standstill a system with a saturable element has 7,//y > 1, 
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and A, = 1.0 for an element with dead band Jp/27y > 1, and 
Ap = 0. For large values of the maximum input J,/ly << 1, 
A, approaches zero as a limit and the performance of the system 
may depart radically from its linear operation: for Jp/2]y << 1, 
Ap approaches unity, and the performance of the system ap- 
proaches that for linear operation. 

Expressed in more physical terms, for smal] inputs to a satu- 
rable element the system performance appears to be that for a 
linear system; for large inputs, the system appears to operate at 
greatly reduced gains. For small inputs to a system with dead 
band, the system is appreciably affected by the dead band and 
operates as if the element with dead band had reduced gain; for 
large inputs, the effect of the dead band appears to be smal! and 
the system tends to operate as if the element were linear. 

The two sections that follow serve as illustrations of the use of 
these gain-change factors to obtain equivalent linear coefficients 
for specific systems, 


SATURATION DURING SYNCHRONIZING OF L’ostTiION CoNTROL 


Using linear control-system analysis, it may be shown that 
series or feedback stabilization methods may be used with ap- 
proximately comparable effectiveness to produce a desired 
steady-state or transient performance. Practically, saturation 
effects in various portions of a control system may cause the 
system response to differ for the two methods of stabilization 
when the system is subjected to such large inputs as oceur during 
an initial synchronizing condition of operation, Using an equiva- 
lent linear coefficient as derived in the previous section to repre- 
sent the saturated element, frequency-response analyses may be 
made that indicate the nature of the transient response to be 
expected. In the following, a series-stabilized and a feedback- 
stabilized system, having similar saturable elements, each condi-- 
tionally stable and each having approximately the same open- 
loop characteristic for linear operation, are compared on a fre- 
quency-response and a transient-response basis during syn- 
chronizing conditions. 

For each system, a comparison is drawn between the open- 
loop attenuation and phase-margin versus frequency character- 
istics, and the closed-loop transient response for various values: 
of the initial amplitude-ratio parameter, ao, where 

Limiting input to saturated element raat 
| 


Maximum input to element with linear operation 


The “limiting input to saturated element”’ is the value 7; shown 
in Fig. 1. The ‘maximum input to element with linear oper- | 
ation’’ is the maximum value of the input to that element that is — 
obtained from a transient analysis of the system using the linear — 
values for the coefficients throughout. This linear analysis is _ 
one that is performed assuming no nonlinearities present and may — 
be obtained using Laplace transforms or other linear-differential 
equation solution methods. For a stable system the maximum 
value of the input to an element is its initial maximum value; 
hence the quantity ao is termed the “initial amplitude ratio” — 
parameter. Thus, from a linear analysis of the response of a 
system assuming no saturation for the nonlinear element, one — 
can determine the input to the saturating element and establish | 
the value of the denominator for Equation [29]. From a knowl- 
edge of the saturating element's limiting value 7;, one can ob- 
tain the numerator of Equation [29]. 

For purposes of establishing an approximate value of the 
equivalent linear gain caused by an initial amplitude ratio, a, 
the gain factor versus /;/Iy (ao) characteristic of Fig. 15, is used 
with ao as the independent variable. Although the input to the 
saturated element in general will not be sinusoidal] for a stop 
input, for conditions where sustained oscillations are maintained, — 
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the input amplitude to the saturating element tends to be ap- 
proximately sinusoidal and the use of the assumed sinusoidal in- 
put is quite valid. Where sustained oscillations are not main- 
tained and the system tends to become stable, the use of the 
assumed sinusoidal input indicates a value of gain for the satu- 
rated element that predicts an initial performance which com- 
pares favorably with the actual system performance. On suc- 
ceeding overshoots, as they occur, the value of /,/Iy (and gain) 
tends to increase and the system performance as predicted by its 
modified attenuation-frequency characteristic corresponds gen- 
erally to the actual system response. 

The phenomenon of sustained oscillations in nonlinear systems, 
explained on the basis of convergent and divergent equilibrium 
points, has been developed by Kochenburger (1) and will not be 
elaborated upon at this time. 

Series-Stabilized System. In Fig. 16 are shown the open- 
loop approximate attenuation and phase-margin diagrams for a 
conditionally stable servo system using series-stabilizing means. 
The performance of this system will be considered under the con- 
ditions of saturation of the preamplifier or of the power ampli- 
fier. Shown by horizontal dotted lines is the value of the reciprocal 
of the gain function of the amplifier being saturated with initial 
amplitude ratios of ag = 0.5, 0.2, 0.05, and 0.005. These lines in 
effect indicate the amount by which the loop gain has been de- 
creased by the amount of saturation noted. From Fig. 16, one 
notes that for ao = 0.005 a negative phase margin definitely exists 
at 0 decibel (db) and unstable operation in the sense of large sus- 
tained oscillations is to be expected. For ao = 0.05 the system 
has a small negative phase margin so that unstable operation 
reasonably might be expected for this condition. For values of 
a) = 0.5 and 0.2, the gain reduction is not sufficient to produce an 
unstable system. In each case, however, the speed of response 
of the system is decreased as the value of the frequency at which 
the dotted lines intersect the open-loop gain for the linear ele- 
ments in the system is decreased. 

Fig. 17 shows the transient response of the system of Fig. 16, 
synchronizing from the same position with various amounts of 
preamplifier saturation indicated by the values of ao. Stable 
operation is indicated for all values of the initial amplitude ratio 
dy, except ag = 0.005. Although the responses for the higher 
values of ao compare favorably with the linear ease shown by the 
dotted line (ag = 1.0), for ag = 0.05 the response is quite oscilla- 
tory and for ag = 0.005 the system is definitely unstable with 
sustained oscillations being established. 

Fig. 18 shows the synchronizing characteristics of the system 
in Fig. 16, with the power amplifier saturated at the values of ao 
It will be noted that with the initial amplitude ratios 
For the corre- 


indicated. 
as high as 0.05 and 0.10, the system is unstable. 
sponding initial amplitude ratios the same system with preampli- 
fier saturation was stable as shown in Fig. 17. The response 
curves with power-amplifier saturation tend to degenerate even 
with a small amount of saturation, and slower responses are ob- 
tained throughout. For large amounts of saturation (a, = 
0.10 or 0.05) the characteristics indicate long periods of essen- 
tially constant-velocity operation corresponding to the saturated 
value of the power element. This is in contrast with the pre- 
amplifier case where the presence of stabilizing networks between 
the saturated element and the controlled variable prevent the 
latter from being so markedly influenced by the saturation of the 
former. 

The synchronizing characteristics shown in Figs. 17 and 18 
tend to bear out in a qualitative way the performance that can be 
predicted from the linearized approach using the equivalent 
linear coefficient for the saturated element. Preamplifier and 
power-amplifier saturation actually demonstrate a different form 
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for their response, although this is not indicated by the linearized 
approach. 

Feedback-Stabilized System. Fig. 19 shows the actual and the 
approximate open-loop attenuation and phase-margin character- 
istics of a conditionally stable position servo employing feedback 
stabilization and having similar open-loop attenuation char- 
acteristics to the series-stabilized system in Fig. 16. Saturation 
of the preamplifier power amplifier, and feedback amplifier will 
be considered separately. As indicated by the horizontal dotted 
lines for the values of initial amplitude ratio with preamplifier 
saturation, a9 = 0.05 should produce unstable operation while 
with ao = 0.5 and 0.2 the system should be stable. Fig. 20, 
showing the transient synchronizing results with preamplifier 
saturation for these values of ao, verifies these results, 

Referring again to Fig. 19, and considering the effect of lower- 
ing the gain of the power clement, it will be noted that the pri- 
mary effects are to reduce the lower frequency gains, w < 1.0 
radian per sec and to reduce the higher frequency gains w > 20 
radians per sec. Although these effects tend to decrease the 
low-frequency response, they do not appreciably reduce the 
phase margin at 0 db gain or alter the frequency at which it 
On this basis it would appear that the system-syn- 
chronizing performance would not be reduced markedly by fairly 
large amounts of power-amplifier saturation. 

Fig. 21, showing the transient synchronizing characteristics 
of the system in Fig. 19, with power-amplifier saturation, indi- 
cates that, for the initial amplitude ratio ag = 0.05 and greater, 
As pointed out by 


occurs, 


adequately stable operation is produced. 
consideration of the attenuation-frequency characteristics, the 
loss in power-amplifier gain does not affect the synchronizing char- 
acteristics of the system markedly. 

teferring again to Fig. 19, consider now the effect of decreas- 
ing the feedback gain as by saturating the feedback amplifier. 
With decreasing amounts of feedback, the open-loop attenua- 
tion characteristic approaches that of the open loop for the sys- 
tem without any feedback stabilization, Since there are only 
two energy storages in the system without feedback, the phase 
margin cannot go negative, and unstable operation could not re- 
sult. 
when no feedback is present and is considerably higher than this 
value with feedback present, Thus, for a value of initial ampli- 
tude ratio of ao = 0.05 24 db) for the feedback amplifier, it 
would appear that a lightly damped response of a frequency of 


However, the frequency at 0 db gain is 20 radians per sec 


about 20 radians per sec should be obtained. 

Fig. 22, showing the transient response of the system with 
feedback saturation (ap = 0.05), while synchronizing on a fixed 
signal, verifies this conclusion. Although definitely oscillatory, 
the response is damping out and stable operation is assured. 
The approximate frequency of the oscillation as obtained over the 
first complete cycle of the transient response is slightly over 19 
radians per sec and checks the linearized approach to the solu- 
tion. 

Conclusions Regarding Saturation During Synchronizing. From 
the data presented, as well as from study of other saturated sys- 
tems, the following conclusions regarding system performance 
under conditions of saturated operation appear valid: 

Saturation can be regarded as a reduction of gain of the satu- 
rated element. 
going section provides a fairly satisfactory measure of the magni- 


The saturation gain factor developed in the fore- 


tude of the gain change produced by saturation. 

For saturation effects to produce sustained oscillations, it is 
necessary for the system to be one in which on a linear basis a 
gain reduction of the saturated element can produce an unstable 
system. 

Since for some servo systems the result of reducing the gain of 
one or more elements may have little detrimental effect or actually 
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may have even a somewhat salutary ten, it appears that satu- 
ration may not always produce unsatisfactory performance. 

These conclusions are in good agreement with the findings of 
Kochenburger (3) and others (4). 


Backuasn ON Conrrot-System MEeEcHANICAL 


DESIGN 


or 


In the manufacture of position-control systems there is a limit 
to the degree of perfection by which the motor and load may be 
connected. Generally the motor is geared to the load and there 
exists some backlash in the gear mesh. A number of detailed 
anulyses (5, 6) have been presented which describe the perform- 
ance of the motor and load with backlash present and with various 
types of load characteristics assumed. In a companion paper by 
C. H. Thomas (7) there is a comprehensive treatment of the sub- 
ject of dead band which deals with a number of different backlash 
conditions. 

It is also of interest to approach this problem as an extension 
of present-day servo-analysis methods. In this material, em- 
phasis will be placed on using the describing function technique 
after obtaining an equivalent linear coefficient for the spring- 
backlash combination. With this as a tool, the effect of the ratio 
of the inertia in the motor to the inertia in the load, Jy/J,, the 
effects of mechanical resonance c, and damping ratio ¢, of the 
load itself, and the effect of load versus motor-position feedback 
will be investigated by frequency-response methods. The quali- 
tative results thus obtained will be compared with quantitative 
results of analog-computer studies of these same cases, 

To provide useful data for mechanical designers of servo- 
equipment, the effect of backlash in a common form of position 
control, as shown in Fig. 23, will be considered when subjected 
to small step-input disturbances. The linear elements for the 
system, preamplifier, stabilizing networks, and power amplifier, 
are shown by the blocks. The motor and load are shown sche- 
matically and correspond to these same elements considered pre- 
viously in Fig. 8. A block diagram for these elements was de- 
veloped from Equations [13] and [16] and is shown in Fig. 11. 
Using an equivalent linear spring constant K,’ to represent the 
apring-backlash combination and the block diagram in Fig. 11, 
one can express the relationship between the motor position 
Oy and the input voltage to the motor Jy as 
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as a simple linear system and the mechanical design parameters 
will then be expressed in terms of the characteristics of this linear 
It will be assumed that the motor and load inertia, 
can be lumped into one equivalent 


system. 
Jy and J,, respectively, 


PREAMPLIFIER POWER 
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inertia referred to the motor shaft. The stiffness coefficient of 
the load is assumed infinite and its viscous and coulomab damping 
For this case, Equations [30] and 
“motor” time- 


are considered negligible. 
[31] become equal and contain only the single 
constant term 
sf 1 
N N K, s+1 > 
where 
K, = 2.00 volts/rad/sec 
K 
= 1.25 lb-ft/volt 
J, = 0.25 slug ft? 
(J wot 
K Kr 


The transfer function of the power amplifier is 


= (0.1 sec, 
constant 


total equivalent motor time 


Ky/R (J, 8? + 4 K,’) 


a KK K K 
+ (sure 4 + J,)K,’ + Dz 


In similar fashion the ratio of load position 6,, 
8, K,' Kr/R 


Jud, 4 (sur Jy, 


These equations are identical with the corresponding ones for 
these elements without backlash with the exception that the 
spring constant A,’ is a function of the amplitude of 62/2 and the 
amplitude difference — 6,)max; K,' may vary 
from 0 for —-0,/2 < Oy +6,/2 to K, the actual shaft 
stiffness gradient for 4, if > > 2|. E ‘quations for motor 
and load positions have been ‘obtained separately so that a com- 
parison can be made of the relative merits of motor position 
versus load position as the controlled variable for feedback pur- 
poses, see switch in Fig. 23 

System-Design Parameters. To provide a starting 
this analysis on a nonlinear basis, the system will be considered 


point for 


to the input to the motor Ty, is 


K,} 
R R R 


that, with the assumptions noted, the sys 
stable. This transfer function is 


0.064 


Fig. 24 shows the open-loop approximate attenuation and phase 
characteristics as a function of frequency in the vicinity of 0 db 
for this linear system. 
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To permit the mechanical parameters of the load and motor 
to be entered into the problem in a systematic fashion, the fol- 
lowing definitions are employed: 


undamped natural frequency of load 
alone with motor inertia fixed (me- 
chanical resonance frequency ) 


K, 
Vy, 


frequency corresponding to reciprocal 
of total equivalent motor time constant 
ratio of load mechanical resonance to 
equivalent motor time-constant fre- 
quency 

. damping ratio for mechanical load alone 
with motor fixed and no backlash 

A 
7 


spring-constant reduction ratio, and ex- 


pressible in terms of 
6, /max 

’ by means of Fig. 15 


wail Further it is assumed! that the combined motor and load inertia 


(Jy + J ,) is a constant equal to 0.25 slug-ft?, although the ratio 
of Jy/J_ is a parameter that the servo designer can control, 
With the aid of these definitions and assumptions, the me- 
chanical design parameters can be expressed in a somewhat non- 
dimensional form and the effects of changes in these ratios may 
be investigated analytically in a systematic fashion. 
Kochenburger has outlined a 
method for separating a nonlinear system into a linear portion 
having a transfer function and a nonlinear portion having 4 de- 
scribing function (1). 
so represented in block diagram form in Fig. 25. 
the motor integration is included with the linear transfer func- 


Basis for Stability Analysis. 
The system under consideration has been 
For convenience, 
From the closed-loop response 


tion 


G(w) (Ap, w) 
R 1 + Glw) G(Ap, w) 


The conditions for system instability can be expressed as 


SysreM or Fig, 23, REPRESENTED AS A SERIES COMBINATION | 
or TRANSFER AND Descriping FUNCTIONS 


G'(Ap, w) 
800 (8 /0.64 + 1)? 
s(s/0.064 + 1)? (8/50 4+ 1) 


G(w) = 


where G(w) = 
and G'(Ap, w) is the describing function given by Equation 
[30] or [31], depending on whether load or motor-position feed- 
back is employed, and is a function of the amplitude ratio 
On 
6, /mas 


= 

2( Oy 
as well as frequency. 

To facilitate the use of the attenuation-frequency techniques, 
the right and left sides of Equations [37] are plotted for different 
assumed values of Ap, for each of the conditions of system param- 
eters that are of interest. At those frequencies where the mag- 
nitude equality of Equation [37] is realized, the phase-angle 
If this phase relationship is 
such that the phase margin is positive for the closed loop, the — 
system is stable for this condition of Ap and the magnitude of the 


relationship which exists is noted. 


oscillation initially present tends to decrease such that a smaller 
value of Apisrealized. If the phase margin is negative at the fre 
quency where the magnitude equality of Equation [37] exists 
the system is unstable for this condition of Ap and the magnitude 
of the oscillation initially present tends to increase such that a 
larger value of Ap is realized. 

When a condition exists where both the magnitude and angle © 
relationships of Equation [37] occur simultaneously, the oscilla- 
tion is sustained at this gain-factor change (A,) and sustained 


oscillation frequency w,. From the gain-factor change and the 
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curve of Ap versus 1,/2/y given in Fig. 15, one can determine 
the value of the backlash-input maximum ratio. 
magnitude of the backlash angle for the given control, and the 
Oy/2( Ox 9;,)max ratio from the curve, the value for (Oy 

Ap )max Can be calculated. With this the magnitudes of other 


Knowing the 


significant quantities such as error, or load position may be de- 
termined at the frequency of oscillation w, using regular linear- 
analysis methods. 

To illustrate the stability aspect of this process, refer to Fig. 
26, in which the magnitude and phase angle of G(w) of Equa- 
The 


1/G'(Ap, w) also are shown by 


tion [37] are shown by solid and dotted lines, respectively. 
magnitude and phase angle of 
solid and dotted lines, respectively, for values of Ap = 1.0, 0.1, 
and 0.01, Load-position feedback is employed, since a greater 
tendency for sustained osvillations is noted when load rather than 
For Ap = 1.0, corresponding 
to the linear case in which no backlash is present, the equality of 


motor-position feedback is used. 
magnitudes for Equation [37] occurs at w = 3.7 radians per sec 
although a positive phase margin exists until@ = 15 radians per 
sec, Hence stable operation can exist for the values of system 
and load parameters indicated, 

With Ap = 0.1, the equality of magnitudes for Equation [37] 
occurs at @ = 7.0 radians per sec, although a negative phase mar- 
xin exists for frequencies greater than w 
This means that the system is unstable for this value of Ap, cor- 
Oy max = 1.24 and the oscillations will 
increase to a larger amplitude before stable sustained oscillations 
The magnitude and phase curves for Ap = 0.01 
also indicate an unstable condition so that the possibility defi- 


5.5 radians per sec. 
responding to 0, /2( Ax, 
are reached. 


nitely exists for starting up the oscillation process that will grow 
to produce larger values of Ap than 0.1. 

This method for determining whether sustained oscillations 
can exist in the region from 0.1 < Ap < 1.0 is used in the material 
that follows. This range of Ap has been chosen since it is felt that 
it may be possible to tolerate values of sustained oscillations of 
less than 1.25 times the value of backlash. Further, the use of 
this method will serve to produce a qualitative indication of the 
relative effects of the various mechanical design parameters that 
are of principal interest. 


Effect of Load Mechanical-Resonant Frequency. n Fig. 27 


is shown the effect of increasing the load mechanical resonant- 
frequency ratio from ec = 1 to 4 for the mechanical design param- 
0.1 with load-position feedback. 
0.1 andc = 1.0, 
the system is unstable while for the higher values of «¢ and Ap = 
0.1 and for all values of ¢ with Ap 1.0 the system is stable. 
Further, the relative degree of stability improves with increasing 
values of c, as indicated by a greater amount of phase margin 
at magnitude equality and by the higher ratio of frequencies be- 
These curves 


eters Jy/J, = 1.0 and = 
Study of these curves indicates that for Ap = 


tween magnitude equality and phase-margin zero. 
serve to indicate then that increasing the load mechanical reso- 


nance-frequency ratio reduces the magnitude of the sustained 


oscillation caused by backlash. Values of ¢ = 2 or greater appear 
to be satisfactory for the system here considered. 

Effect of Motor-to-Load Inertia Ratio, Jy/J,. Vig. 28 shows the 
effect of varying the motor-to-load inertia ratio (J4_//J_) over the 
range '/, to 4 on the stability of the system using load-position 
feedback. At Ap = O.l and Jy/J, = '/4the system is shown to 
be stable. However, for values of Jy/J, = 1, and Jy/J, = 4, 
and Ap = 0.1 the system is shown to be unstable with increasing 
instability for the higher value of Jy/J,;. At Ap = 1.0 all three 
values of Jy/J, indicate stable systems with the lower the value 
of Jy/J,, the more desirable the performance. Therefore, for 
Jy/J_ = land 4, sustained oscillations of greater than 1.25 times 
the backlash magnitude will be established. In this case where 
load-position feedback is being employed and the total inertia is 
constant, it is desirable to have as much as possible of the total 
load inertia to be located in the load for minimizing the oscilla- 
tions caused by backlash. 

Effect on Load-Damping Ratio, §. Fig. 29 shows the effect 
of varying the damping ratio of the load ¢, over the range from 
0.025 to 0.10 for values of Ap = 0.10 and 1.0 with load-position 
feedback. With ¢ = 0.10 and Ap = 0.1, the system appears to 
be nearly on the limit of stability, although for values of £ = 0.05 
and 0.025 the system can be seen to be definitely unstable. For 
Ap 1.0, the system is shown to be stable for all three values of 
damping ratio, although the lower the damping ratio, the less 
stable the system in the range of frequencies near the mechanical 
Thus considered on the 


resonance frequency of the load itself, 
basis of minimizing the magnitude of the sustained oscillation 
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resulting from backlash, it is desirable to have a mechanical 
damping ratio in the vicinity of 0.10. Since viscous damping 
represents a power loss for constant-velocity load motion, it is 
apparent that a limited amount of viseous damping should be 
used and other means should be sought for eliminating the effects 
of sustained oscillations resulting from backlash. 

Comparison of Load and Motor Feedback, Fig. 30 shows a 
comparison of the stability of a given system using either motor 
feedback or load feedback as shown in Fiz. 23, for Ap = 0.10 
and A, = 1.0. For the case of load feedback, definite insta- 
bility is indicated at Ap = 0.10, while stable operation is shown 
at Ap 1.0. Sustained oscillations of greater than 1.25 times 
the value of the backlash angle are thus predicted with load 
feedback. For the same system but with motor feedback, rela- 
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tively highly stable operation is indicated for both values of 
Ap. This result confirms the general experimental findings of 
servo designers over the years. 
that the additional phase shift produced by using load-position — 
feedback rather than motor-position feedback, Mquations [30] 


and [31], may be objectionable over the range of frequencies of | 
1.0 radian per sec, 


interest. Although at low frequencies, w - 
there is not much difference between the results obtained from 
two sources of position-feedback signals, above this frequency 
range the results vary quite markedly. Viewed on this basis, 
the “divided-reset”’ methods recommended and used by the 
British and others appear to have particular merit. These re-— 
sults confirm the long-established design criterion, that ““when-— 
ever possible the position response to be used for feedback pur- 


Further, it serves to indicate — 
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poses should be obtained from the motor rather than the load 
for most stable operation.” 

Analeg-Computer Results, The position-control system shown 
in Fig. 23 has been set up on an electronic analog computer by 
R. L, Mathews, and its performance has been determined for a 
wide variety of system parameters with load or motor feedback 
signals, Figs, 31, 32, and 33 show for load feedback a number 
of significant performance characteristics as a function of the me- 
chanical damping ratio for three different values of the motor/ 
load inertia ratio Jy/J,;. The performance characteristics that 
are indicated include the frequency of the sustained oscillation 
w,, the amplitude of the error to the backlash ratio 2E/@,, and 
the amplitude of the maximum of the twist angle to the backlash 
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ratio 9,)max/8g. The latter two characteristics 
merely amplitude ratios and the magnitudes of the error or twist 
angles that are obtained are directly proportional to the magni- 
tude of the backlash angle @g. From this it is apparent that the 
effects of backlash can be minimized by limiting the amount of 
the backlash angle. 

Referring to Fig. 31, for which Jy/J, = '/4, i-e., the majority 
of the inertia is in the load, sustained oscillations are shown to 
exist for load mechanical resonance-frequency ratios of ¢ = | 
and 2, with no sustained oscillations existing for c = 4. The 
sustained-oscillation frequencies are in the rather limited range 
from 3 to 6 radians per sec, i.e., in the vicinity of the open-loop 
crossover in Fig. 24. The error/backlash and twist angle / 
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backlash ratios are approximately the same and vary from 2.5 to 
about 1.0 with the magnitudes decreasing gradually with in- 
creasing values of the damping ratio ¢. For increasing values of 
c, the amplitudes of the sustained oscillations are smaller, and, 
fore = 4 and greater, the oscillations fail to be sustained. 

Fig. 32 shows similar data to those presented in Fig. 31, but for 
the case of Jy/J_; = 1.0. For this case in which the motor and 
load each have the same equivalent inertia, sustained oscillations 
exist with load mechanical resonance-frequency ratios of 1, 2, and 
4. The frequency range of the sustained oscillation is greater 
extending from 2.0 to 7.0 radians per sec with the oscillation fre- 
quency for low damping ratios being greater than the open-loop 
crossover frequency. For the same damping ratio and c¢, the 
error and twist angle /backlash ratios are greater with Jy/J, = | 
than with Ja/J;, = '/4. However, with ¢ > 2 these ratios are 
less than 2.0 and represent less than doubling the value of the 
backlash itself. 
damping ratio causes the magnitude and frequency of the error 


As in the previous case, increasing the load- 


and twist oscillations to decrease, 

Fig. 33, for which Jy = 4, indicates greatly reduced per- 
formance for the same load mechanical resonance frequencies and 
the same mechanical damping ratios as for the lower values of 
Jy/J,. Withe = 1.0 it is impossible to decrease the damping 
ratio below 0.03 without producing oscillations of increasing 
amplitudes. [ven for higher values of € (up to 0.1) prohibitively 
high values of error and twist angle to backlash ratios are pro- 
duced. > 2, despite the fact that fairly high-frequency 
sustained oscillations are produced, the error and twist to back- 


For c 


lash angle-amplitude ratios are again less than 2.0 with Jy /J;, = 
1.0. 


COMPARISON OF ANALOG-COMPUTER AND FrReQUENCY-RESPONSE 
ANALYsIs ResuLTS 


Comparing the analog-computer results with the equivalent 
linearized-coefficient results, it appcars that the same qualitative 
conclusions are indicated by each for the effects of c, Jy/J,, and 
f on the sustained oscillations caused by backlash. However, 
in general the sustained-oscillation frequency , is from 10 to 40 
per cent higher when obtained from the linearized approach than 
when determined by the analog computer. There is a somewhat 
better correlation of the oscillation amplitudes obtained by the 
two methods, however. 

The analog-computer traces show that for most conditions of 
sustained oscillation, the difference angle 0,4 — 0, is dominantly 
of fundamental frequency. As such, these traces provide an 
independent check of the assumption that there is a sinusoidal 
input to the backlash function. It will be recalled that this 
assumption forms the basis of the equivalent linear-coefficient 
approach to this method of analysis of systems with backlash 
and dead band. 

Studies, using motor-position feedback for both computer and 
frequency-response analyses, showed stable operation with no 
sustained oscillations for the cases studied. 

Summary of Design Results of Backlash Study. Computer and 
linearized frequency-response results indicate for the conditions 
of study that sustained oscillations caused by backlash can be 
reduced by the following: 
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(a) Increasing the load mechanical resonance frequency c. 
(b) Decreasing the ratio of motor inertia to load inertia J y/J_,. 
(c) Increasing the load-viscous damping ratio ¢. 


Use of motor rather than load-position feedback also is bene- 
ficial in reducing oscillations caused by backlash. 
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Although the results reported here are limited to the case of a 
conditionally stable position control, similar results also were 
obtained and are valid for an unconditionally stable system. 
Reference to Figs, 26 through 29 indicates that the phenomenon 
of sustained oscillation takes place in the range of frequencies near 
open-loop crossover and is not affected appreciably at the much 
lower frequencies corresponding to conditionally stable operation, 


CONCLUSIONS 


This paper indicates there are numerous nonlinear elements 
having saturation or dead-band characteristics for which an 
“equivalent linear coefficient’? may be used as the describing 
function. The equivalent gain factors for saturation and dead 
band are shown to have a somewhat complementary nature and 
to be of relatively simple form. 

Although the results of using this approximate method of 
analyzing backlash and saturation do not provide an exact 
solution, they do permit the designer to obtain qualitative re- 
As such, this method is particularly helpful for use in the 
more complex systems such as generally are encountered in 


sults, 


practice, but that do not lend themselves to more exact analytical 
treatment, 
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W. M. 
ing-function’’ method of analysis when dealing with a number of 
practical, nonlinear, engineering problems. The availability of 
analog computers in many cases has reduced the need for hand 


Discussion 


This paper shows the value of the “deserib- 


calculations from one of obtaining exact quantitative results to 
one of getting a qualitative understanding of the effects. It is 
under these conditions that the describing-function method of 
analysis plays Although the 
method is not accurate, it permits rapid evaluation of a system’s 
performance and it allows extrapolation and interpolation of 


a particularly important role. 


computer results 

There are two comments the writer would like to make which 
The 
who are familiar 


are in the way of additions to the paper and not criticism. 
Those 
with the frequeney-response method in design of servomecha- 


point of accuracy should be stressed 


nisms and regulators have come to rely heavily upon the ac- 
curacy of the results obtained from this approach. The same 
accuracy cannot be expected from the describing-function analy- 
sis. This is illustrated graphically by the following simple ex- 
ample: 

Consider the second-order system with backlash shown in Fig. 
34 of this discussion, This system can be analyzed exactly.*5 The 
characteristic of the backlash is shown in Fig. 35 and is of the 


> Development Engineer, Aero. and Ordnance Systems Division, 
General Electric Company, Schenectady, N. Y. 
‘Instrument Inaeccuracies in Feedback Control 
Particular Reference to Backlash,’’ by H. Marcy 
J. Zauderer, Technical Paper 49-197. 
>“Dynamics of Automatic Control,” by R. C. Oldenbourg and 
Ht. Sartorius, Trans, ASME, vol. 70, 1948 pp. 168) 173. 
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simple hysteresis type. The deseribing function for such a non- 
linearity is shown in Fig. 36, herewith, along with the frequency 
locus of the servo, which results in two intersections with the de- 
scribing function. After the nomenclature of Kochenburger,® 
the first intersection would be called a divergent point and the 
second intersection 4 convergent point (equivalent to a limit eyele 
in the phase plane). From this plot it would appear that unless 
disturbed sufficiently to exceed the divergent equilibrium point, 
the system would operate in a stable manner. 

Several authors*® have shown by means of exact analysis that 
as long as a system of this type is underdamped there will exist 
oscillations of some finite amplitude. These same analyses have 
shown that no region exists where the system exhibits a stable 
limit eyele and an unstable limit eyele for the same system con- 
stants. In justification of the deseribing-function analysis, how- 
ever, it should be poimted out that the divergent equilibrium in- 
tersection occurred at a magnitude which is of little practical im- 
portance, and that the frequency and magnitude of oscillation 
predicted from the convergent point check very closely with the 
actual values obtained, 

In the foregoing example where the predicted amplitude ot 
oscillation was 26 and” the frequency was 1.6 radians per sec, 
analog-computer results have shown a peak amplitude of oscilla- 
tion of 26 and a fundamental frequency of oscillation of 
1.5 rps 

The author’s analysis of the imperfect coupling of a motor and 
load is particularly timely. There is a growing interest, brought 
Response Method for Analyzing and Synthesizing 
by R. J. Kochenburger, Trans. 


€*Prequency 
Contactor Servomechanisimn,” 
vol. 69, 1950, pp. 270-284. 
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about by the need for higher performance, in this problem of 
representing the load resonance and backlash in power servos, In 
such servos the resonance and backlash effects often impose the 
limitation on the maximum servo performance obtainable. The 
author indicates the desirability of having a load relative damping 
of at least 0.1, 
load inertia is the same order of magnitude as the motor, the load 


However, in most practical systems, where the 


relative damping factor will be 5 to 20 times smaller than the 
figure quoted, In many cases the necessary damping is actually 
obtained from the static and coulomb friction present 

It may be pointed out that the oscillations indicated by the 
author's analysis were all of the high-frequency type occurring 
near the crossover of the system. In actual practice, a low-fre- 


quency oscillation (commonly referred to as “breathing” or 


“wander”’), which is attributable in part to backlash, is often 
encountered, This difference between the author’s analysis and 
actual results may be a consequence of not including coulomb 
friction effects. Regardless, this difference does emphasize the 
need for continuing effort directed toward correlating analytical 
and experimental results 


For the low-amplitude oscillations generally resulting from 
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backlash, the small amount of viscous damping has only negligible 
effect. Referring to the diagram in Fig. 11 of the paper, it would 
appear that a more exact representation would be to replace the 
viseous damping D, with a combined friction term (see Fig. 37 of 
this discussion). With the representation of Fig. 37, many of the 
phenomena observed in actual practice can be duplicated on an 
analogcomputer. Thereis, however, apparently no method availa- 
ble for straightforward paper analysis of a system containing 
multiple nonlinear elements of this type, and as a result synthesis 
Fortunately, in many 
systems, friction acts as a stabilizing factor and a system de- 


for such a system reduces to cut and try. 


signed without consideration of friction will exhibit more stable 
characteristics than expected, This, however, is not always true 


for conditionally stable systems. 


D. W. St. Crate.’ Ina linear system the order of the links in 
a single chain is immaterial; 
necessarily true. Comment on the following lines by the author 
will be appreciated greatly: 


in & nonlinear system this is not 


1 Are there certain types of nonlinearities for which their 
location in an otherwise linear chain is still essentially imma- 
terial? If so, what are examples? 

2 Can any general rules be made relevant to the best location 
of an undesirable nonlinear component in an otherwise linear 
chain? 


R. b. Katman.* The author is to be commended for a stimu- 
lating treatment of the effects of saturation and dead band in 
closed-loop control systems. Understanding the behavior of non- 
linear systems is a difficult problem and much of the progress in 
this field at the present time must come necessarily from analyz- 
ing particular types of nonlinearities. 

The writer would like to suggest an alternative way of arriving 
at the qualitative conclusions of that part of the paper which 
deals with saturation. The approach is based on the now fairly 
well-known root-locus method®!® which shows how the poles of a 
closed-loop system move around in the complex s-plane as a func- 
tion of loop gain, 

A quatitative sketch of the root locus for the system in Fig. 16 of 
The direction of 
increasing gain is indicated by the arrows; the main point of in- 


the paper is shown in Fig. 38 of this discussion. 


terest is the behavior of the complex pair of poles. Suppose that 
these are located at A and A’ when the system is operating at full 
gain (no saturation). As the gain deereases (due to saturation 
somewhere in the loop) the poles will move, say, to the point B 
and 2’ 
plex poles!), the instantaneous gain also will oscillate; therefore 


Since the transients in the system are oscillatory (ecom- 


the poles may be thought of as moving back and forth on the 
segments A-B and AB’, 
of positive damping (left half-pline) some of the time and in the 


Thus the system will be in the region 


region of negative damping (right half-plane) the rest of the time. 
Heuristically, one would expect that when the average damping is 
zero (When negative damping is just canceled by positive damp- 
ing during one period) the system will oscillate with steady ampli- 
tude. 


If the root locus crosses over into the right half-plane only in a 


Control Engineer, Eastman Kodak Company, Rochester, N. Y. 
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*'Control System Synthesis by Locus Methods,” by W. R. Evans, 
vol. 69, 1950, pp. 66-69, 

"Phe Study of Transients in Linear Feedback Systems by Con- 
formal Mapping and the Root-Locus Method,”’ by Vietor C. M. Yeh, 
Trans. ASME, vol. 76, 1954, pp. 349-361. 
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very small region as indicated by the dotted lines, it is plausible 


to assume that the negative damping never could be sufficiently 
large to offset the positive damping and therefore the oscillations 
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CQQUALITATIVE 


would always decay. Thus the presence of right half-plane poles 
for some state of saturation is a necessary but probably not a 
Unfortunately, 
while the foregoing argument is quite picturesque and easy to in- 
terpret qualitatively, it does not appear to lend itself readily to 


sufficient condition for steady-state oscillations. 


quantitative treatment. 

It is interesting to note that N. Levinson and O. K. Smith, in a 
now classical paper,'! prove rigorously that stable oscillations will 
always exist if the poles of a second-order systemm move monotoni- 
cally (crossing the jw-axis only once) from the right half-plane into 
the left half-plane as the amplitude of the signals in the loop is 
(The theorem has been rephrased to suit engineering 
However, the writer is not aware of any mathe- 


increasing. 
terminology.) 
matical theorem which would apply to high-order cases like the 
one discussed here. 


AuTHoR’s CLOSURE 
Mr. Gaines has pointed out two limitations of the approximate 
frequency-response method of analysis, namely, lack of accuracy 
and inability to handle multiple nonlinearities. 
in the paper itself, the deseribing-function method is an approxi- 
mate one and represents a means for arriving at results that are 


As was indicated 


useful for engineering purposes although they may not be exact. 
The exact solutions for multiple loop systems having multiple 
nonlinearities are lengthy and practically prohibitive in the 
amount of work involved for hand solution. Fortunately, the 
use of analog computers as referred to by Gaines is becoming 
more widespread and makes possible the more exact study of 
complex systems with multiple nonlinearities. 

Concerning the lack of accuracy of the describing-function 
method of analysis as illustrated by the second-order servo of Fig 
34 and the corresponding plot of Fig. 36, it will be noted that the 
sustained-oscillation conditions indicated by the describing func- 
tion and frequency locus compare very favorably with the exact 
solution, The fact that the frequency-response method errone- 
ously indicates stable operation for very low amplitudes of input dis- 
turbances is of little practical significance since input disturbances 


1 General Equation for Relaxation Oscillations,”” by N. Levin- 
son and O, K. Smith, Duke Mathematical Journal, vol. 9, 1942, pp. 
382403. 
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of appreciable amplitude compared to the backlash will be en- 
countered in any actual control system. 

The condition of “breathing”? mentioned by Mr. Gaines is one 
that is of considerable importance in position-control systems and 
was not revealed in the studies described in this paper. Exten- 
sions of these studies have indicated the importance of coulomb 
friction in producing this objectionable low-frequency eyelic 
motion. The simultaneous presence of dead-band and coulomb 
friction represents a condition of multiple nonlinearity that is not 
readily handled by the simple approximate methods. The pres- 
ence of each of these nonlinearities separately, however, can be 
handled by the use of the frequency-response methods. Addi- 
tional comparisons of analytical and analog-computer work is 
indicated to help find a way in which paper analyses of multiple 
nonlinearities may be performed. 

The questions raised by Mr. St. Clair are indeed pertinent ones, 
but, unfortunately, the author is not in a position to provide gen- 
eralized answers suitable for all conditions of nonlinearity. As 
illustrated in the body of the paper, the effect of a nonlinearity 
such as saturation is influenced by the remainder of the elements 
in the control. 
the filter elements, Fig. 17, its effect may be quite different quan- 
titatively than if the nonlinearity occurs after the filter elements, 
Fig. 18. It should be noted that a much greater amplitude of 
reference input may be required to saturate the power amplifier in 
Fig. 18 than is needed to saturate the preamplifier of Fig. 17. 
Experience seems to show that saturation-type nonlinearities are 


For example, if the nonlinearity occurs before 


less objectionable if they follow the principal stabilizing networks 
and time constants rather than if they precede them. 
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Because of the wide variety of nonlinear 
nents’’ that may be encountered in a complex control system, it is 


undesirable compo- 


impossible to generalize effectively as to the best location of the 
As is indicated in the body of the paper, the 
designer can get an approximation to the effect of the given non- 


nonlinear element. 


linearity in a particular location by considering the equivalent 
sinusoidal response of the clement to a sinusoidal input of the 
This equivalent 
sinusoidal response may then be included in « linear analysis of 
the system to determine its effective stability and performance 
for this condition. 


amplitude apt to be encountered in practice. 


Mr. Kalman’s physical interpretation of the phenomenon of 
saturation in terms of the root-locus method provides an alterna- 
tive way of looking at this problem. The qualitative results of 
this approach are in general agreement with the results obtained 
It is 
not clear that the approximate root-locus method affords any 


by the exact analysis and the frequency-response methods. 


special advantage in terms of accuracy of quantitative results 
over the approximate frequency-response method described in the 
body of the paper. 
presence of right-half plane poles for some state of saturation is a 


The question Kalman raises of whether the 


necessary and/or sufficient condition for steady-state oscillation 
is an interesting one and might warrant additional investigation. 

The comments of Messrs. Gaines, St. Clair, and Kalman serve 
to emphasize the importance of being able to handle nonlinear- 
ities in control-systems analysis and design, The methods out- 
lined in this paper indicate ways in which the linear methods of 
frequency-response analysis may be utilized in obtaining approxi- 


mate results for nonlinear systems, 
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Stability Characteristics of Closed-I 
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Svstems With Dead Band 


+ wt By C. H. THOMAS,' SCHENECTADY, N. Y. 


This paper of analyzing closed-loop 
systems under cyclic motion of the self-sustaining type, 
as caused by the presence of dead band. One common 
form of dead band considered occurs in mechanical link- 
ages in conjunction with spring action, inertia, and vis- 
The analysis is shown to be facilitated by 
Simpler 
types of dead band, derivable from the more complex case, 
Stability criteria are developed, and the 


cous damping. 
means of an equivalent system representation. 


are considered. 
conditions are established under which sustained oscil- 
The frequency and amplitude of oscillation 
may be predicted satisfactorily. 


lations occur. 
Furthermore, the re- 
sults are in a form which clearly indicates ways of sup- 
pressing the undesirable oscillations. One way of elimi- 
nating the hunting caused by dead band is shown. In 
support of the analysis the results of a differential-ana- 
lyzer study are presented. 

- 


NOMENCLATURE 


Phe following nomenclature is used in the paper: 


inertia of servomotor 
inertia of controlled member 
= viscous damping constant of servomotor 
viscous damping constant of controlled member 
linear spring constant 
dead band or backlash 
constant relating motion between two points in- me- 


wi 
position of servomotor io 
+ 
a 

Sse = ‘tay 
maximum amplitude of @ 


= output of dead-band element 


undamped natural frequeney of servomotor 


chanical linkage 


velocity constant of position-control sy stem 


= position of controlled member 
reference position 
= position error 

input to dead-band element 


undamped natural frequency of controlled member 
time constant 

angular frequency, radians per see 
time, sec 4 Ah 
complex variable of Laplace transform theory 


7I8...., base of natural logarithms 


Tie 

INTRODUCTION 

Hil. functional similarity of the various types of automatic- 

control systems is well known, The versatile frequency- 

response method of analyzing such systems, first intro- 


duced in feedback-amplifier design, has been developed ex- 


! Engineer, General Electric Company. 

Contributed by the Instruments and Regulators Division and pre- 
sented at the Annual Meeting, New York, N. Y., November 
29-December 4, 1953, of Tue American Soctety of MecHanica 


ENGINEERS 


_ ble, other methods of analysis must be used. 


tensively in the servomechanism field.?. In the development of 
the underlying theory, attention was first confined to systems 
which could be described by linear differential equations. Auto- 
matic control systems, whether they consist of electrical, me- 
chanical, or hydraulic components, function in a linear fashion 
only over definite intervals of the variables, Frequently, an- 
alysis based on small excursions of the variables in the vicinity of 
a reference point allows specification of a system by linear dif- 
ferential equations with constant coefficients. This leads to 
great simplification, and 1s justified in part by the fact that many 
control systems operate substantially in this manner. If such 
analysis shows that small departures of the variables from all 
possible reference points vanish with time, stability under small 
oscillations is assured. The simplification of the problem in this 
manner has met with great success in the design of automatic 
controls and in extending the general theory of closed-loop sys- 
tems. 
small oscillations is not necessarily stable under large oscilla- 
tions (5, 6). 

In systems where linear small-oscillation theory is inapplica- 
Early approaches 
to strictly nonlinear control problems involved the direct solution 
of the nonlinear differential equations. If the calculations are 
carried out by hand, without the aid of mechanical or electronic 
computers, the procedure is usually very lengthy in all but the 
most simple cases. 
has evolved during the past few vears, 


It is worth noting, however, that a system stable under 


A new approach to this particular problem 
The frequency-response 
method of analysis and synthesis of linear systems has been ex- 


ae to include ways of applying this same technique to a 


variety of essentially nonlinear problems, 

Kochenburger (7) extended and successfully applied the sinu- 
soidal metiiod of analysis to relay servomechanisms; Tustin (8) 
used the same technique in studying one form of backlash; and 
Johnson (9) has demonstrated that more extensive application 
of the method is possible. 

Dead zone, dead band, or backlash in an automatic control ad- 
versely affects the performance of the system, and in many in- 
stances is the direct cause of small-amplitude sustained oscilla- 
tions. The analysis of closed-loop systems having dead band, 
as well as the analysis of systems having other types of non- 
linearity, may be simplified by first deriving an equivalent sys- 
tem in which the linear and nonlinear elements are separated. 
The basie components of the system then consist (a) of linear 
elements which are frequency-variant, and (b) nonlinear elements 
which are approximately amplitude-variant. The concepts of 
frequency response then may be applied in a straightforward 
manner, and in many cases without undue complication 


Simece Types or Inactive Zone 


The insensitive zones of measurement and response associated 
with various components of automatic-control systems not only 


? References (1-4) are representative of the literature. Numbers 
in parentheses refer to the Bibliography at the end of the paper. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 
22,1953. Paper No. 53-—A-26. 
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Nerwork 


reduce aecuracy but m: Ly impair the dynamic performance seri 
ously. This loss in performance is not all attributable to time 
delay of initiating corrective action in the controller, as caused, 
for example, by dead zone in the error-detection mechanism, but 
unavoidably may be introduced to prevent or reduce sustained 
cycling of the controlled variables. Dead zones may occur, for 
example, in pressure-responsive elements as in gages and flow 
meters, Dead band or free-play may appear in mechanical link- 
ages, as occasioned by nonprecision design or undue wear through 
usage. In servomechanisms backlash may appear in inferior gear 
trains 

A particular dead zone or dead band may be reduced to one of 
a few general types, depending on the immediately associated 
mechanical or electrical elements. examples of some of the most 
simple types of elements having inactive zones are illustrated 
in Fig. 1. 
l(a) a driving member transmits motion through a 
dead zone to a spring-loaded member. The transfer charac 


teristic shown is valid if the output member has negligible inertia 


In Fig 


and friction 
In this example both the input and output variables are posi- 
may occur in a liquid-level or 


A similar characteristic 


flow-control system, as caused by overlap of the pilot valve. In 


tion 


this instance the input variable is position of the pilot valve, and 
the output variable is velocity of the controlled piston 

In Fig. 1 (b) is depicted dead band and an output member char- 
acterized by friction alone. Such a case may occur where heavy 
friction loading obviates the effect of inertia on the output. 
With the input under oscillatory motion the backlash plus frie- 


tion yields a hysteresis loop. Johnson (9) considered this type 


447 


{EPRESENTING Simpere Types of Banp 


of nonlinearity and showed the transfer characteristic to be ampli- 
tude-variant only. 

In Fig. t(e) 
mass, and viscous damping B is driven through backlash and « 
as a spring A. The 
in this case cannot be so simply constructed as in the two former 


a controlled member characterized by inertia, or 


linkage represented transfer characteristic 


examples. An equivalent representation of the given mechanical 
network (to be discussed later), 
the system to be more easily determined. 


however, allows the behavior of 

The sinusoidal-response characteristics of the foregoing dead- 
band elements ean be deseribed simply on specifying «a reference 
point about which oscillation occurs. For servomechanisms with 


no unbalanced loading, as a result, for example, of constant 
torques acting on the output, the significant reference point is the 
Fig. 1. 


sponse to a sinusoidal input signal is a symmetrical oscillation 


origin of the co-ordinate axes, For such cases the re- 
consisting of fundamental and odd higher integer values of fre- 
quency. 

The effect of dead band in closed-loop systems has been studied 
previously. In 1041 Parker (10) 
sented a comprehensive differential-analyzer study of the effect 


Concordia, Crary, and pre- 
of dead band on the speed governor of power-svystem prime 
movers, 

More recently Oldenbourg and 


band of the type shown in Fig. 1() 


Sartorius® showed how a dead 
could cause sustained os- 
cillations in a closed-loop system 

Tustin (8) analyzed the case of dead band plus inertia. He 
also considered the effect of friction but neglected spring action 
He utilized the frequency-response method of analysis and de 


Reference (11), pp. 169-174 


Pint 
d 
> 
‘ 
: 


THOMAS 


rived an approximating transfer function based upon the ele- 
ments output response to a sinusoidal input signal 

As early as 1940, Charles Concordia applied the frequeney- 
response concept in studying the effect of dead band on a speed 
governor. 
however, since at that time his main interest was in determining 


He did not develop or publish the method of analysis, 


power-system trequency variation tie-line power swings 


caused by dead band in the prime-mover speed governor. 
DESCRIPTION OF SYSTEM STUDIED 
A single-loop servomechanism, shown in Fig. 2, is representa- 


tive of the type of system studied in this paper. A servomotor 


SERVO- 


AMPLIFIER MOTOR b 


COMPONENTS 


7) reference positior  backlashin geartrain 
», position of controlled meniber Jm, inertia of servomotor 
€, error J, inertia of controlled member 
Am, position of servernvotor B, viscous-friction constant 


r, gear-tramn 
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Fie. 2) Broek 
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big. 3 


Pattvarenr Nerwork Diagram 


drives the controlled member through a gear train having back- 
lash. The servomotor may be either a direct-eurrent motor, as 
indicated in the figure, or a motor of the hydraulic or pneumatic 
type. The reader is referred to the nomenclature for a definition 
of symbols, 

An equivalent mechanical network representing the servomotor 
There is a source of 


An equivalent 


and controlled member is shown in Fig. 3. 
@ The backlash is denoted by b. 
spring, representing the combined effect of all linear deformation 


torque 7 


of mechanical] parts between motor and load, is assumed to be 
lumped on the load side of backlash. In the diagram all quan- 
tities are referred to the load side of the gear train. 

In an actual case the distribution of inertia and spring action 
may require a more complex representation. Analysis, however, 


may proceed along the same general lines to that outlined. 
EQuiIvALENT SysteM 


The transfer characteristics of the elementary forms of dead 
band, Figs. I(a) and (b), are functions of signal amplitude and 
reference point only. The transfer characteristics of the system 
shown in Fig. 3 cannot be so simply described, since such charac- 
teristics are a function of frequency as well as signal amplitude 


® 
where p? 
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and reference point. The problem can be reduced to simple 
terms, nevertheless, by first deriving an equivalent system which 
lends itself more readily to analysis. 

Torque is transmitted through dead band 6 via spring K to a 
load represented by inertia J and viscous damping B, Fig. 3 
equating torques 


kK (4, = J 
We 

With the motor angle 6, referred to the load side of the gear 

train and with backlash taken up 


To assist in preparing a block diagram l:quation {1 


6, 
dt? 


= 6,— 0, + 

2 
is Laplace 
transformed and a transfer function between 6, and (0, 6.) is 
formed. Thus 


(sx) 


s(T's + 1 


0, (s) 
= J/B, ands = + jw. 
By Equation [3], a block is drawn for the linear components 
as in Fig. 4.) The 
equation [2]. The derived system is exact and of course valid for 


diagram is completed by representation of 


The input to the nonlinear character- 
4.) where both variables 


any form of input signal 
istic is and the output is (4, 
are functions of time For representation on a computer such 


as the differential analyzer, the required characteristic may be 


bia. 4) bquivatent 


achieved by means of an automatic curve follower. The transfer 


function, represented by a single block, serves to describe the 
linear elements and is to be interpreted as a simplified represen- 
tation of Equation [1]. 

The servomotor is assumed to be linear having speed-torque 
With the variables ex- 
pressed in per unit of chosen bases, the speed-torque character- 


characteistics of negative slope B,,. 


istics are defined by 


is the servo 


q 
motor torque, and (d 6,,)/(dt) is the servomotor velocity. The 
torque developed by the servomotor accelerates its own mass and 


where V,, is the input signal to the servomotor, 7 


transmits torque to the load when the dead band is taken up 
The equation of motion may be written in the form 


d*6,, 


= J,/B 


H,, has the dimensions of radian frequency and is defined by 


The servomotor time constant is 7’, The constant 


Mm * 


\ 
Lore] 
i K r 
CL ou 
dO, 


ming Equation [5| and solving for motor posi- 


Laplace transfor 
tion 

Um? (9, (8) 

e+ 1) 


(6] 


6,, (8) = 
The block diagram for the servomotor including backlash and lead 
elements may now be constructed. ‘This is shown in Fig. 5. The 
remaining part of the servomechanism has the transfer function 
Q(s). The loop is closed by feeding back the output angle @,. 


CONSIDERATIONS 

5 are linear ex- 
If the input to the 
dead-band element is Laplace transformable, then 


6, (#) 


All components of the system shown in Fig 
cept for the element representing dead band, 


A (s) = 6,, (8) 
Similarly, the output is 


B(s) = 0, 6 


The system is viewed from this point regarding B (s) as the in- 
put to the system and A (s) as the output. A Laplace trans- 
formed function relating A (s) to B (s) around the linear part of 
the approximations. Thus 
from the figure 


system may ve derived without 


0, (8) = G,(s) B(s) 


A (s) = (s) 


Oy (s) - = BLS) 
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G,, (8) 


kB (s)] 


{V,, (s) 


6,, (8) = 
and 


V,. (8) = Q(s) (0, (s 0, (s)}. [12] 


The linear transfer functions are defined by 


G, (s) = 


G,, (8) = 


8 (148 + 1) 


Vm 


Q = 
For a stability study all inputs to the systern from external 
sources are zero; hence Equation [12] becomes 


[17] 


V,(s) = 


in 


(8) + [k + Q (8) G, (s)] G,, (8) 


The linear transfer functions appear on the left-hand side of Equa- 
tion [18] and are equated to the negative reciprocal of the ratio of 
dead-band output to input signals. 

The next step is to test Equation [18] for equality under the 
condition of constant-amplitude oscillations. I{ sustained os- 
cillations are occurring in the system, then both B (s) and A (s) 
are functions representable by Fourier series in the time domain. 


Suppose the input function a(t) to the dead band is of the form 


a(t ) 


LATIONS 


shown in Fig. 6 where a,(t) defines the oscillation over one period 
T such that 


a, (t nT) = 0, outside interval <t<(n +1 7 


The oscillation then is expressed by the sum 


where u(t — n7’) is the unit step function shifted to the right by 


n7’. Applying the real translation theorem, the Laplace trans- 
form of Equation [20] is 


: 
4 
7 
ae 
From the foregoing set of equations 
| m*m B(t) | 2 Bit) 
: fe) t 
2T t, T 
Gm(s ) Fe u? « K Ne 
m Bm 
‘ @ 
- — | 
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where by definition 


A(s) = Ag 


Ag (s) u(t) dt 
0 
The infinite geometric series in Equation [21] may be summed 


vielding 


A = Ao(s) | 


Similarly, the Laplace transformed output of the dead-band ele- 


ment is 


B (s) = By (s) 


where 
dt 5 ] 


By (8) Bu (t) of 
0 


Bo (t) = 0, outside interval 0 < t< T. 


(24) 


From Mquations [23] and 
B(s) 


Ry (s) 


= 26 
A(s)  Ae(s) (26) 


Thus the ratio of the Laplace transforms of the repeated oscilla- 
tions is equal to the ratio of transforms over one period. 
Substituting Equation [26] in Equation [18] 
Fro Bo (8) 


where for brevity the transfer funetion around the linear part of 


the closed loop is 


H (s) G, (s) + |k 4 Q (s) G, (s)| G,, (8) [28] 


If sustained oscillations of frequencies nw are occurring, it is clear 

that Equation [27] must be satisfied for each harmonic frequency 

separately. Thus setting s = jnw 

H jnw) = 


By (jnw 


Ay (jnw) 


For a given frequency the relative amplitude and phase shitt 
through the linear part of the system must be equal to the nega 
tive reciprocal of the relative amplitude and phase across the 
dead-band element. This conclusion is self-evident and follows 
immediately on assuming the existence of sustained oscillations 

Another way of viewing the foregoing is outlined later. Sup- 
pose the input to the nonlinear element, Fig. 5, is broken between 
the points z and y. Presume a hypothetical signal generator 
capable of generating any frequency and all integer multiples of 
frequency is connected at y. If the relative amplitudes and 
phases of all harmonic terms can be adjusted so that the signal is 
exactly reproduced at z, then the transmission ratio around the 
system is unity for all frequencies. The frequencies and ampli- 
tudes of sustained oscillation are thus determined, and on con 
necting z to y and removing the hypothetical signal generator the 
oscillations continue indefinitely. 

The foregoing is based on the hypothesis that sustained oscilla- 
tions can develop in the closed-loop system. Proof is offered in 
the fact that such oscillations are observed to occur in physical 
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systems of this type. Furthermore, as will be shown, an analog- 
computer representation of the system in question develops 
oscillations of the type described 


TRANSFER Cuaracrerrstics OF Deap-Banp 


The explicit determination of the dead-band transfer char- 
acteristics 


By (jnw) 


(jnw) 


depends upon knowledge of the form of the input oscillations, 
If the form of the input a(f) is known, then of course the output 
A(t) of the nonlinear element is determined easily. The analysis 
would be too complex for general use if it were required to derive 
Fortu- 


a new set of transfer ratios for each individual case 


nately, such a procedure is unnecessary. Oscillations obtained on 
the differential analyzer for a wide variety of conditions show 
that the input a(t) to the nonlinear element may be approxi- 
mated satisfactorily by a single sinusoid. 

With all possible values of the fundamental frequency-transfer 
ratio known, the conditions for sustained oscillation are ascer- 
tained easily. 
amplitude and frequency on certain controlled variables (such 
If 


the analysis is carried to the point of accounting for the higher 
frequencies, the principal objective is to determine their effect on 


In so doing the dependency of the oscillation 


as the velocity constant) in the system may be established. 


the fundamental frequency-transfer ratio. 
With the input to the nonlinear element approximating a 
sinusoid, the output will have the form shown in Fig. 7. Oscilla- 


a,(t) 


or» Deap-Banp Input 
Porms ror Input 


tion about the origin is assumed, the case of a servomechanism 
having no unbalanced loading. The solution of equation [26] for 


this case appears in the Appendix. The result obtained is 


- | 


d 


the fundamental frequency-transfer ratio, 
The transfer ratio is a real positive number dependent only on 
the ratio of dead band to twice the peak amplitude of the input 


b 
» 4 


Gla) = 1 


30) 


here 


By (jw) 


Gla) 


Ay (jw) 


A 


wave, 
This expression shows that G(a@) can have values only in the 
range 
0s Ga) 10 


If the amplitude of the input wave is such that 24, < b, then 


— 


\ 
| 
4 

| 
{ 
| 
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Gia) = 0. But , Ga) > 1.0. Thus as Gla) in- 
creases the amplitude of the associated oscillation increases. — In 


Fig. Sis plotted Gla) versus 6/2A,,. 
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TRIANGULAR 


INPUT WAVE 
INPUT WAVE 
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Comparison of Deap-Banp TRansrer 
Tyres or Input Waves 


Ratios ror Two 


Wave to ELemMent 
CORRESPONDING OuTPUd 


bia. ‘TRIANGULAR AND 


If there is little or no friction associated with the output mem- 
6,) approaches a triangular wave. In 
#,) to the output 
(9, — 0,) may be approximated as shown in Fig. 4 


ber, the oscillation 
such cases the relationship of the input (6,, 
The evalua- 
tion of Equation [26] (see Appendix) yields 
sin 
By (jnw) 


(pnw) 


us 
sin n 
2 


where nis an odd integer. Setting » = 1 the fundamental 


frequency-transfer ratio is 


(jw) 
(jw) 


\ comparison is made in Fig. & between the triangular wave 
transfer ratio and the transfer ratio obtained assuming a sinu- 
soidal input. In both cases there is io phase shift between 
fundamental components of frequency across the dead-band ele- 
ment. This result is obtained of course from the symmetry of 
the input waves 

If the value of @Ca) for which sustained oscillations would 
occur is computed for a particular case, b/2A,, as obtained from 
Fig. S for a triangular wave would be somewhat less than the 
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value obtained for a sinusoidal wave. For a given dead band 
then, the triangular wave results in larger amplitudes of oscilla- 
tion, Since the phase of G(@) in the two cases is zero, there 
would be no difference in the two predicted fundamental fre- 
quencies of oscillation, 

If lack of symmetry of the input wave results in appreciable 
phase shift across the dead-band element, the approximation in 
the foregoing analysis naturally becomes greater. A new dead- 
band amplitude variant transfer ratio may be derived, similar 
to the preceding, to provide greater accuracy in studying such 
cases. In the systems studied by the author, this was not found 
to be necessary. 

As just demonstrated, and in the Appendix, the dead-band 
amplitude variant transfer function can be computed in a rela- 
tively easy manner by approximating the form of the input wave 
with a simple Laplace transformable function. 


Meruop or Preorerinc AMPLITUDE AND FREQUENCY OF OSCIL 
LATION 

If all possible dead-band transfer ratios mY 

for the fundamental frequency are known, determination of sys- 

tem stability becomes a straightforward procedure. Test of 


equation [29] for equality to determine if sustained oscillations 
are possible is equivalent to testing the open-loop transfer function 


Bo (jw) 
Ao (jw) 


for intersection of the —-1 point in the complex plane. 

The open-loop transfer function for the system in Fig. 5 is de 
rived from Equations [9] through [12]. The transfer ratio for 
the nonlinear element is replaced by G(a@) which is defined in Fig 
8 for two separate forms of oscillation. Thus 

(jw) G, (jw) G,, (jw) 
E (jw 
Gla) 
[33] 
1 + Gla) |G, (gw) + kG,, 

The procedure then is to determine for any value of G(a@) in its 
range of possible values, 0 S G(a@) < 1.0, if the open-loop trans- 
fer function intersects the —1 point. 
The simplest method of determining all possible — 1 points of 
the open-loop transfer funetion, Equation [33], is a graphical one. 
To begin the computations, a frequency w; is assumed, and the 
amplitude and phase 


= Q G, (ja) G,, (jar) 


is determined. Next, the amplitude and phase 


= Gy + kG,, (jor) 
l at this 


Thus 


If the transfer-function locus intersects 
180 deg. 


Is computed 
frequeney, then the net phase lag must be 
Angle [1 + Gla) = = 180 + [36] 
At this point « line o-b is drawn at an angle @; with the reference 
axis as illustrated in Fig. 10. Next, a line a-c is drawn at an 
angle @» starting at +1 on the real axis. 
p of the two lines drawn is then located. 
filling the phase-shift requirement then is 


The intersection point 
The value of G(a@) ful- 
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(a) = 


The net gain at the frequency @, is 


(ju) Gla) 
jw) 


op 


if the transfer-function locus is to pass through the — 1 point, 


the system gain must be multiplied by a correction factor. From 
Equation [38] 
Gain correction factor ne 
From the foregoing the system gain which would produce con- 
stant-amplitude oscillations at the frequency w@, is determined. 
Repeating the foregoing for several values of frequency yields 
sufficient data to establish all possible frequencies and ampfhi- 
tudes of oscillation. 
With the system gain or velocity constant known and the corre- 
sponding value of G(a@) and frequency of oscillation determined, 
the fundamental frequency amplitude of oscillation at any point 
in the system can be easily determined. From Fig. 5 
wer 


B (jw) 
+ 1) 


A (jw) = 0,, (jw) — 8, (jw) 


B (jw) = Gla) A (jw) 


For convenience the relative phase of A (jw) will be taken as zero 
so that on a conventional vector diagram 


A (jw) = A,,/0° 143) 
From the relations given the amplitude and phase of the load 
angle is 

Gla) rA 

A,, 
jw (jwT + 1) 

The amplitude and phase of the servomotor angle (referred to 
load side of gear train 


(jw) = A, + O(jw). {45} 


A typical representation of the various amplitudes is shown in 
Fig. 11. 
By definition, Equation |41}, A 


placement between motor and load positions 


» represents the maximum dis 
For the given 
value of G(a@), the ratio 6/2A,, is obtained from the graph in 
Fig. 8. 
6b. Since A, is directly proportional to b, the foregoing equations 


Thus A,, may be expressed in terms of the dead basd 
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show that all amplitudes of oscillation are direetly proportional! 
to the dead band. Kesults from the differential analyzer con 
firm this fact. 

If oscillations of amplitude A,, in Fig. 11 are forced on the sys 
tem with no dead band present [G(a@) = 1.0], then the load and 
The angle by 

Dead band 

This conclu 


motor angles change to 6, and 6,,, respectively 
which the load lags the motor is decreased by 4, 
therefore introduces a phase lag into the system. 
sion is easily reached from Equations [44] and [45] considering 
the fact that in the presence of dead band G(a@) is always less than 
unity, 

As the amplitude of oscillation approaches, the limiting value 
of transmission, A,, b/2, G(a@) becomes negligible. The trans 
fer function between output @, (jw) and error FE (jw), Equation: 
(33), becomes approximately 
9, (jw) 

= (jw) G, (jw) G,, (gw) j 
E (jw) 
Ga) 
Qe) (jwT + 1) (jwT',, + 1) 


This expression shows clearly the large phase lag (approaching 
90 deg) caused by dead band at small amplitudes of oscillation. 
As the amplitude of oscillation decreases, the phase lag in-— 

creases, invariably resulting in an intersection of the —1 point in 

the complex plane by the open-loop transfer-function locus. 


DirFeRENTIAL-ANALYZER ResuLTS 


The closed-loop system in Pig. 5 was set up on the mechanical 
differential the 
sponses obtained on the analyzer for a step change in reference 


analyzer of author's company 


signal are shown in Figs. 12 through 18. In each case the system | 
response with and without dead band was obtained. In alleases — 
oscillations developed when dead band was present ; 
All analyzer runs were for unconditionally stable systems with 
the exception of the run shown in Fig. 12.) The system in this — 
that is, 
the open-loop gain A, was required to be above a certain min 


instance was conditionally stable; in order to be stable | 


mum value 
in instability 


Lowering of the gain in systems of this type results 


The amplitudes of all responses are dimensionless, and the dend 
band is expressed in per unit. Dead band is usually very small, 
and for accurate representation on a computing device the ratio 
of signal amplitude to dead band must not be great, otherwise 
the magnitude of various quantities appearmg as integrands 
To illus 
trate, suppose one per unit in Fig. 12 represents 10 milliradians 
If one per unit isd 


would exceed the practical limits of the integrators 


The total dead band then is 2 milliradians 


deg, then the dead band is 0.2 deg a 5” 


Typical re- 
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TIME 
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(b) b = 0.20 
1S) Reseonse to Uner Srep 


Cuecek or Crrreria 

analysis 
was made, using the method described earlier, for the purpose of 
predicting the amplitude and frequency of oscillation in each 
case, The results of these computations, 


Yor all the differential-analyzer responses shown, an 


showing predicted 
amplitudes and frequencies of oscillation in comparison with the 
actual values obtained on the differential analyzer, are given in 
Table 


® 2560. (RAD./SEC.)*® 
Um = 640. (RAD./SEC,)’ 
T= 0.025 SEC. 
Tm = 0.025 SEC ed 
62.5 (0.40s +1) 
(2.6s + 1)(0.04s +1) 


Qis)= 


TIME 
(a) b= 0 


hia. 14 


IN SECONDS 

(b) b = 0.20 

The order of magnitude of all quantities was very well pre- 
dicted, The analysis of course can be refined to account for 
higher harmonic frequencies present in the oscillations, but in 
servomechanism design such refinement is not at all neces- 
sary. 

The significant point here is that stability criteria derived for a 
common type of backlash or dead band has been found valid and 
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therefore should be useful in predicting the stability of other 


closed-loop systems in which it occurs. 

The synthesis of stabilizing components becomes possible 
To demonstrate this shown which 
eliminates altogether the oscillations caused by backlash. 


at least one method will be 


SUPPRESSING OSCILLATIONS Causep BY BACKLASH 
In seeking a means for suppressing or eliminating oscillations 
by backlash the designer might attempt incorporating 


By appropriate design the ampli- 
It would be 


caused 
linear cascade compensation. 
tude of oscillation may be minimized, 
difficult, to suppress oscillations entirely by 
such a procedure, 


extremely 
if not impossible, 
The locus of the open-loop function always 
undergoes a phase shift greater than — 180 deg as the frequency 
resulting in intersection of the negative 
always can 

1 point, 


approaches a high value, 
real axis. A value of Gla@ 
be found which results in the locus intersecting the 


, between zero and unity, 


the condition for sustained oscillations. 
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The foregoing conclusion is supported by the fact that no 
physically realizable component such as Q (s), Fig. 5, can have a 
transfer function of order less than zero (the order of the transfer 
funetion is defined as the order of jw in the denominator minus 
the order of jw in the numerator). For the minimum possible 
order of Q (s) sustained oscillation occurs, 

Changing the system velocity constant cannot eliminate the 
oscillations caused by backlash. This fact is illustrated in Figs. 
19and 20. The velocity constant is defined as the output velocity 
per unit errorinput. Thus 

(8) 
E (8) 

3 The curves shown in Figs. 19 and 20 were computed for the sys- 
‘tome described in Fig. 17(6) and Fig. 16, respectively. 
case the frequency of oscillation and the ratio 6/26, is plotted as 

‘These curves show that 


In each 


a function of system velocity constant 
reducing the velocity constant decreases both the frequency and 
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Nore: From the compyted value of Gla), the value of b/2Am was ob- 
tained from Fig. 8. 260/b and 20m/b were caleulated by use of Equations 
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umplitude of sustained oscillation. The ratio 6/26, increases 
value as A, is decreased, but for constant backlash 6, 4, of course 
decreases, 

Any device which eliminates the instability caused by backlash 
must counteract the large phase lag which occurs at small anpli- 
tudes of oscillation (see Equation [46]). One possible means of 
stabilization is shown in Fig. 21. The backlash and associated 
spring inertia, and viscous damping are represented as before. 
‘The added element is a viscous damper B, connected between the 
servomotor and load shafts. This simple scheme is chosen merely 
to demonstrate the method of analysis. Other ways of sup- 
pressing oscillations, which are best suited for a particular case, 
may be determined by following similar procedure to that out- 
lined, 


The transfer function for the system shown in Fig. 21 may be 


Thus 
17] 
dt 


For sinusoidal 


derived by equating torques, 


do, dé 
B 


K(O,—0,) +8, ( 
dt? dt 


Mor simplicity, a gear ratio of unity is assumed 
variations, Mquation [47] becomes 
= Ty? (jw 0, (jw)| 


jw(jwl + 1) 0, (jw 


6, (jw). {48} 


where 


2 
p * J 


Use is made of the dead-band transfer ratio. Thus 


0, (jw) —- 6, (jw) = Gla) [0,, (jw) — 8, (jw)] [49] 
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From the foregoing 


1 
6, (jw) 


jw il + jw ') + 


For G(@) = 1.0, the transfer function just given represents the 
ease of zero backlash. If large-amplitude oscillations are occur- 
ring with backlash present G(a@) — 1.0 (see Fig. 8) and the ampli 
tude-phase characteristics in the two instances approach equal- 
ity. For oscillations of very small amplitude G(a@) — 0, and the 
transfer function becomes approximately 


jw 


9, (Jw) 


For very small amplitudes of oscillation in the usual range of 
possible unstable frequencies with the viscous damper B, omitted, 
the applicable transfer function is 

9, (jw) 
jw(jwT' + 1) 


a) 


The effect of the viscous damper is readily seen. Without the 
viscous damper, an additional phase lag of —90 deg occurs 
The viscous damper in effect removes the 1/(jw) term in Equation 
[52], thus providing the large positive phase shift required for 
stabilization at small amplitudes of oscillation. 

In this example the problem becomes one of determining the 
required constant 7’, for the viscous damper. The system chosen 


for this purpose is described in Fig. 13. The required value of 


(c) 


4 


i ' 
TIME IN SECONDS TIME IN SECONDS 


uf 2560 (RAD. /SEC)* 
Tm * 0.025 SEC 


K, (0.40s +1) 
(2.88 + 1)(0 04s + 1) 


Qis) = 
vi: 0 


T 
(a), (b), AND (d) Ky = 62.5 
(b)b = 0.2 


(c) Kg = 125 
(a) = (0 (c)h = 0.2 


Fig. 18 


(d)b = 04 
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Gia) FIG 16 
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1G. 20 


oF FREQUENCY AND AMPLITUDE OF 
TION ON THE System Vevocrry Constant 


With 


compensation sufficient to eliminate sustained oscillations, the 


T, was determined experimentally on an analog computer. 


output response of the system to a step change in reference signal 
was recorded. The wave forms obtained are shown in Pig. 22 
With backlash present, sustained oscillations occur, Fig. 13(b), 
but with a viscous damper paralleling the backlash element the 
oscillations are damped out. 

The design procedure suggested by the foregoing may be car- 
ried out in two steps: (a) Assume backlash to be zero and design 
This elimi 
nates the possibility of large-amplitude oscillations developing 


the closed-loop system for acceptable performance. 


with backlash. The amplitude of any oscillation which does occur 
will be of the same order of magnitude as the backlash. (hb) Ac- 
count for backlash using the applicable transfer function and 
seek practical means of offsetting the large negative phase shift 
which occurs for small oscillations. At the appropriate stage in 
the design the open-loop transfer function should indicate closed- 
loop stability for extremely small values of the backlash transfer 
ratio G(a) 


Limit OF SPRING, AND INERTIA 


Important but simpler cases f dead band are derivable from 
the foregoing. For example, if the torque transmitted by the 
the gear train is negligible, under conditions of oscillation, in 


THOMAS—STABILITY CHARACTERISTICS OF CLOSED-LOOP SYSTEMS WITH 


OF FREQUENCY AND AMPLITUDE OF 


DEAD BAND 


One Meruop of Sysrems Wirn 


(a) T, = 0.05 SEC. b #0.20 


TIME IN SECONDS 


Response To Unit-Srer Ineo SYSTEM STAnILIZED BY 
Paratcer Viscous Damper 


comparison with the servometor’s own inertial and frietion 


torques, then 


J 


0 


This condition is approached in small servomechanisms where 
large step-down gear trains are used. 
With this approximation, the open-loop transfer funetion, 


Equation 25:4] becomes 

0, (jw Ga) 
= Q (jw 
KB (jw) Jw + 1) jw (jwT + 1 
ae) 


wil 
Examples of differential-analyzer runs for this case are given in 


Fig. 17 


If viseous damping on the output shaft is neglipible, 


», the transfer function reduces to 
0, (jw) Gia 
= () (jw) 
jw (jwT,, + 1) (“) 
+ Gla) 


E (jw) 


Differential-analyzer runs obtained for this ease are shown in Fig 


18. With no backlash present, Fig. I8(a), the output angle — 


B 
AND K 
or 
2) 
1.0 
é 
AND 0 
° 
G(a) (D) =0.10 SEC.b+0.20 
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undergoes smal 
system is disturbed 

With backlash present, sustained oscillation occurs for that 
value of Gla) which causes the open-loop transfer-function locus 
Thus, if 


to intersect the I point, 


9, (jw) 


(jw 


[54] may be written 


Q (jw) 
jw (jwT, + 1) 


Gia 


If sustained oscillations are not to develop, then the linear fune- 


fion 
[56] 


must not intersect the locus of points deseribed by 


w\? 
Ga) 


H (a,jw) = — 
a, je Gla 


If a family of loci are plotted in the complex G (jw )-plane, each 
locus for constant G(a) and with the frequency ratio w/a the 
The 


loct of Ha, jw), defined as the “backlash stability line,” begins at 


variable parameter, it will be found that all loci coincide. 


the point 1, for w/j 0, and extends along the real axis to 


positive infinity, This backlash line is illustrated in Fig. 23(a) 
where the value of w/m at any point depends upon the particular 
value of GCa@) in its possible range 0 < Gla) = 1.0. 

It immediately follows from the foregoing that if the locus of 
the linear transfer funetion G (gw) intersects the real axis, between 
the origin and the —-1 point, sustained oscillations in the presence 
of backlash willoecur 

\ third-order transfer-function locus is shown in Fig. 23(4). 
The locus intersects the negative real axis at distance d from the 
Sustained oscillations will then 


point 1, at frequency Wp. 


occur at the frequency By Equation [55 


Ga) = 


the ratio b/2A4 
and if the backlash 6 is known, the amplitudes of oscillation may 


bor this value of Gla is obtained from Fig. 8, 


m 


By Equation [41], letting 7 — © for this case, the amplitude of 


the output angle is 


Wo 


By biquation [45] the amplitude of the servomotor angle is 


Iliminating from these three relations 


* The undamped natural frequency of the load un = VK iJ must 
always be very great so that 
(wo ‘p)? 
< 1.0 
d 


otherwise complete instability would result. 
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Fig. 23 


(a, Backlash stability line. 6, Third-order transfer funetion locus 
Relative amplitude and phase of servomotor and output angles.) 


= ~ 


age 4, = A. 


d 


The in-phase oscillations just predicted were obtained on the 
differential analyzer as shown in Figs. I8(), (¢), and (a). ~~ 
The ratio 


computed for these cases is plotted versus system velocity con- 
stant in Fig. 24. The actual values obtained on the differential 
analyzer are indicated by points A, B, and C. 

The foregoing analysis indicates that the frequency of sus- 
tained oscillation is equal to the frequency at which the linear 
function G(jw) intersects the negative real axis. The frequency is 
therefore independent of system gain or velocity constant, since 
altering the gain merely linearly expands or contracts the open- 
loop transfer-function locus, Evidence supporting this con- 
clusion is given in Fig. 18(¢), where doubling the open-loop gain 
did not change the actual frequency of oscillation appreciably. 

The dependency of the amplitude of sustained oscillation on the 
ratio of crossover frequency wy to the load undamped natural fre- 
quency wis shown in Fig. 25. Here the ratio of backlash b to 
peak-to-peak output oscillation amplitude 26, is plotted versus 
for constant values of gain margin (Gain margin is fre- 
quently expressed as 20 logio d in decibels.) As depicted in the 
foregoing plots, for example, if d = 0.40, the amplitude of oscil- 
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lation becomes extremely large as wo 0.653. ©, 
w&) uw — 0, the amplitude of oscillation decreases but never be- 
zero. Maximum 


nevertheless, is desirable. 


comes rigidity of mechanical components, 
These characteristics, applicable to 
all systems having backlash of the type described, were computed 


from Equations [58] and [59] with the aid of Pig. 8. 


CONCLUSIONS 


Phe frequency-response method of analysis greatly facilitates 
The 


results obtained here, although approximate, are in a form which 


the study of the effeet of dead band in closed-loop systems 


enables the designer to determine means of suppressing or pre- 
venting the small-amplitude oscillations which occur, 

The frequency-response method of analysis is well suited for the 
study of automatic control systems where some nonlinearity may 
produce sustained oscillations. The approximations generally 
made in such analyses are justified on the basis that automiatic- 
control systems are essentially low-pass filters, resulting ino an 
input signal to the nonlinear element nearly sinusoidal in form. 
The analysis presented here, however, shows that this is not 
necessarily 4 limitation, although this fact does simplify the analyt- 
ical procedure. As long as the signals are of the periodic type, 
and the form of the input wave to the nonlinear element is known 
the fundamental frequeney-transfer ratio usually can be deter- 
mined. 
the input wave by a simple Laplace transformable function. 


The complexity of analysis is reduced by approximating 


In cases where the input wave to the nonlinear element, as in 
the ease of dead band, does not change its form appreciably with 
frequency, the fundamental frequency-transfer ratio is truly amp- 
litude-variant. If, however, the input wave changes form with 
frequency in such a way that phase shift of the fundamental fre- 
quency is produced, then the fundamental frequency-transfer 
ratio may become frequency-variant as well as amplitude-variant. 
The degree to which this occurs will depend upon the frequency- 
response characteristics of the entire closed-loop system. For- 
tunately, this effect is usually small, 
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Appendix 


Limit or Back anp INerria 


As the undamped natural frequency uw of the load becomes 
extremely large, oscillations resulting from backlash, although 
This is illustrated in Fig 

Gla) — both 


reduced in amplitude, still occur. 
In this 


simul 


d - GAIN MARGIN 
CROSS-OVER 
FREQUENCY 


and 


CARE, 


bia. 25) Derpenpency oF oF ON SysTeM- 
Gain Marain anp Ratio of Crossover Frequency to NaTuRAL 


Prequency or Loap 


Zero is merely a limit; both wy/p and Gla) for prac- 
The back- 
-lash-line shown in Fig. 23(a) is still applicable, and the ampli- 
tudes of fundamental-frequency oscillation are given by Hqua- 
tions [61]. In this case, however, as G(a@) becomes very small 
(2A,,/b 1.0 (see Fig. 8). Equations [61] thensimplifyto 


tical reasons always will be slightly greater than zero 


\ 
| 
| | G (a) 
— 
| 
' 
d=0.6 
0.5 
— 


"TRANSACTIONS OF THI 


6, (jwo) = ou 


1@ 
It may be concluded in this case that as the mechanical parts 
become extremely rigid, the amplitude of oscillation depends 
The frequency 
of oscillation wy is that frequency for which the linear transter- 


solely on the backlash b and the gain margin d 


function locus G(jw) intersects the negative real axis between 
the origin and the point. 

With sustained oscillations occurring, the servometor angle 
Their 


During the course of os- 


4,, and output angle @, are in time phase, since d < 1.0. 
velocities therefore are in time phase 
cillation, when the twe velocities are not zero, the backlash zone 
With no damping present, the velocity of 
the output member is constant during the traversing of backlash. 


Backlash is taken up simultaneously as the velocity uf the input 


is being traversed 


member goes to zero. Reverse motion is imparted to the out- 
put member at the same velocity existing before impact (assum- 
ing an elastic collision and high servomotor inertia referred to 
the load side of the dead band). The servomotor velocity then 
may be approximately sinusoidal, and the velocity of the output 
member is a square wave 

If this idealized type of system is of second order or less, com- 
plete instability occurs with or without backlash. This may be 
explained by the fact that in such cases the transfer-function locus 
does not intersect the negative real axis, and a caseaded function 


of the form 


will produce enclosure of the —-L point in the complex plane. 
or BackLasu, SPRING, AND 
Viscous Damping 


In cases where the effeet of load inertia is negligible, such that 
T = J/B 


reduces to 


+ the open-loop transfer funetion, Equation [53], 


0, (jw ) Ga) 


EB (jw) jw + 1) jw Ty 4+ Gla) 
where 7, = B/K. 
the linear transfer-funetion locus 


If sustained oscillations are not to develop, 


: Q (jw) 
jw (jwT,, + 1) 
must not intersect the locus of points defined by 
oT 
(a, jw) = 
G(a) 
Another backlash-stability line is thus defined. 

The locus of H, (a, jw) is a straight line in the complex G (jw )- 
plane as shown in Fig. 26(a). Transfer-function loci of systems 
designed for high performance usually will intersect this backlash 
line. The 
open-loop transfer-function locus of a position-control system of 
the third order is sketched in Fig. 26(b). The frequencies at 
the intersection points are w, and @, where w, > We. 
values of G(a@) are indicated. Thus 


A stable system will have two points of intersection. 


‘Two possible 


MBER, 1954 


Pig. 26 
a, Backlash stability line for load characterized by spring action and vis- 


cous damping. 6) Third-order transfer function locus elativ: ampli 
tude and phase of servometor and load positions 


Gif 


Gila) 


> w and D, < De, it follows that G,(@) > Gia). 
The larger value of Gla) corresponds to larger amplitudes of os- 
cillation, Fig. 8. 


range D, > D > D,, the system is unstable and tends to oscillate 


Now, since 
Therefore, tor amplitudes of oscillation in the 
with increasing amplitude. The stable point of oscillation then 
is at the higher frequency @, corresponding to larger amplitudes of 
oscillation. The fundamental frequency amplitudes of oscilla- 
tion, Equations [44] and [45], reduce to 


Gy 
0, (jw) = 
WwW) 


6,, (jw) = A, + 9, (jw) 


On eliminating G,(a) between Equations [67] and [69] 


8, (jw) = [71] 


dD, 


In cases where the deflection of the equivalent spring is small 
com>ared to the dead band 


§ 
— | 
-270° 
8 
8m ( jw) 
“a) te PLANE 
6, 
(jw) = 165) - We <a - 
(°) 
é 
| 
w, 
w 
al 
j 
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A 


Gila 


equations [70) and [71) then become 


‘ 


4, (jw 


6,, (jw) ; 


‘2 

The fundamental frequency amplitude of oscillation is thus di- 
rectly proportional to the dead band 6, and inversely propor- 
tional to the distance between the — | point and the nearest point 

of intersection of the backlash stability line. 

The foregoing, of course, assumes that the phase shift across 
the dead-band element is zero for fundamental frequencies. As 
the equivalent spring becomes infinitely stiff, the approximation 
in the analysis becomes greater. The correct position of the back- 
lash line is very well predicted nevertheless, A comparison with 
the backlash line computed by Johnson,® the characteristic illus- 
indicates that 


trated in Fig. I()), the result obtained here is 


somewhat pessimistic 


Srasivery Deap Zone 


. 
If the insensitive zone may be described by the characteristic 
shown in Fig. l(a), the open-loop transfer function becomes 


Q (jw) 
(jw) jw (jwT,, 


6, (jw) 


Proceeding as before, it follows that if sustained oscillations are 
not to develop, the frequency-variant transfer-function locus must 
not intersect the locus of points defined by 


H 
Gla 


1.0, the dead-zone stability line lies on the 
negative real axis between 1 and », Fig. 27(a). 
tems of the conditionally stable type will intersect this line. The 


Since 0 < Gla) 


Only sys 


transfer-function locus of a conditionally stable system is sketched 
in Fig. 27(6). 
quency corresponds to larger amplitudes of oscillation, Fig. & 


Again, the intersection point at the higher fre- 


Points between the frequencies @, and @, corresponding to lower 
amplitudes of oscillation are enclosed by the locus. The system 
is unstable in this region; hence any disturbance will cause sus- 
tained oscillation at the frequency w,. Ga) is determined by 
the distance between the —1 point and the nearest point of inter- 
section of the dead-zone stability line, hence 


I- 


ote 


In this case A,, = 4, therefore Fig, 8 represents the relation- 
ship between 1/(2), + 1) and b/20,,, where 6,, is the fundamental- 
frequency amplitude of oscillation 


Deap-Banp Transrer Rario ror SinusoipaL Inpur Wavi 


The input wave, Fig. 7, is defined in the interval 0 s 


ay (t) = sin wil [ ( 


Reference (9), fig. 6 


by 


CLOSED-LOOP SYSTEMS WITH 


FG. 27 
a Dead zone stability line. 6, Transfer function locus of conditionally 


stable system. Relative amplitude and phase of dead zone input and 
output vanables.) 


1/2 


Similarly, for 0 


where u(t) is the unit step function, and is the unit 
step function translated to the right by 7/2 
(<< 72, the output of the dead-band element is defined by 


Bilt) = A,, sin wl ult ty) 1,, sin wf u(/ 


m 


t,) 


The input wave is sectioned at 4, and &, and the difference be 
On subtracting 6/2 in 
the designated interval, the output function is obtained 


tween the two resulting waves is taken. 


Making use of the theorem of real translation from Laplace 
transform theory (12) and the transform pairs 


WwW & 
L cos wl = 


sin wl = 
8? + w? 3? 


+ 


the transforms of the foregoing two half-period waves are 


Ao (8) 


\ 
: » 
-270° 4 
h 
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A , : — ae is identical to the ratio of Laplace transforms of the two wave 
= ~ (8 sin wl, + w cos wl; 
+ w 


trains. Thus 


b 
(s sin Wl, + w cos e~ ™ ane? {90} 
2s Ag{s) 
Since b/2 = A,, sin wt, sin wl = sin wh, and as s —> jnw 


C08 wt, = CO8 Equation [80] reduces to 7 


A,,W — 
Bos) = (e~"* + cos wh; = Ao(jnw ) 
+ w? é 


(e~ hs e~™) sin vt | {81} In the foregoing step, use is made of the identities cos nwt; = 
COS sin = sin NWl,, = w, where n = odd integer. 
The half-period transform ratio Bo(s)/Ao(s) is identical to the — A further simplification is made by noting in Fig. 9 that m(7'/4) 
ratio of the transforms of the two wave trains, therefore = A,,and mt; = b/2. Therefore 


Bo(s) (8 cos wt, w sin wh; je “8 4. (s cos wt; + w sin wh 
s(1 + e~ 7/28) 

As jw, Equation [82] reduces to the indeterminate form 0/0. * 

Applying L’ Hospital’s rule and evaluating yields fat ae 


1 
= [w(lg — — 2 sin wt, vos wt;} 


(83) with this change 
Ap(jw) 


This ratio is not a function of frequency, since by Fig. 7, Bo(jnw) 
2wt; and sin wl; = b/2A,,. Thus Equation Ad jnw) 
[$3] may be written sin n 


Gla, jmw) = 1 — 


(a) = 1 E ) | [84] transfer ratio for the fundamental frequency, n 


b 
where Ga, jw) = 1 sin = 
2A, 2 


= 
Discussion 
 -Deap-Banp Transver Ravio vor a TRIANGULAR A. Tustin.£ This paper and one by Harold Chestnut’ add 
Wave Ineur significantly to previous studies that have been made of the ap- 
proximate effect of the typical nonlinearities usually present in 
he first half cycle of the input wave, Fig. 9, is defined by servosystems, in terms of responses to sinusoidal variations. 
T ’ What is now required is to draw from these studies the appro- 
) u (: priate conclusions as to the features required in a design in order 
to meet a specification for accuracy in the most convenient way. 
(: (: [86] This is not an matter, because several different 
48 =, i 9 2 kinds of nonlinearity are usually present together and because the 
; : ; best arrangements depend also on the amount and nature of the 


= mt u(t) 2m (: 


where m is the time rate of change of a(t). Taking the Laplace — disturbances present. 
transform It is proposed to take for illustration the case of position con- 
trols, of the larger powers, and in cases where high accuracy is 
Ads) = = (1 — T/4e 4 = (1 e~ (g7] required. Characteristically, in such systems, the following major 
nonlinearities occur: 


Similarly, the first half cycle of the output wave is : 1 Torque and speed limitation are present, not as defects, but 
o as requirements. These usually are provided a combination of 

By(t) = mit u(t — 2m ‘) u (: three features; namely, (a) limiting by saturation the output 
or signal at the output stage of the thermionic amplifier, (b) limit- 

+ m(t — ty) u(t — ts). . [88] ing the voltage of the final machine stage, and (c) providing a 

feedback from output current to a point between these two 


iF saturating elements. This combination limits both torque and 


Laplace transforming 
speec 


m be : 2 The friction stiction charevteristic of the load imposes re- 
Bos) = (e~* — + quirements to avoid jerky operation at low speeds. 
3. Backlash, with resilience, is present. 


> 


The ratio of Laplace transforms 
» ¢ Professor, University of Birmingham, Birmingham, England. 

Bo(s) 7**Approximate Frequency-Response Methods for Representing 

‘ Saturation and Dead Band,"’ by Harold Chestnut, published in this 

Ads) issue, pp. 1345-1363. 4 


> 
-2 
B ’ 
‘ 


PFHOMAS 


The principles for good design that would seem to result from 
this situation are the following: 


(a) The system should be so designed that normal operation, 
for which the specified accuracy is to be obtained, should not in- 
volve the speed or torque limitations, because the error increases 
The system then 
operates as if the speed and torque limits did not exist, so far as 
Incidentally, 
however, the presence of the feedback from output current makes 


extremely rapidly if these limits are exceeded. 
concerns the normal regular operation as a servo. 


the system operate, from most practical points of view, as a torque 
control or second-order servo. It now requires phase advance if 
it is to be stable. 

(b) The real incidence of torque and speed limitations is when 
running into alignment from large initial misalignments, i.e., the 
well-known phenomena of long “‘settling time’’ and repeated over- 
For this defect to be avoided a very large first-derivative 
term must appear in the signal effective at low frequencies, and 
prior to the saturating tube stage, so as to reverse the torque a 
sufficient time before alignment is reached. Since large-amplitude 
oscillation sometimes may occur, and the torque limitation then 
has much the same effect as a decrease in loop gain, it is desirable 


shoots. 


to avoid designs having ‘“‘conditional stability.’’ This also is as- 
sured if there is a large phase lead at low frequencies, and this 
point of view is really saying the same thing in another way 

(c) The presence of a saturable thermionic-tube stage is of 
critical significance, not because it affects the accuracy on normal 
operation, since such saturation can be avoided in normal opera- 
tion by the basic design, but because such systems are usually 
subject to high-frequency disturbances mixed with the input. 
These high-frequency components are not to be followed, and 
would often be unimportant were it not for the fact that, ampli- 
fied by the presaturation lead networks, they saturate and block 
the saturable stage, reducing the effective gain for legitimate 
signals. 


\ logical escape from these conflicting difficulties would be to 
limit the extra gain of the modifying networks preceding the 
saturable stage, or, ultimately, to include there a filter or high- 
If this is done the only place left for the 
provision of the necessary further shaping of the frequency locus 


frequency attenuator. 


is the postsaturation stages, i.e., usually the rotary amplifier or 
its equivalent. 

It is this combination of circumstances that makes it desirable 
to develop rotary-amplifier combinations, that contribute phase 
advance in the region of critical system frequencies (say 2 to 8 
eps) 

It has sometimes been asserted that efforts to improve the fre- 
quency response characteristics of rotary amplifiers are unneces- 
sary, because their lags can be compensated by modifying net- 
works in the thermionic stages. This would be true if the systems 
were linear, but it is quite untrue if torque limitation and input 
disturbance are both present 

It also may be shown that both backlash and the requirement 
for smooth operation at very low speeds also impose a require- 
ment for phase advance, and if this cannot be provided prior to 
the saturable stage because of the need to filter out noise, it must 
be provided later in the sequence. 

An outstanding need, therefore, and one which it is not at all 
impossible to meet, is the provision of greatly improved rotary 
amplifiers, not only having a much lower ratio of time-constant 
to power amplification than those at present available, but, by 
the provision of suitable local feedbacks, contributing significantly 
to the phase advance that is essential in these effectively second- 
order systems. Work with this aim is being done both at Birm- 
ingham and at the Massachusetts Institute of Technology 
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R. L. Coseriee The author .s to be congratulated for his in- 
teresting development of the well-known dead-hand or backlash 
problem. This problem has been widely recognize | and studied. 
The method proposed by Dr. Johnson (reference & of the paper) 
was an excellent beginning. However, because of the limitations 
imposed in this method, the analytical results obtained with this 
This 
deviation between computed and measured results is primarily 


method often do not agree too well with meusured results 


due to the inertia of the servo load. The method proposed by the 
author is certainly an important contribution for it does not have 
the limitations of this earlier frequeney-response method. 

Dead band and coulomb friction are two types of nonlinearities 
that cannot be handled using small signal theory. In fact, svs- 
tems with this type of nonlinearity become linear as the ampli- 
As this is the case they ad- 
versely affect the performance of servo systems when the input 
As the author indicates, it is difficult to 
eliminate oscillations caused by this type of nonlinearity by 


tudes of the signals approach infinity. 
signals are small or zero. 
linear means. It has been the writer's opinion that the most effec- 
tive method for eliminating oscillation eaxused by backlash is by 
The writer would like to ask if the 
author has considered this method for stabilizing the systems he 


means of coulomb friction 


has studied 

The writer also would like to suggest that the author extend the 
scope of his paper by deriving equations expressing the value of 
G(a) and the frequency of oscillation @ as functions of the system 
parameters, For example, if QGw)is a constant Qo, it can be shown 
that a condition for steady-state oscillation is 


uel 

= 


K 
A 


where 


and the frequency of oscillation is given by , — 
w= ‘KGa) 


It seems likely that similar expressions can be derived for Gla) 
when Q(jw) is a funetion of frequency 


AvuTHor’s CLOSURE 


Professor Tustin outlines quite clearly the practical problems 
which are of primary consideration in the design of a position con- 
trol of high accuracy. In outlining the features of a good design 
he chooses for illustration a position control where the power re- 
quirement is large. In so doiag he effectively points out the funda- 
mental limitations of position control. 

As the power requirement increases, special attention must be 
given to maintaining effectively short time constants throughout 
the system. Any closed-loop system having an element of pure 
integration in the main loop, as is characteristic of position con- 
trols, cannot tolerate a single “long” time constant if the velocity 
constant is to be set high, say, to 50 sec Contrarily, in regu- 
lating sysiems where pure integration is absent, a single long time 
constant not only is desirable but is required. 

In d-c motor generator sets the long time constant usually oe- 
curs in the generator field circuit. To offset the effect of this time 


® Assistant Professor, Department of Blectrical Engineering, Ohio 
State University, Columbus, Ohio. 
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constant, the rotary amplifier supplying the field must be capable 
of developing several times normal operating voltage and, in addi- 
tion, fnust be extremely fast. In the presence of a major disturb- 
ance a phase-leading network preceding the rotary amplifier facili- 
tates the driving of the amplifier toward its ceiling and back to 
normal voltage again ii an appropriate interval of time. If com- 


pensation by such means is inadequate, it may be necessary to 
shorten the generator field time constant by employing fewer 
turns on the generator field. This change then would necessitate 
the using of a rotary amplifier of higher power rating. High ac- 
Cures and aeceptable relative stability can be achieved more eco- 
nonmdeally, a maximum of performance is imposed on the rotary 
amplifier. 

Thus the need of phase-advancing networks and components in 
position-control svstems of high power is normally greater than 
that encountered in low power systems. System stability is not 


the only consideration, of course. Fast response is required if the 


torque or motor armature current is to be limited effectively fol- 
lowing « sudden change in load. ‘The development work de- 


by P Tustin, in which phase-advaneing charac- 
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teristic is incorporated into the design of the rotary amplifier, 1 
interesting indeed 

Additional phase advance may be required in the presence ot 
dead band or backlash, if sustained small-amplitude oscillations 
are to be minimized or eliminated. For example, Equations [61 
and [62) of the paper indicate that it is desirable for the linear 
transfer-function locus (Equation [56] or Equation [65]) not to 
penetrate appreciably the region enclosed by a circle of unit radius 
having the —1 point as center. 
In answer to the question asked by Professor Cosgriff, the 
author has not considered the effect of coulomb friction in combi- 
however, that couloml 
also can cause of re- 


If sustained oscillation was eliminated by such means, 


nation with dead band It is known, 


friction oscillation, or an insensitive zone 
sponse.” 
it would appear to be undesirable because of the accompanying 
poor response to small signals. 

The author wishes to thank both Professor Tustin 


sor Cosgriff for their contribution. 


and Profes- 


Feedback Control Systems,”’ by V. B 
part IT, 1953, pp. 119-123. 


Coulomb Friction in 
Haas, Jr., Trans. vol. 72, 
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This paper deals mainly with methods and techniques 
for obtaining airplane frequency-response characteristics 
from transient flight measurements. After a review of the 
basic airplane equations of motion, the theoretical trans- 
fer function which defines the ‘‘short-period’’ pitch re- 
sponse to an elevator deflection is derived. A numerical 
example is used to illustrate the evaluation of an analyti- 
cal transfer function from a graphical frequency response 
by a method which involves the use of graphical aids in 
conjunction with an analog computer. Finally, the effects 
of variations in flight speed and altitude on the airplane 
response are considered. <_< ow: 

NOMENCLATURE 

The following nomenclature is used in the paper: 

/../,, 1, = moments of inertia about Y, Y, and Z-axes, slug-ft* 
= product of inertia, slug-ft® 
= gain constant 


L, M,N) = rolling, pitching, and vawing moments (Fig. 2), 
wing area, sq ft 
Vo = velocity, fps » Ac 
X,Y, Z = forces coincident with axes shown in Fig. 2, Ib 
© = mean aerodynamic chord, ft 
mm = mass, slugs 7 
q = pitching velocity, radians per sec (rps) : 
s = Laplace operator 
= time, sec 
i= 
a = angle of attack, radians 


= elevator deflection, radians (except as noted 


6 
4 = pitch angle, radians 

p = air density, slugs ‘cu ft 
¢ = damping ratio 


phase angle, deg _ 
= anguler frequency, rps 
undamped natural frequency, rps 


rT = time constant, see 


Dot over quantity indicates derivative with respect to time 


INTRODUCTION 
The extremely wide range of speeds and altitudes at which the 
latest aireraft operate leads to serious problems in stability and 
control, The difficulty experienced by the human pilot in coping 
with these problems has contributed greatly to the emphasis now 
being placed on the automatic interceptor and the guided missile 
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Experimental Flight Methods for 
Char 
of Aircratt 


By AL SMITH! ann W. C. TRIPLETT,! MOFFETT FIELD, CALIF 


Evaluating 


acteristics 


which depend on high-performance autopilots for precise maneu- 
vering control during combat operations For the analysis of 
these complex systems which involve the dynanues of the an 
frame, the frequency-response methods of servomechanism theory 


have been applied successfully 


COMMAND — 
INPUT 


FEED BACK 


A simplified block diagram of a typical airplane-autopilot eon 
trol loop is shown in Fig. i.) The analysis of such a closed-loop 
system requires a knowledge of the dynamic behavior of each 
element of the loop or, more precisely, the transfer functions 
which define the ratio of output to input for each element. The 
transfer functions of the airplane define, for example, the manner 
in which the airplane responds to motions of the control sur- 
faces Unfortunately, the aircraft transfer functions vary 
markedly as the operating altitude and speed of the aircraft 
change, and considerable effort must be expended in determining 
the nature of these variations. This feature distinguishes the 
airplane-autopilot: problem from the ordinary servomechanism 
problem, and means that gain changers and variable stabilizing 
networks must be included in the autopilot to insure satisfactory 
performance of the complete loop as flight conditions change 
The problem is complicated further by the exacting performance 
required of maneuvering-type autopilots which must control a 
fighter aircraft during combat maneuvers. This is in contrast to 
the situation that existed before World War IL, when autopilots 
were used primarily for pilot relief on aireraft that operated over 
more limited ranges of speed and altitude 

A similar analysis problem exists in some piloted aircraft: where 
it has been necessary to modify the dynamic responses of the air- 
plane by means of servo devices such as yaw and pitch dampers 
so that the pilot may control the airplane properly under all 
flight cenditions. This problem arises primarily from the in 
herently low damping and high natural frequency which ae 
company high-speed high-altitude flight. The problem of making 
the combination of aircraft and damper satisfactory tor piloted 
operation is, in effeet, a closed-loop problem similar to that for the 
airplane-autopilot combination deseribed previously, except that 
the human pilot is now an element in the loop. Because there is 
no entirely satisfactory transfer function to deseribe the human 
response, the problem involves proper tailoring of the dynamic 
characteristics of the damper so that when combined with the 
airplane, the resulting airplane-damper combination will have a 
transfer function that is known by previous experience to be ae 
ceptable to the human pilot 

The foregoing has indicated some of the needs for airplane fre- 
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quency-response data in coping with stability and control prob- 
lems of high-performance aireraft. Papers by Bollay (1)? and 
Milliken (2) give a more complete background and summarize 
some of the progress made in this general field. 

The present paper is concerned mainly with methods for 
evaluating the dynamic-response characteristics of the airplane. 
This information in transfer-function form can be calculated by 
substituting known values of the physical parameters into the 
differential equations that describe the airplane motions. In 
addition to the usual mass and inertia constants, these parameters 
consist of terms which relate the aerodynamic forces and moments 
to the motions of the airplane. These aerodynamic terms, when 
expressed in dimensionless coefficient form, are called stability 
derivatives and may be estimated from theoretical studies and 
the results of wind-tunnel tests. In some cases this may be done 
with enough accuracy to give reliable predictions of the airplane 
transfer functions. However, it is generally advisable to use ex- 
perimental flight tests in order to obtain sufficiently complete 
and accurate data for purposes of analysis. This is particularly 
true for flight in the transonie speed range where large and erratic 
variitions of these parameters with Mach number cannot be pre- 
dicted reliably from theory or from wind-tunnel tests 

Furthermore, there are cases where the customary “rigid-body”’ 
equations generally used do not define completely the aircraft mo- 
tions; aeroelastic effects are a case in point. These are changes in 
flight-path stability which result from bending and twisting of an 
airplane structure while under the influence of inertia and saero- 
dynamic loads. The occurrence of additional peaks in the experi- 
mental frequency-response amplitude curve at frequencies higher 
than the predicted rigid-body modes of the aircraft usually indi- 
cates the presence and degree of importance of structural modes 
The motions resulting from aeroelastic deforma- 
tions may be of importance in the selection of a suitable autopilot 


in the system. 


and in the location of its sensing elements (3). 

The effects of Mach-number variations and aeroelastic deforma- 
tions on the airpiane response are two of the practical difficulties 
that beset the purely theoretical approach and make it necessary 
to resort to flight methods to obtain adequate aircraft transfer 
functions, 
enabling comparisons to be made with predicted results, thus 


Flight tests also serve an additional purpose by 


aiding in the development of more refined prediction methods. 

\fter a brief discussion of the aerodynamic theory underlying 
the response equations of the aircraft, the body of this paper will 
be devoted to a consideration of the determination of aircraft fre- 
quency response from the analysis of flight data 


OF THeORE?TICAL TRANSFER FUNCTIONS 


\n airplane in flight can be considered as a dynamic system 
It can translate along and 


rotate about each of the axes, Y, ¥, and Z shown in Fig. 2 


possessing six degrees of freedom. 


‘Thus there are six equations which define the motions of the air- 
plane sand make possible the calculation of responses to various 
types of disturbing forces. The following expressions are ob- 
tained by equating inertia forces and moments (on the left- 
hand side) tonerodvnamie forces and moments (on the right-hand 
side 

mai + rv) 

aad 
Lp + (1, LAr 4 


(,—)rp—l 


mo ru— pw) 
+ pe qu) 
jqr Pq) = 


(r?-— p?) = M 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper, 
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The complete development of these equations may be found in 
any of several references (4, 5) and they are only briefly examined 
here. 

It can be seen that the system represented by the equations is 

rw nonlinear and extremely compli- 
Fortunately, 
the motions of the airplane are 


cated, however, 
often restricted in such « manner 

that the system, for most practi- 

cal purposes, becomes two inde- 

slg pendent linear systems, each 
three degrees of freedom 
Assume first that a disturbing 
force is applied so that the air- 

plane is disturbed only in 
| the plane of symmetry (the V-Z- 
aes This disturbance may 
an elevator-control deflection, 


AXIS 
FORCE 
MOMENT 


LINEAR 
VELOCITY 
a change in engine power, or an 


ANGULAR 

VELOCITY atmospheric gust. The result- 
ant motions generally are re- 
Fic. 20 Axis Notation anp ‘Jongitudinal” 


oF SYMBOLS ” 
or “pitch” responses of the air- 


plane). 


ferred to as the 


plane and consist of accelerations 
along the XY and Z-axes and rotations about the Y-axis. Because 
of symmetry, there are no motions in any other plane. 

If, on the other hand, the airplane is disturbed by a motion of 
the aileron or rudder, it will rotate about the X and Z-axes (roll 
and yaw) and translate along the Y-axis (sideslip). Motions of 
this type generally are referred to as “lateral” responses of the 
airplane. The complete equations indicate that lateral motions 
will induce secondary pitching motions as a result of inertia 
coupling. However, when the system is restricted to small dis- 
placements from level flight, the product terms that cause this 
pitch coupling are comparatively small and often can be neglected 
The simplified equations for the two systems then become, for the 
longitudinal system 


mila 


and for the lateral system 
lp 


=! 


These equations then define the complete motions of the airplane 
in the absence of cross coupling between longitudinal and lateral 
motions. 

Turning our attention now to the longitudinal responses which 
result. from a deflection of the elevator, we can make a further 
simplification. With the limitation of small disturbances, the 
change in flight velocity which accompanies the control deflection 
is generally very small, and the resultant Y- force on the airplane 
is essentially zero, provided of course that there is no change in 
engine thrust. Thus the longitudinal system effectively reduces 
to two degrees of freedom in which the variable « can be replaced 
by the constant velocity V. For convenience, the normal velocity 
w can be expressed as Va@ where a is the angle of attack of the air- 
plane, i.e., the angle in the plane of symmetry between the rela- 
tive wind vector and the reference axis of the airplane. The longi- 
tudinal equations then become iets 
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In order to solve for the responses q, a, or the normal accelera- 
tion Via -— it is necessary to express the aerodynamic forces 
and moments, Wand Z, in terms of a, q, and the elevator deflec- 
tion 6. For small displacements, Z and M are primarily linear 
functions of a, &,q, and 6 and Equations [13] and [14] may be 
written 1s 


ov oM 


oa 


oM 
Oq 


In accordance with our limitation of small displacements, the 
partial derivatives are constant for a particular velocity and flight 
altitude. 
are the difference between the instantaneous values and the values 
for trimmed level flight 

We now have two linear differential equations with constant 


In these equations a and 6 are incremental angles and 


coefficients which can be solved simultaneously for a@ and q in 
terms of 6. 
mV and the moment equation by /, 


For ease in writing, the foree equation is divided by 
and a shorthand notation 
adopted so that the equations read 


Z at {17 


a = 


q = Maa + Miq 4+ 


Eliminating @ from Equations [17] and [IS8} gives 
t+ hq + kq = 4 
where 


— Me 


4 
C, = +! 


It can be seen that the left-hand side of Equation [19] is the 
same as that for the familiar spring-mass-damping system (or the 
R-L-C electrical network ) 
more convenient form, however, by applying the Laplace trans- 


This equation can be expressed in a 


form for zero initial conditions and solving algebraically for the 


ratio of the transformed quantities, q and 6. Henee 


4 


6 s+bhs +k 


This expression is the transfer function which defines in opera- 
tional form the pitehing-velocity response of the airplane to a de- 
The replacement of s with iw gives the 
frequency response directly, or the use of the inverse Laplace 
transform makes possible the calculation of the time response 
to any type of elevator motion. 
tion for a/6 which has the same denominator but different co- 
efficients in the numerator. 


flection of the elevator. 
There is a similar transfer fune- 


The form of the transfer function indicates an oscillatory sys- 
tem with a natural frequency and damping ratio which depend on 
the mass, inertia, and aerodynamic characteristics of the air- 
plane. ‘To many, a more familiar expression for the transfer 
function of Equation [24] may be 

+ rs) 
{24 ] 


The oscillatory motion defined by the two-degrees-of-freedom 
longitudinal system is termed the short-period mode and has 
become of greater concern as flight speeds and altitudes increase 
because of corresponding increases in natural frequency and de- 
creases in damping ratio. 
range of natural frequencies is 2 to 8 radians per second, while 
damping ratios as low as 0.2 are not uncommon. 


For most airplanes, a representative 


If the third degree of freedom (X-force equation) had been in- 
cluded in the derivation, the transfer function for q 5 would be of 
fourth order and would contain, in addition to the short-period 
mode, a long-period oscillatory mode termed the “phugoid." 
Although very lightly damped, the phugoid has such a long 
period (1 to 2 min) that it is usually of minor importance when 
considering dynamic responses 

Similar derivations can be made for the lateral avstem (6, 7). 
Here it is generally necessary to consider all three degrees of free- 
dom, and solutions for p, r, and v to either rudder or aileron mo- 
tions exhibit three modes: An oscillatory “Dutch roll’? mode, a 
first-order “‘spiral” mode (often divergent 


and a first-order 


“rolling’’ mode (usually well damped), For the remainder of this 
paper, however, we will restrict the discussion to the simplified 
24]. 


It is apparent now that the response of an airplane to any type 


longitudinal response characterized by Equation 


of elevator-control motion can be predicted if, in addition to the 
mass and inertia constants, the derivatives which defined the rate 
of change of aerodynamic forces and moments with a, a, q, and 6 
As mentioned previously, these often are not known 
with any degree of accuracy, particularly in a new or unconven- 
tional airplane designed to fly at or near sonic velocity. It is 
necessary, therefore, to resort to flight-test procedures to deter- 


are known 


mine the dynamic responses and, from them, the transfer func 
tions that are required for the adequate synthesis of automatic- 
control systems, 


Fiicur EVALUATION OF FREQUENCY Resronse 


The most direct method for obtaining a frequency response of a 
physieal system is to measure the steady-state response to a 
While this 
procedure has been used successfully to obtain frequency re- 


sinusoidal input at a number of different frequencies. 


sponses of aircraft in flight (8), it is not feasible in many cases. 
This method requires the installation of equipment to drive the 
control surface in a sine-wave pattern and may involve an ex- 
cessive amount of flight time, particularly if data are to be taken 
ata large number of frequencies. 

In general, a more practical method of obtaining a frequency 
response is to analyze the transient response of the aircraft to an 
arbitrary deflection of the control surface (generally a step or 
pulse). A single transient contains the entire frequency spectrum 
and can be obtained in flight in a matter of seconds. A transient 
wave shape may be considered to be made up of a sum of sinu- 
soidal wave shapes of various amplitudes and covering the entire 
frequency band. Therefore the response of a linear system to a 
transient input can be viewed as its response to the sum of 
sinusoidal waves contained in the transient input 

The basic procedure for converting transient data from the 
time to the frequeney domain is based on the use of the Fourier 
integral which, under certain conditions, enables a time funetion 
f(t) to be transformed into a complex frequency function fliw |." 
The Fourier integral may be expressed as 


This integral must be evaluated from tine zero to infinity for 


The 


* The parentheses () will be used to indicate a function of time 
brackets [} will denote a function of frequency 
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each frequency w at which fli] is desired. The integration can 
be accomplished only if the behavior of f(1) is known for an in- 
finite time after the disturbance is initiated. This means that it 
is necessary for the system to reach a steady state in some finite 
time 7’ 80 that f(1) may be expressed analytically between the time 
If, in the analysis of flight data, the input 


quantity becomes steady after a reasonably short time, the output 


limits 7 and infinity 


response or one of its derivatives will also become constant within 
some time 7’, provided the svstem is stable and linear. Thus in 
the case of the pitehing-velocity response to such an elevator in- 
put, the Fourier integral can be written in two parts as follows 


a, 
(the! dt 4 f 


where qy is the constant steady-state value of g(t) corresponding 
toa constant value of the elevator deflection 6(() pulse input 


tut dt {27 


q | 


were used in which 6(/) returned precisely to zero, then qz should 
The second integral may be evaluated analytically 


0 iW 


For computational purposes, it 


also be zero), 
so that 
q {iw [28] 


is then necessary to separate 


q\i| into its real and imaginary parts as follows 


= R 


(26) 


where 


V1 
KR qt) cos wl dt (30 | 
| q(t) sin wt dt 


T eos wT 


{31 | 


Che integrals involving the transient part of g(t) must then be 
evaluated by one of several numerical integration methods in 
order to obtain Rand 7. After this has been done, we may ex- 


press q{iw] in polar notation 


32 | 


q | 


where |q) is the magnitude YR? 4 


This process is repeated for the input quantity 6(7) and the sys- 


I? and ¢, is the phase angle 
tan 


tem frequency response is then expressed as the ratio of the two 


frequeney funetions 


q q 


33 
bliw [33 


6 6 


The amplitude ratio ¢/6 is the ratio of the individual ampli- 
tudes, and the phase angle ¢ is the difference between the in- 
dividual angles 

As mentioned previously, there are several practical numerical 
integration methods that may be used in the evaluation of the 
Fourier integral, One of the most common is Simpson's area rule 
which is used to obtain the area under the product curves f(/) 
cos wt and f(t) sin wt by a series of parabolic approximations, To 
insure reasonable accuracy with this method, the time history of 
f(t) must be evaluated at small enough time intervals Af so that 
each eyele of the product curve ean be defined by at least eight 
This means that wAf, where Af is the time inter- 
When con- 


sidering the short-period longitudinal response of an airplane, 


theasurements 
val between measurements, should not exceed 45 deg 


for example, the frequency range of interest might extend from 
zero to 16 radians per second and thus would require a tabuls- 


tion at 0.05-see intervals. 
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A refinement to this basic method introduced first by Filon (9) 
and later applied by Schumacher (10) enables the parabolic ap- 
proximation to be applied directly to the time function f(¢) rather 
than to the product curves f(t) cos wt and f(t) sin wt. This allows 
greater accuracy in the determination of high-frequency com- 
ponents and it is generally possible to obtain reasonable accuracy 
with wAf as high as 120 deg, provided, of course, that enough time 
The 
application of this method is the same as for the basic Simpson's 
rule, except that the factors 1/3, 4/3, and 2/3 now become func- 
tions of wAt, i.e, a different set of factors for each frequency at 
which the analysis is to be accomplished. 


intervals are used to define the time function adequatel) 


Other numerical integration methods based on incremental-step 
or triangular area approximations (11, 12) have been used success- 
fully 
game, and Clementson (12) are also applicable 


Graphical methods such as developed by Seamans, Blasin- 
However, the 
numerical methods based on the parabolic approximation ap- 
pear to offer greatest: accuracy. 

These pumerieal methods are readily adaptable to IBM > ma- 
chine caleulation, where the procedures are essentially the same 
de- 


as by hand computing. In either case the calculations are 


tailed and time-consuming. Probably the greatest advance in 
this field is the development of electronic harmonic analyzers 
which caleulate very rapidly the frequency response directly from 
a graph of the time function, thus eliminating the necessity for 
tabulating the data. A device is currently being developed at the 
Ames Aeronautical Laboratory of the NACA which employs a 
television-type flying spot scanner to convert a graphical plot of 
the transient response into a voltage which is then multiplied by 
the cos wf and sin wf factors and integrated to give a voltage pro- 
portional to the terms 


f(t) cos wt dt 


sin wt dl 


About | min ts required to determine these values at each tre- 
quency, At the present this saving in time is accomplished at a 
sacrifice in accuracy, but it is hoped that further development will 
result in an improvement in this respect. 

Regardless of the integration method used to obtain a tre- 
quency response, the geometric shape of the input function has 
profound bearing on the frequency range through which reliable 
transforms can be obtained and it should be given careful con- 
sideration. The Fourier transform of the input is an indication of 
the excitation that is applied to the system at any frequenes 
Two extreme types of input are the pure step and the pure iu- 
pulse 

The unit step has a transform magnitude equal to 1 w, thus 
giving infinite excitation to the zero frequency (steady-state) 
component at the expense of the higher frequencies. An impulse 
(zero time duration), on the other hand, has a constant transtorm 
magnitude over the entire frequency spectrum. Thus it appears 
that for most purposes the impulse is a more desirable type ot 
input.and that the step input is effective only at very low tre- 
quencies. 

In dealing with physical systems « pure impulse is impossible '> 
attain, the nearest approach being a triangular-shaped input with 
The transform magnitude of a triangeula 


( wT’ 
cos 
(wT )? 2 ) 


It can be seen that |6) is a periodic function of w7' and is zero when 


a finite time base 7. 
pulse of unit area is 
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wl im, Sr, and soon. At these points the transform of the 
output quantity also would be zero, thus making the frequeney re- 
sponse indeterminate. Other geometric pulse shapes have some- 


what similar transforms, as shown in Fig. 3, where the magnitudes 
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6 fora triangular, a half-cycle sine wave, and a rectangular pulse 

are plotted against the dimensionless frequency variable w7. In 
each case the area under the pulse and hence the zero frequency 
values are unity. The three curves have similar characteristics, 
approach zero at values of w7’ ranging from 2m to 4a, and are 
typical of any arbitrary-shaped pulse input. 

For most accurate results, 6) should be as large as possible over 
the frequency range of interest and, therefore, it is desirable to 
select a pulse with sufficiently small time base so that at the high- 
est frequency w7' will be less than 360 deg. This means that when 
using an arbitrary pulse input with a time base of I see it is gen- 
erally possible to obtain reliable frequeney-response data up to 
frequencies of about 6 radians per second. Tf the time base were 
reduced to !/> sec the maximum reliable frequeney would be in- 
creased to about 12 radians per second, provided the area under 
the pulse was not reduced appreciably, 

In any physical system, however, there is a maXimum rate at 
which an input may be applied. Thus to decrease 7) below a 
certain value means decreasing the area under the pulse and 
The 


most desirable input, therefore, is a compromise between a large’ 


thereby reducing the over-all magnitude of the transform 
area and a short time base. However, for the case of an airplane, 
the control motion must be limited to sufficiently small values to 
assure that the system will respond linear manner 

Often where particularly accurate data are needed over a 
limited frequency range it may be desirable to use a ‘nultiple 


pulse as shown in Fig. 4. Here are plotted the transforms of a 


7080 


—— FLIGHT DATA 
~--RESULTS OF ANALOG COMPUTER 


PITCHING VELOCITY, 
q, RADIANS/SEC 


ELEVATOR 


DEFLECTION, 
8, DEGREES 


te) 


8 16 2 
TIME, t, SEC 


Treteat Recokps or Transtent Prrening-\ 
Response To Putse-Tyer Motion 


AMPLITUDE RATIO, 


4 
EXPERIMENTAL DATA 
—— CALCULATED FROM 
EQUATION 40 


PHASE ANGLE, ¢, DEGREES 


10 20 
FREQUENCY, w, RADIANS /SEC 


big. 6) Kesronse To 


single, a double, and a triple pulse. The area under each half eyele 


is unity. Sine-wave pulses were used in this example because ot 
ease in calculation, but the curves are typical of any arbitrary 
pulse shape. Increasing the number of cycles increases the excite 
tion at a particular frequency corresponding roughly to w/ T 
but reduces the usable band width. For example, if an accurate 
transform is desired through the frequency range of 4 to 6 radians 
per second, then it would be desirable to use a double or triple 
pulse with a time base of approximately 0.6 sec 

A typieal flight record of the pitching-velocity response to a 
These 


curves are reproductions of photographic traces from recor ling 


pulse-shaped motion of the elevator is shown in Pig. 5 
flight instruments. Values of q and 6 were tabulated at 0.05-se+ 
intervals and analyzed by the method in which the time functions 
are approximated by a senes of parabolas. For this sample q(t) 
reaches a steady value of zero after about 3.5 see and thus the 
second integral of equation [27 | is zero. For example, atw = 4 


radians per second, it is then necessary to evaluate 


qi t) cos = 0.0847 
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This process is repeated for 6(t), giving (at w = 4) R = 0.0279 and 
J = 00331. Then the ratio 

10.0777 
10.0331 


0.0847 
0.0279 


6 (iw | 


age 
= 2 36 


[37 | 
This numerical integration procedure was carried out at a number 
of frequencies ranging from 0.5 to 16 radians per second, and the 
resulting frequency response is shown in Fig. 6. The amplitude 
curve shows, at about 4.5 radians per second, a reasonant peak 
that is typical of second-order oscillatory systems. The location 
of this peak generally defines the frequency range of interest; 
however, a8 mentione| previously, the accuracy to which re- 
sponses can be evaluated through this range depends on the type 
of input used and on the time interval at which the transient data 
are tabulated. 


{epuerTiION OF FREQUENCY-RESPONSE Data From GRAPHICAL TO 
Form 

While the frequency response in graphical form may be suf- 
ficient for many purposes, it is often desirable or even necessary 
(as for analog-computer studies) to express this information in 
the analytical transfer-funetion form, particularly when con- 
sidering complex systems. Numerical values for the transfer- 
function coefficients may be determined by operating on graphical 
frequency-response data, or in some cases they may be evaluated 
directly from the original transient-time history. In either event 
a curve-fitting problem is involved, Le., a problem of finding the 
numerical equation that best describes a section of experimental 
data, 

Curve-fitting methods may be divided into two general types: 
analytical and graphical. The analytic methods (13 to 17) often 
involve the use of the principle of least squares, and in all cases it is 
necessary to know, or at least to assume in advance, the form of 
the transfer function, i.e., the degree of both the numerator and 
denominator polynomials whose ratio is the transfer function. 
The problem is then to find, for a given set of experimental data 
and an equation of a particular form, the best numerical values 
of the coefficients so that the equation most nearly describes the 
data 
labor, particularly if the assumed transfer function is of higher 


Methods of this type involve a considerable amount of 
than second order. It also is necessary to use data with a degree 
o! accuracy not always attainable from flight tests 

Certain graphical methods offer practical advantages over the 
One 
method for obtaining numerical transfer-funetion coefficients 


foregoing analytic procedures in the analysis of flight data. 


from graphical frequency-response data used successfully at the 
Ames Aeronautical Laboratory eliminates much of the tedious 
calculations, allows a quick appraisal of the data (often flight data 
are invalid because of extraneous disturbances such as rough air), 
and does not require prior knowledge of the form of the transfer 
function, 

This method consists of fitting a graphical frequency response 
with a set of dynamic response templates which define the first 
and second-order complex functions 


log {1 wr] and log 2ti (“) 
wW,, 


where wr and w/w, are dimensionless frequency variables and ¢ 
the damping ratio. These templates made from transparent 
plastic were developed by Dr. C. 8. Draper of the Instrumentation 
Laboratory at the Massachusetts Institute of Technology and 
The set contains 
one pair of first-order curves (log amplitude and phase angle) and 


their use is described in a paper by Lees (18) 


afamily of second-order curves with different values of the parame- 


ter ¢. Samples of these templates are shown in Figs. 7 and 8. 
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The value of unity on the dimensionless frequency scales (w7 and 
w/w,) is termed the “breakpoint.” 

In general, for a linear system, the polynomials which make up 
the numerator and denominator of the transfer function can be 
factored into first and second-order terms of the types shown in 
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MATCHING OF RESPONSE BY 


the foregoing. The graphical frequency response can then be con- 
structed by locating properly the necessary templates with regard 
to frequency and by summing up the log amplitudes and the in- 
dividual phase angles 

The inverse problem of finding the first and second-order terms 
that make up a graphical frequency response also can be solved 
The frequency-response data are plotted to the correct logarithmic 
seale, and by combining templates in the proper manner it is 
generally possible after a few trials to find one combination that 


This 
particular combination indicates the form of the equation which 


will mateh closely both amplitude ratio and phase angle 
most nearly describes the graphical frequency response. 

hig. 9 illustrates the manner in which the experimental ampli- 
a first-order numerator 
0.3. (The 
corresponding matel of the phase-angle plot is not shown.) The 
thus = 


tude-ratio curve in Fig. 6 is matehed by 
term a second-order denominator term with = 
breakpoint of the first-order curve occurs at w = 1.27 
0.82. Similarly, 

The gain constant A (the zero frequency amplitude | 


the second-order breakpoint gives 
165 


is 0.460. The resulting transfer function is then 


q 0.460 (1 + O82s) 


1 + s + 
165 165 


The numerical transfer functions obtained with the templates 


(48 


may be suferently accurate for many purposes; however, an ad- 
ditional refinement of these data involving the use of an electronic 
analog computer (with input and output tables) is sometimes 
desirable. In this procedure the transfer function with numerical 
values as determined by the templates is set up on the computer 
A record of the actual time history of the input disturbance used 
in flight is supplied as an input to the computer; the output is 
then compared with the response that had been obtained in 
flight. If the records match exactly, the 


from the templates are correct 


coefficients obtained 


If the records do not agree, the 


|_ TRANSIENT DATA 


4 COMPUTER OUTPUT 


ANALOGUE 
COMPUTER 


3 TRANSFER FUNCTION 


bia. 10) Data-Repuction Procepures 


values of the coefficients used on the computer can be modified 
readily until’a close match is obtained. This operation not only 
refines the data from the templates but serves as a complete 
check of the entire Fig. 10 is a graphical illustration of 
the data-reduction procedure demonstrated in this paper. 


analysis. 4 


For the data used in the previous example, the transfer funetion 
obtained from the templates was modified on the analog com- 
The 


puter until the close match shown in Fig. 5 was obtained. 


corresponding final transfer function is 

+ 
2 * 0356 
1.70 


1 
(30 | 


which also may be expressed as 


6 s? + 3.358 + 22.1 
The trequency response calculated from this equation has been 
plotted in Fig. 6 and shows excellent agreement with the meas- 
The de- 
viations at the higher frequencies may result. from aeroelastic 


ured response except at frequencies greater than & rps 


deformations of the airplane or from inaccuracies in the Fourier 
analysis of the transient data. In any event, the discrepancy is 
not reflected in the time history of Fig. 5. The variations in the 
coefficients of Equations [38] [39] are the 
accuracy that can be attained by the use of the templates alone. 


and indicative of 

It can be seen that the experimentally evaluated transfer fune- 
tion is of the same form as predicted from the theoretical equations 
(Equation [24]) and indicates that the 
leading to Equation [24] are valid in deseribing the motions of 
this airplane 


of motion assumptions 


Aurirepe VARIATIONS ON AIRPLANE 


KESPONSE 


OF AND 


\ transfer function obtained from flight data is valid only for 
the flight conditions (speed and altitude) at which the 
fo pre liet the 
at some different operating condition at which flight 


test was 


made. It may be desirable, however, response of 
the airplane 
data are not available. The transfer-function coefficients can be 
extrapolated in certain cases to give the desired information 
According to basic theory, the aerodynamic forces and moments 
acting on an airplane are proportional to the dynamic pressure 


pv? 2 and thus Z and M are commonly expressed as 


*When dealing with familiar systems it is often possible to omit 
completely the frequency-response calculations and = to the 
analog computer to obtain transfer functions directly from = tran- 
provided a reasonable estimate of the transfer 


tise 


sient-time 


function is available 
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where L is the total lift force, and C; and C,, are dimensionless 


lift and moment coefficients. Using this notation, the partial 


derivatives of Equations [17| and 


18] may be written as 


VS 
2m 


pVS 

2m 


Me 


V2Se 
( 

ot 
where Cra * ote. 
Oa 
and 


(Lquation [19] after neglecting terms which have been shown by 


It is then possible to express the coefficients b, k, Co, 


experience to be negligibly small) as 


p la 
2 m 


If the stability derivatives (,,, ete., remain constant over the 
range of flight conditions of interest, then the following propor- 
tionalities can be written directly 


bh ~ pl 


hk ~ pV? 


Co ~ p's 


Since the density p is a direct function of altitude, these rela- 
tions allow the extrapolation of experimental transfer-function 
coefficients and the related frequency response over a range of 
speed and altitude 

There are certain limitations in the use of these relations which 
should be mentioned. While the stability derivatives are essen- 
tially independent of velocity, they do vary with Mach number. 
The nature of this variation depends on the particular airplane 
configuration but is generally appreciable only at Mach numbers 
than 0.5. 
variations are apt to be quite large and erratic. Strietly speaking 


greater Through the transonic range, however, the 
then, for high-speed airplanes, the proportionalities would then 
be valid only for speed and altitude changes corresponding to a 
constant Mach number 

There are still other limitations which must be considered. At 
very low speeds or at extremely high altitudes the airplane by 
necessity is trimmed at a large angle of attack. Extreme angles 
of attack may lead to drastic changes in some of the stability 
derivatives. Furthermore, in the case of relatively flexible air- 
planes, aeroelastic deformations will cause the effective values of 
certain derivatives to vary with dynamic pressure. In spite of 
these limitations, the foregoing relations are a useful guide in 
estimating trends that will occur with changes in speed and alti- 
tude 


TIONS 


THE ASME 


PtUstion 


The growing need for dynamic-response data on aireralt: his 
opened an entirely new field in flight testing and analysis. In- 
formation of this type is of extreme importance in the design ot 
autopilots and completely automatic control systems 

While dynamic responses may be calculated in many cases from 
conventional stability derivatives as obtained from wind-tunnel! 
and theoretical studies, it is often necessary to resort to flight- 
testing techniques in order to obtain accurate data over the wide 
ranges of operating conditions of present and future aireratt 
D)ynamic-response data may be presented in frequeney-response 
form but are of most general interest when expressed in analytical 
transfer-function form. The use of certain graphical aids in con- 
junction with electronic analog-computing equipment leads to 
rapid and reasonably accurate evaluation of airplane transfer 
functions from transient flight data. 
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Discussion 


Kk. K. 
ut clear and accurate review of the problem of evaluating fre- 


This excellent paper presents first: a briet 


queney-response characteristics of aircraft. from flight-test data 
and the history of such work. This is followed by a clear presen- 
tation of a template-fitting method for obtaining numerical 
transfer-function coefficients from graphical frequency-response 
data and a method for extrapolating transfer-funetion expres- 
sions to flight conditions other than those at which the test data 
were obtained. 

As indicated by the authors, it is necessary to have the dynamic 
stability response characteristics of an aircraft in the form ot 
transfer-function coefficients for many calculation purposes; and it 
is not possible to calculate these coethicients unless the form of the 
equations of motion is well known. Also, as pointed out, such 
factors as aeroelasticity and rapid changes in aerodynamic charac- 
teristics with Mach number lead to confusion and uncertainty re- 
garding the equations to be used. 
obtaining transfer-function expressions from flight-test data on 


The method presented of 


frequeney-response plots circumvents this difficulty. 

Our experiences in this type of work lead us to see further ad- 
vantages of this method in another slightly different direction 
For design purposes, recourse to flight-test data is not possible 
Therefore the designer needs the best possible information on the 
stability derivatives, the methods of their estimation, and the 
equations of motion with which they should) be used. 
method presented in this paper should be very helpful in deter- 
mining the transfer-function expressions and hence equations of 
motion to be used for various existing aircraft, and this experi- 
ence can be utilized in design calculations. Such experience will 
be helpful not only where acroelastic effects, transonic Mach- 
number effects, and the like, are involved, but also in work on 
helicopters and in cases where the modes of motion are not well 
separated. In addition, information on the transfer-function 
expressions or equations of motion are necessary for the accurate 
determination of the stability derivatives from flight-test data 
This is true whether these derivatives are determined by simul- 
taneous solutions of the equations of motion or by an extension 
to this problem of the extrapolation procedure presented in this 
paper. 


Sipxey Legs. 
pact review of the pulse method for testing systems 


The authors have presented an excellent com- 
This is an 
important method which has been developed in recent years to 
test The 
paper may be divided into two parts, one relating to the pulse 


determine and the dynamic properties of systems. 
method of testing and the other to determining the dynamic 
properties of aireraft. The more generally useful is the deserip- 
tion of the pulse method 

At the M.LT. Instrumentation Laboratory, the method has 
been used not only for aireraft, but for automatic-control 
including fire-control systems. Prof Hougen, at 
Institute, has been investigating pulse 


heat 


sys- 
tems Joel 
tensselaer Polytechnic 
testing chemical-engineering applications such as 
changers. Other applications are being developed. 

The general background for pulse testing is given by Draper, 
MeKay, and Lees? 


merical Fourier transforms and graphical forms of transfer fune- 


In particular, the mathematical basis for nu- 
tions is developed in chapter 25 of that text. 


Plight Research Department, Cornell Aeronautical Laboratory, 
suffalo, N.Y 

© Assistant) Professor, Aeronautical Engineering, 
Institute of Technology, Cambridge, Mass 

“Tnstrument Engineering,” by C. 8S. Draper, MeKay, and 


S. Lees, vol. 2, MeGraw-Hill Book Company, New York, No Y., 1958 
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EVALUATING FREQUENCY- 


The 


RESPONSE CHARACTERISTICS OF ATRORART 

In the paper the authors mention two extreme types of inputs, 
namely, a pure step function and a pure impulse. The pure im- 
pulse is Fourier transformable but a pure step function is not 
This is a mathematical objection but it means that the numerical 
integration methods will not produce a finite answer. In order to 
overcome this difficulty, both the step-function input and its re- 
differentiated 


However, the derivative of a step function is an impulse 


transtormation 
The 


derivative of a step-function response is an impulse-funetion re- 


sponse are numerically before 


sponse. Mathematically, the frequency spectrum for an im 
a step-funetion input may be made 
The main difficulty is that nu- 
As the authors 


pulse-function input and 
identical by taking derivatives 
merical processes of differentiation lack precision 
imply, there is a choice of the form of the imput funetion 
some instances the use of step-funetion inputs is unavoidable 

It is not obvious why the frequency-response data are limited so 
that w7' is less than 360 deg 
vergence of the Fourier integral given by lequation [27] under nu- 


This may depend upon the con- 
merical analysis. The convergence of numerical processes de- 
pends upon several factors such as the number of points employed 
to represent the time function and the type of time-funetion ap 
proximation, 

A word concerning the reduction of the frequeney-response 
data to equation form by use of templates. As the authors state, 
it is helpful to find an expression with constant coefficients for « 
Mathematically, 
this is an approximation of the graphical expression by a linear dit- 
One form of the 


frequeney-funetion gain graphical form 
ferential equation with constant coefficients 
differential equation is the transfer function consisting of a ratio 
Both the numerator 
and denominator polynomials are expressible as products of first 


of two constant-coefficient polynomials 


and second-order factors with real coefficients 

Conventionally, approximations of graphical functions are ex- 
pressed as a series of orthogonal functions like a Fourier series 
The approximations are made in a straightforward manner and 
produce a unique expression. The transfer-function type of ex- 
pression is a product function, not a series 

Its factors are not orthogonal and, most important, the approxi 
mation is not unique. The chief virtue of the transfer-function 
approximation is that the form is most familiar and most useful to 
anengineer. By using the log of the transfer function, the prod 
uct becomes the sum of the log factors cach of which is either a 
first or a second-order factor However, the terms of the log 
transfer function are nonorthogonal and the approximation ps 
still not unique. The templates referred to in the paper represent 
the log factors. The approximation is carried out by graphical 
trial and error for the best fit. “The mean-square error can be es- 
timated 
T 


eluding the templates is given in chapter 24 of the reference cited! 


This is a practical method which was first explored by 
Donohue A discussion of the log frequency method in- 

The authors describe a very nice method of refinement of the 
approximation by using an analog computer. This further em- 
phasizes the experimental nature of the approximation. It is not 
a method that would 


appeal is to engineers 


be used by mathematicians. [ts baste 


torus Equilibrium drift and the amount of 
time required for experimental runs are often serious considers- 
\s pointed out by William K 
Ahrendt, this is particularly true of the domain of process control 
On the other 


hand, the time for converting from transient fo frequeney-re- 


tions in frequency -response work 
as well a~ that of the automatic piloting of aireraft 


sponse data is by no means negligible At the writer's company 
direct frequeney-response runs are preferred, 

* Director of Research, Woodward Governor Company, Rocktord 
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N. L. Wener,’ DD. Granam,® RoC. Larurore.’ The authors 
have presented a clear and concise exposition of the mathemati- 
cal background for the measurement of aircraft dynamic response. 
They have ably elucidated the present urgent necessity for ob- 
taining such data as a means of verifying aerodynamic and 
structural theories and for actual design purposes in connection 
with air vehicle automatic controls, Tt is interesting to note that 
the overwhelming proportion of the direetly pertinent references 
It is true that the 
techniques discussed have been given considerable emphasis only 


in the bibliography are of very recent date 


in recent years, although the basic mathematics involved was 
formulated long ago by Fourier. This fact is attributable to the 
recent increase in the availability of data transcription and auto- 
matic computing equipment. 

The analytical transfer function is not necessarily the ultimate 
expression of dynamic response. It is often necessary or desira- 
ble to extract the stability derivatives. 
difficult than obtaining the transfer-function coefficients. 


This is generally more 
Addi- 
tional investigation into methods of extracting the stability de- 
rivatives from flight data is sorely needed, particularly for the 
higher-order systems. 

The residual response indicated by Equations [27] through 
for T <t Other common types 


of responses can be expressed by an oscillation 


© is only one possibility. 


q(t) = Csin (wt +p), T<t< @ 


g(t)= Ce", T<t< @ 


ora ramp 
T<t< @ 


Combinations of these terminal or residual responses are also pos- 


q(t)= Ct, 


sible. Representing the response after time 7’ by these functions 
is quite reasonable when the input has reached a steady state 
prior to 7’. These residual responses are transformable in the 
sume manner as the constant residual response of Hquations 
{27} and [2s]. 

For several years the All-Weather Branch, Wright Air De- 
velopment Center, has utilized punch-card calculators for ob- 
taming frequency response from transient response. For testing 
large quantities of data, this method has proved to be the best 
yet investigated. Without sacrificing accuracy, it appears to 
exceed the speed of the flying-spot function-generator method 
deseribed by the authors. This latter method also was investi- 
gated by the writers. It is more versatile than the card-pro- 
grammed method, in that any frequency can be evaluated, not 
just integral harmonics. Llowever, the time required to prepare a 
copy of the transient to be analyzed, the difficulty in handling re- 
sidual response, and necessity of converting from complex to polar 
co-ordinates added up to slower operation than was obtainable by 
These are not all in- 
We plan 


to conduct further investigations into analog methods, using an 


the card-programmed computer technique 
herent limitations, and presumably could be overcome. 


automatic curve follower to introduce the transient function. 
We also have utilized a digital differential analyzer in a method 
similar to the analog method, and, except for improved accuracy, 
with the same general results, 

The puneh-card computer method does require certain equip- 
ment for effective use. An oscillogram reader, a storage counter, 
and a card punch provide means for transcribing rapidly ftlight- 


test recordings into digital form. When operated on a production 


* All-Weather Branch, Wright Air Development Center, Wright- 
Patterson Air Force Base, Ohio. 
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basis, the transcription to punched cards can be accomplished in 
approximately 10 min per trace (90-120 samples). The com- 
putation, including conversion to polar co-ordinates, requires 
approximately 25 min to obtain 30 frequencies from 90 time sam- 
ples. It is relatively simple to obtain amplitude ratio and phase 
angle on the punch-card computer, since the necessary input and 
output time histories are already available in punched-card form 

One variation of a least-squares method of computing transfer- 
function coefficients (or stability derivatives) is given elsewhere.” 
This method has been carried out automatically on punched-card 
calculators, thus eliminating the tedious hand calculations other- 
wise required. Thus far the method has been applied by the 
writers to the longitudinal mode only, using a second-order sys- 
n/6, is the acceleration along the Z-axis. 
The authors’ comment regarding the need for data having accu- 
racy not always obtainable from flight test finds support here 
Even the best of flight data, obtained by steady-state oscillation 


tem for where n 


tests under ideal conditions, produce less than optimum results 
when applied to the determination of transfer-function coefficients 
and stability derivatives. The combined use of flight-data re- 
duction and the analog computer to match transient response 
seems to be a good approach to the problem. 


Autuors’ CLosuRE 


The authors wish to express their appreciation for the com- 
Mr. Koegler’s comments regarding the 
desirability of further refinement of the methods for evaluating 


ments of the reviewers. 


stability derivatives from frequency-response data are partieu- 
larly true for operation of aircraft where aeroelastic and Mach- 
number effects are important. The development of extremely 
rapid data-reduction systems such as outlined by Messrs. Wener, 
Graham, and Lathrop certainly make pulse methods more at- 
tractive. The authors agree with Professor Lees that the recent 
publication of volume 2 of Instrument Engineering makes :vaila- 
ble an authoritative reference for pulse methods Unfortunately, 
this volume was not available to the authors at the time this 
paper was prepared so the prior reference (18) to Professor Lees’ 
paper was cited. 

In regard to the technical comments by Professor Lees, it is 
agreed that in the strict mathematical sense a step function is not 
Fourier transformable. However, this difficulty can be cireum- 
vented without resorting to differentiation if the Fourier trans- 
form of f(t) is defined as 


Siiw) = lim | 
J 


It should be noted that this generalized definition is identical to 
the usual definition provided that the ordinary Fourier transform 
exists and is continuous; i.e., if 


4 
' 


exists, then 
J, 

With this definition of the Fourier transform if 6(f) is a unit step 

input (at ¢ = 0) 


f(tjdt 


rol F(t = lim | 
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Method for Evaluating Aircraft Stability Parameters From 
Flight Test Data,"’ by L. E. Schumacher, Wright Air Development 
Center, Technical Report 52-71, June, 1952. 
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Similarity if the response g(f) to a unit step has a constant value 
gr, for T <t < &; Equations [27] to [31] are valid according to 
the above definition. The first integral of Equation [27] is 
evaluated numerically while the second integral is evaluated 
analytically as shown to give 


EVALUATING FREQUENCY-RESPONSE CHARACTERISTICS OF 


Professor Lees also mentions that the reason for restricting wl 
to 360 deg has not been made clear. 7 in this case is the time 
duration of a pulse input. As indicated in Pig. 3, to obtain the 
greatest accuracy with « pulse-type input, w7' should be as small 
as possible. Furthermore, Fig. 3 shows that if w7’ is less than 360 
deg throughout the frequency range of interest, the transform 
will always be greater than zero and indeterminate points will be 
avoided, 
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INTERNAL COMBUSTION ENGINE 
This Report outlines the background theory of optimalizing control 


TIONARY OF AUTO- 
spite of receonable change of output level or environ- 

pe conditions. Optimalizing control (Paper No. 54-—IRF-4) 
are the sensitivity signal type, continvous test signal type, 
ovlput sampling type, ond peak holding type. Additionally, there 
@ discussion of the recovery time to be expected from the use of 
various schemes for adjusting the control input. The engine used 


range of 10,000 to 30,000 psi, seals to minimize leakage at high 
pressures, and a static dynamic load machine for high pressure. 
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